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Abstract
The Standard BackPropagation (SBP) algorithm is the most widely known and used
learning method for training neural networks. Unfortunately, SBP suffers from several problems such as sensitivity to the initial conditions and very slow convergence. Here we describe
how we used Genetic Programming, a search algorithm inspired by Darwinian evolution, to
discover new supervised learning algorithms for neural networks which can overcome some
of these problems. Comparing our new algorithms with SBP on different problems we show
that these are faster, are more stable and have greater feature extracting capabilities.

1 Introduction
Supervised learning algorithms are by far the most frequently used methods to train Artificial
Neural Networks (ANNs). The Standard Back Propagation (SBP) algorithm [1] was the first
method to be discovered that is capable of training multilayer networks. It has been applied to
a number of learning tasks in science, engineering, finance and other disciplines [2, 3]. Indeed,
the SBP learning algorithm has emerged as the standard algorithm for the training of multilayer
networks, and hence the one against which other learning algorithms are usually benchmarked
[2, 4, 5, 6].
Unfortunately, SBP presents several drawbacks [7, 2, 8, 9, 10, 11, 12, 13]: it is extremely
slow; training performance is sensitive to the initial conditions; it may become trapped in local
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minima before converging to a solution; oscillations may occur during learning (this usually
happens when users increase the learning rate in an unfruitful attempt to speed up convergence);
and, if the error function is shallow, the gradient is very small leading to small weight changes.
Consequently, in the past few years, a number of improvements to SBP have been proposed
in the literature (see [11] for a survey). These algorithms are generally significantly faster than
the SBP (being up to one order of magnitude quicker) but still suffer from some of the problems mentioned above. We will review the SBP algorithm and discuss some of these recent
improvements in the next section.
Efforts continue in the direction of solving these problems to produce faster supervised learning algorithms and to improve their reliability. However, progress is extremely slow because any
new rule has to be designed by a human expert using engineering and/or mathematical principles
and then tested extensively to verify its functionality and efficiency. In addition, most newly proposed algorithms are neither very different from nor much better than the previous ones. This is
because scientists tend to search the space of possible learning algorithms for neural nets using
a kind of “gradient descent”, i.e. by only marginally modifying pre-existing algorithms. This
method of searching may take a long time to lead to significant breakthroughs in the field. Indeed, looking critically at the vast literature on this topic, it can be inferred that only a handful
of really novel algorithms with demonstrably significantly better performance (in terms of speed
and stability) than SBP have been produced in the last 15 years [14, 15, 16, 17, 18, 19, 20].
The process of discovering new learning rules for ANNs is a search process. As such, there
is no reason to believe that it cannot be somehow automatised. So, instead of carrying out
extensive trial-and-error experimentation to optimise neural network learning rules, optimal or
near-optimal learning rules for a particular application could be sought for with search and optimisation methods. This has led some researchers to use optimisation algorithms to explore, at
least locally, the space of possible learning rules for ANNs. Because of the limited knowledge
we have on this space, the tools of choice have been Evolutionary Algorithms (EAs), such as
Genetic Algorithms (GAs) [21, 22] and Genetic Programming (GP) [23], which, although not
optimal for some domains, offer the broadest possible applicability [24].
GAs [21, 22] are search algorithms which emulate the mechanics of natural evolution. GAs
operate on a population of individuals, each of which consists of a string, called a chromosome,
that encodes a solution to the problem being solved. Different individuals may explore different
regions of the search space of the problem in parallel. At each iteration, called a generation, a
new population is created using probabilistic rules which produce new individuals using the information contained in pairs of parent chromosomes (this is called crossover or mating). Parents
of above average quality (normally called fitness) are given more chances to mate.
A number of researchers have already applied GAs to the synthesis of application specific
ANNs [25]. Some have used GAs to determine the connection weights in ANNs (e.g. [26]),
while others have used them to find the optimal topology and parameters of a certain learning
rule for ANNs (see for example [27, 28, 29]).
A few researchers (e.g. [30]) have used GAs to produce optimum ANN learning rules, by
finding appropriate coefficients for rules with certain prefixed functional forms. We will review
this work later in Section 3. However, by replicating some of this work ourselves, we have soon
realised that fixing the class of rules that can be explored biases the search and prevents the
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evolutionary algorithm from exploring the much larger space of rules which we, humans, have
not thought about. So, in line with some work by Bengio [15], which is also summarised in
Section 3, we decided to use Genetic Programming [23] to perform this search as GP allows the
direct evolution of symbolic learning rules with their coefficients (if any) rather than the simpler
evolution of parameters for a fixed learning rule.
We describe our approach in Section 4. Section 5 reports the experimental results obtained
on several benchmark problems. We discuss these results in Section 6 and we draw some conclusions in Section 7.

2 Standard Backpropagation Algorithm and Recent Improvements
A multilayer perceptron is a feed-forward neural network in which an arbitrary input vector
is propagated forward through the network, causing an activation vector to be produced in the
output layer [2]. The network behaves like a function which maps the input vector onto an output
vector. This function is determined by the structure and the connection weights of the net. The
objective of SBP is to tune the weights of the network so that the network performs the desired
input/output mapping. In this section we briefly recall the basic concepts of multilayer feedforward neural networks, the SBP algorithm and some of its recent improvements. More details
can be found in [10, 11].

2.1

Standard Backpropagation
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net input 168"  & of neuron  (when the input pattern '& is presented to the network) is usually
computed as follows:

168" 9 &  *
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where 3  & , is the output of neuron B (usually 3  & *DCFE768"  &HG with C a non-linear activationfunction) and @   is the bias of neuron  . For the sake of a homogeneous representation, in
the following, the bias will be interpreted as the weights of a connection to a ’bias unit’ with a
constant output of 1.
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The error I  & for neuron  of the output layer for the training pair ('& ,"(& ) is computed as
2
2
I  & *J"  & ? 3  & 
For the hidden layers the error I  & is computed recursively from the errors on other layers (see
[2]). The SBP rule uses these errors to adjust the weights (usually initialised randomly) in such
a way that the errors gradually reduce.
The network performance can be assessed using the Total Sum of Squared (TSS) errors given
by the following function:
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The training process stops when the error is reduced to an acceptable level, or when no
further improvement is obtained.

In the batched variant of the SBP the updating of   in the Q learning step (often called an
“epoch”) is performed according to the following equations:
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where ^  9&  ERQ G refers to the error signal at neuron in layer _SJ, for pattern ) at epoch Q , which
is the product of the first derivative of the activation function and the error I &  EWQ G , and [ is a
parameter called learning rate.

2.2

Improvements to SBP

Many methods have been proposed to improve generalisation performance and convergence time
of SBP. Current research mostly concentrates on: the optimum setting of learning rates and momentum (see below) [31, 32, 33, 9, 13, 34, 35, 36]; the optimum setting of the initial weights
[37, 38, 39]; the enhancement of the contrast in the input patterns [40, 41, 42, 43, 44]; changing
the error function [45, 32, 46, 47, 48, 49]; finding optimum architectures using pruning techniques [50, 51]. In the following we will describe two speed-up methods which are relevant to
the work described in later sections: the Momentum method and Rprop.
The Momentum method implements a variable learning rate coefficient implicitly by adding
to the weight change a fraction of the last weight change as follows:
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where a is a parameter called momentum. This method decreases the oscillation which may
occur with large learning rates and accelerates the convergence. For a more detailed discussion
see [32, 33, 34].
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Rprop is one of the fastest variations of the SBP algorithm [9, 11, 52]. Rprop stands for
’Resilient backpropagation’. It is a local adaptive learning scheme, performing supervised batch
learning. The basic principle of Rprop is to eliminate the harmful influence of the magnitude
of the partial derivative bc f; g on the weight changes. The sign of the derivative is used to indibed
cate the direction of the weight update while the magnitude of the weight change is exclusively
determined by a weight-specific update-value h ] ERQ G as follows:
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The Rprop algorithm has three parameters:
the
update-value h ] E G , which directly
determines the size of the first weight step (default setting h ] E G =0.1), and the limits for the step
update values hZF{#| and hZ  : which prevent the weights from becoming too large or too small.
Typically hZ}{~| =50.0 and hZ  : =0.0000001. Convergence with Rprop is rather insensitive to the
choice of these parameters. Nevertheless, for some problems it can be advantageous to allow
only very cautious (namely small) steps, in order to prevent the algorithm from getting stuck too
quickly in local minima. For a detailed discussion see also [9, 10].
Although the Momentum method and Rprop are considerably faster than SBP, they still suffer
from same of the problems mentioned in Section 1 [53, 9].

3 Previous Work on the Evolution of Neural Network Learning Rules
A considerable amount of work has been done on the evolution of the weights and/or the topology
of neural networks. See for example [54, 27, 28, 29, 26, 25]. However, only a relatively small
amount of previous work has been reported on the evolution of learning rules for neural networks
[30, 55, 56, 57, 58, 15].
Some researchers have used GAs to perform the adaptive adjustment of the SBP algorithm’s
parameters, such as the learning rate and the momentum. For example, Belew et al. [59] used
GAs to find parameters for the SBP algorithm while the architecture was fixed. Harp et al. [60]
evolved both the SBP algorithm’s modification parameters and its architecture simultaneously.
Chalmers [30] applied GAs to discover learning rules for single-layer feed-forward ANNs with
sigmoid output units. Being an important example, we describe this approach in more detail.
5

Chalmers fixed the changes in the weight of a given connection to be a function only of
information local to that connection (different kinds of learning task were considered: supervised
learning, reinforcement learning and unsupervised learning). The same function was employed
for every connection. The search was limited to quadratic functions of H   3  &  "  &  3  & . The
functions had the form:

XZ 
*

0EW    SYs3 &SYs3  &TSY/"  &
S / ] 3 &S/ ] 3  &TSY> 
S s3 &3  &TSYs3 &"  &uS  4 "  &H3

" &
& G 

The chromosomes encoded the eleven coefficients  . Each chromosome consisted of 35 bits.
The first five bits coded the scale parameter 0 . The other 30 bits encoded the other ten coefficient
in groups of three. In each parameter, the first bit encoded the sign, and the other two bits encoded
the magnitude. Note that when the  coeeficients take the values 4, 0, 0, 0, 0, 0, 0, 0, -2, 2, 0,
one obtains the formula

XZ  
* EW ?A 3 &83  &uS  3 &8"  & G

which represents a variant of the well known Delta rule. The fitness of a learning rule was
calculated as the mean error over a number (typically 20) of tasks randomly selected at the start
of every evolutionary run. The GA used a population of 40 individuals, two-point crossover and
elitist selection and was run for 1000 generations. As a results of the evolutionary runs, evolution
discovered the well-known Delta rule (shown above) and some of its variants.
Similar experiments on the evolution of learning rules were also carried out by others [58, 55].
Mitchell et al. [55] used Chalmers’ approach to evolve learning rules for binary perceptrons.
Dasdan [58] also used Chalmers’ approach to evolve learning rules for unsupervised learning
algorithms. He used sixteen parameters in his function with similar variables as in [30]. Results
of the evolutionary runs have been compared with the classical self-organizing map learning
algorithm [61] and have been shown to provide better performance.
All the GA-based methods mentioned above are limited as they impose a fixed number of
parameters and a rigid form for the learning rules. Chalmers noticed that discovering complex
learning rules using GAs is not easy because either a) one uses a highly complex genetic coding
which makes the search space very large and hard to explore, or b) one uses a simpler coding
which allows known learning rules as a possibility, making the search very biased.
Genetic Programming is an extension of GAs in which the structures that make up the population under optimisation are not fixed-length character strings that encode possible solutions to
a problem, but programs that, when executed, are the candidate solutions to the problem [23, 62].
Typically GP uses a variable size representation in which programs are represented as trees with
functions as internal nodes and variables or constants (terminals) as leaves. It is arguable that
GP, thanks to its variable size and shape representation for individuals, may be a good way of
getting around the limitations shown by GAs when tackling the problem of evolving ANN learning rules. Indeed Chalmers suggested that GP might have an advantage over GA in that, under
evolutionary pressures, syntax trees might become arbitrarily complex if needed.
GP has been applied successfully to a large number of difficult problems like automatic design, pattern recognition, robotics control, synthesis of neural networks, symbolic regression,
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music and picture generation, etc [63]. However, only one attempt to use GP to induce new
learning rules for neural networks has been reported before our own work. This is briefly discussed below.
Bengio [15] used GP to find ANN learning rules. He used the output of the input neuron
3  & , the error of the output neuron I & and the first derivative of the activation function of the
output neuron as terminals for GP and algebraic operators as functions. Bengio used a very
strong search bias towards a certain class of SBP-like learning rules as only the ingredients to
rediscover the SBP algorithm were used. GP found a better learning rule compared to the rules
discovered by simulated annealing and GAs. Bengio’s rule [15] (that we will term  ) is
similar to the SBP learning rule but it includes the cube of the first derivative of the activation
function. In the case of a logistic activation function ! can be represented as follows:


*J[3  &' 3  &  E#, ? 3  & G# I 9&  
In the case of a hyperbolic tangent activation function, this becomes:

*



,
 _[ 3  & RE 3 9&  ? , G I 9 &  

Unfortunately, the new learning rule suffered from the same problems as SBP and was only tested
on a very specific problem.

4 Our Approach to Evolving Learning Rules with GP
In this section we will describe our approach to discovering learning rules based on GP.
Our work is an extension of Bengio’s work with the objective to explore a larger space of
rules using different parameters and different rules for the hidden and output layers. Our long
term objective is to obtain a rule which is general, like SBP, but is faster and more stable than
SBP. We want to discover learning rules of the following form:

0 E   3  &  "  &  3 9&  G
for the output layer,
XZ   WE Q G *¡£¢     9
E(  3 &  3 &  I & G for the hidden layers
¢
where 3  & is the output of neuron  when pattern ) is presented to the network and I &  *
¤
  ~ ^  9&   . So, in our approach we use two different learning rules one for the output layer
and one for the hidden layers, like in the SBP learning rule.
In preliminary tests in which we tried to evolve both rules at the same time we obtained
relatively poor results. This has to be attributed to the huge size of the search space and to the
limited memory and CPU power of current workstations. So, we decided to proceed in two
stages. In the first stage, we used GP to evolve rules for the output layer, while the hidden layers
were trained with the SBP rule [64]. In the second stage, we used GP to evolve rules for the
hidden layers, while the output layer was trained with the best rule discovered in the first stage.

7

5 Experiments
The investigations were performed using our own SBP and GP simulators. The simulators are
written in POP11. The experiments were run on a Digital Alpha machine with a 233 MHz
processor.

5.1

Stage One: Learning Rules for Output Layers

In this stage we used GP to evolve rules for the output layer, while the hidden layers were trained
with SBP.
5.1.1

GP Parameters

In our approach, the fitness of each learning rule was computed using the TSS error
XOR problem:
K
K
E
}

~
{
|
?
G if the network does not learn,
§
*¡¦¥§
F{#| ?   : otherwise,
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K

for the

§

K
and F{#| and
  : is the average minimum number of epochs needed for convergence
K
K
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}
G greater
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than }{~| ?
 in any condition. The value of is measured at the maximum number of
where

§

learning epochs (1000).
GP was run for 500 generations with a population size of 1000 and crossover probability
0.9. After crossover, mutation was applied to all of the population with a probability of 0.01.
L
The function set was ªS  ? « , and the terminal set was H   3  &  "  &  3 9&   ,  . The “full”
initialisation method [23] with an initial maximum depth of 3, and tournament selection with a
tournament size of 4 were used.
5.1.2

Testing Problems

In this set of experiments we considered the following four problems: 1) the XOR problem;
2) the family of N-M-N encoder problems which force the network to generalise and to map
input patterns onto similar output activations [65]; 3) a character recognition problem with 7
inputs representing the state of a 7-segment light emitting diode (LED) display and 4 outputs
representing the digits 1 to 9 encoded in binary [15]; 4) the display problem with 4 inputs which
represent a digit from 1 to 9 in binary and 7 outputs which represent the LED configuration to
visualise the digit.
For the XOR problem, we used a three-layer network consisting of 2 input, 1 output and
2 hidden neurons, with hyperbolic tangent activation functions having output in the range [1,1]. The weights were randomly initialised within the range [-1,1]. The maximum number of
learning epochs was 1000. For the encoder problems, we used a three-layer network consisting
of 10 input, 5 hidden, and 10 output neurons. Here, logistic activation functions with output
in the range of [0,1] were used. The maximum number of learning epochs was 500. For the
character recognition problems, we used a three-layer network consisting of 7 input, 10 hidden
8

and 4 output neurons and logistic activation functions with output in the range of [-1,1]. The
maximum number of learning epochs was 500. For the display problems we used a three-layer
network consisting of 4 input, 10 hidden and 7 output neurons and we used logistic activation
functions with output in the range of [0,1]. The maximum number of learning epochs was 500.
A threshold criterion was used to produce binary outputs similar to those used by digital logic
designers: if the output range was [0,1], any value below 0.4 was considered to be to be a zero,
any value above 0.6 to be a one and all others were discounted (if the output was in range from
0.4 to 0.6, it would not count).
These parameters and network topologies were determined experimently with different configurations (we varied number of layers, number of hidden layers, learning rate, and range of
random initial weights). The ones on which the SBP algorithm worked best were adopted. Each
problem was tested with 100 independent runs (i.e. each run with different initial weights).
5.1.3

Results

In the first stage, GP has discovered a useful way of using the Delta learning rule, originally
developed for single-layer neural networks, to speed up learning. The rule is:

%0T*¬Xi ] RE Q G *[_3  & I & `
In a set of tests we compared the convergence behaviour of %0 against ®u¯ with and
without the Rprop speed-up algorithm. Figures 1 - 4 show typical runs of SBP, !%0 , SBP with
Rprop and !0 with Rprop. The runs in each plot used the same initial random weights.
More precisely, Figure 1 shows the TSS error for SBP and %0 , with and without Rprop,
on the character recognition problem. The results obtained indicate that %0_S°±³²µ´± achieves
its target output in approximately 30 epochs while ¶¸· ¹ºS±³²µ´± takes 40 epochs. Figure 2
shows the same data for the display problem. SBP achieves its target value after 500 epochs and
%0 after 150 epochs. This is a three-fold speed-up. In addition, !S»±_²>´± achieves its
target error at approximately 40 epochs while _®u¯°SA±³²µ´± takes 60 epochs. Figure 3 confirms
that %0 also outperforms SBP on the XOR problem. In this case _®u¯S¼±_²>´± required 110
epochs to converge, while ½0S %±³²>´± took 40 epochs. Figure 4 shows that ½0 outperforms
SBP on the encoder problem as well.
So, !%0 appears to be much faster than SBP. Also, %0 remains much faster than SBP
when both are applied with Rprop. Interestingly, the %0SA±³²µ´± algorithm seems to be able
to solve all problems in nearly constant time, despite the considerable differences in complexity
of such problems.
To clarify how these speedups are achieved in Figure 5 we show the ratio between the XZ 
of %0 and that of SBP for the logistic activation function, 0 ;f]À¾¿   0 ;f À¾¿ , where 3 9&  is between

n x

r

0 and 1. Figure 6 shows the ratio between ! and SBP for a hyperbolic activation function,


  0 ;f À¾¿ 0 ;f À¾¿ , where 3  & is between -1 and 1. In both cases effectively 0 increases the

n xn

rÁn

rr

learning rate for neurons which are close to saturation, thus correcting a well-known problem of
SBP.
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Figure 1: Plots of the TSS error for SBP and %0 in the character recognition problem.

Figure 2: Plots of the TSS error for SBP and !0 in the display problem.
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Figure 3: Plots of the TSS error for SBP and 0 in the XOR problem.

Figure 4: Plots of the TSS error for SBP and !%0 in the encoder problem.
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Figure 5: The ratio between 0 and SBP for a logistic activation function.

Figure 6: The ratio between 0 and SBP for a hyperbolic tangent activation function.
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5.2
5.2.1

Stage Two: Learning Rules for Hidden Layers
GP Parameters

K

The fitness of each learning rule was computed using the TSS error for both the XOR and
encoder problems, using the same fitness function as described in Section 5.1.1. GP was run
for 1000 generations with a population size of 1000 and a crossover probability of 0.9. After
applying crossover, subtree mutation was applied with a probability of 0.01. We used the function
set ªS  ? « and the terminal set H   3  &  3 &   I &   ,  9Â  , , with the “full” initialisation
method (with initial maximum depths from 3 to 5) and tournament selection (with a tournament
size of four).
5.2.2

Testing Problems

We considered the following six problems (the first four of which are the same as in Section 5.1.2): 1) the ‘exclusive or’ (XOR) problem and its more general form, the N-input parity
problem; 2) the N-M-N encoder problem; 3) the character recognition problem with 7 inputs
[15]; 4) the display problem; 5) the vowel recognition problem for independent speakers of the
eleven steady state vowels of British English (for more information see [66]) where each training
pattern has 10 input coefficients for each vowel and 4 outputs which represent the eleven different
vowels; 6) the classification of sonar signals problem [67], where the task is to discriminate between the sonar signals (60 inputs) bounced off a metal cylinder and those bounced off a roughly
cylindrical rock. The last two are hard, real-world benchmark problems.
5.2.3

Testing Conditions

We used the same network architectures as in Section 5.1.2 for the XOR problem, the encoder
problem, the character recognition problem, and the display problem. For the vowel recognition
problem we used a three-layer network consisting of 10 input, 8 hidden, and 4 output neurons.
The neurons had a logistic activation function with output in the range of [-1,1]. For the classification of sonar signals we used a three-layer network consisting of 60 input, 12 hidden, and 1
output neurons. We used logistic activation functions with output in the range of [-0.3,0.3] (the
same range as in [67]). Again, these parameters and network topologies were determined by
experimenting with different configurations and selecting the ones on which the _®u¯ algorithm
worked best.
5.2.4

Results

In these experiments, GP was allowed to evolve learning rules for the hidden layers, while the
learning rule for the output layer was !0 . Each GP run took six days of CPU time on average.
For this reason, we were able to perform only 25 GP runs in this second stage. Four out of the
twenty five end-of-run rules found by GP succeeded in learning the XOR problem. These are:

  *VXZ  RE Q G *[  U 9Ã 3 9 & ` E#U ? 3  & ` G I  & ` E3  &?AÄ qÃ G 3  & 3  8& 
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We compared these rules against each other and against the learning rule found by Bengio
and SBP. The results are shown in Table 1. The table reports the different learning rules with
their learning rate [ , and the minimum (Min.), maximum (Max.) and mean number of epochs
which the algorithm needed to converge in 100 independent runs. The range of learning rates
within which the algorithm converged with a probability of at least 50% (i.e. converged in at
least 50 independent runs) is also shown. If a network had not converged within the maximum
number of epochs, the run was declared unsuccessful.
The comparison shows that rules % and % are the best rules discovered in our runs.
They perform very favourably with respect to SBP. Let us study the reasons for their reliability
and efficiency.
Both % and !% include two terms. The first one is the term [_3  & 3 &  E#, ? 3 &  G I & 
which is the SBP rule in the case of a logistic activation function (which has derivative 3 9&  E#, ?
3 9&  G ). This makes sense since, in the encoder, display and character recognition problems, the
logistic activation function is used. However, this makes less sense for the XOR problem, where
9 
the hyperbolic tangent activation function (which has derivative   E#, ? ER3  &G G>G is used.
In our experiments we used two different activation function to attempt to obtain activationfunction-independent learning rules. However, it is clear from Table 1, that we did not fully
succeed in that: on the XOR problem both % and !% are worse than SBP. Arguably
the reason for this deficiency is the use of the incorrect form for the derivative of the activation
 with the term  E~,
 
function. Indeed, if we replace the term 3 &  E#, ? 3 &Y
G
 ? E3  &G G in %
and ½ , we obtain two rules, which we will call !%5E . G and %HE . G , that outperform
SBP as shown in Table 2. This suggests that first term in each rule should be corrected to be
 I  , which behaves exactly like the SBP rule (ignoring the learning rate factor).
3  & CBÇÁE168" 9&»
G &
The second terms in !% and ½ are [  ,'ER3 9&  ? 9ÂÂ G 3  & and [_  ,'E3  &½? 9ÂÂ G 3 &  ,
respectively. These two equations are similar to the Hebb-type learning rule used by Linsker
[68]:
È

®Y*ÉER3 9&  ?  G E3  &%?  G SY 
where  ,  and  are constants. In ! and %¸ and either  or  are zero.

So, to summarise, our experiments suggest that a good learning rule for the hidden layers
should have the form:
È

!  *[³®u¯S¼Ê

®

which, in the case of a logistic activation function, corresponds to:

  *J[3  & 3 9&  E~, ? 3 9&  G I 9&  S¼ÊE3 & ?

 G ER3  &%?  G 

while in the case of a hyperbolic tangent activation function corresponds to:

  *

,
  

L _[ 3  & E~, ? ER3 9Y
& G G I  & S¼ÊER3  Ë
& ?
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Table 1: Performance of old and new learning rules on four different problems.

[

Algorithm

_ ®T¯

!%0S! 
!%0S!
!%0S!
!%0S!%

0.96
0.96
0.96
0.96
0.96
0.96

Algorithm

[

_ ®T¯

!%0S! 
!%0S!
!%0S!
!%0S!%

0.4
0.4
0.4
0.4
0.4
0.4

[

Algorithm

_®T¯
 

!%0S! 
!%0S!
!%0S!
!%0S!%
Algorithm

_ ®T¯

!%0S! 
!%0S!
!%0S!
!%0S!%

0.3
0.3
0.3
0.3
0.3
0.3

[
0.8
0.8
0.8
0.8
0.8
0.8

XOR
Learning Epochs
Min. Max. Mean Std. Dev.
101
870
163.95
228.7
313 1000
580.1
N/A
44 1000
832.54
N/A
1000 1000 1000
N/A
16 1000
926.8
N/A
2 1000 688.26
N/A
Encoder
Learning Epochs
Min. Max. Mean Std. Dev.
44
303
118.67
80
69
386
189.62
128.2
500
500
500
N/A
15
105
50.66
25.8
10
118
34.74
29.9
16
78
34.37
18.5
Character Recognition
Learning Epochs
Min. Max. Mean Std. Dev.
179
358 226.54
49.8
500
500
500
N/A
43
94
61.26
14.6
71
331 149.35
90.4
54
160
83.21
28.3
40
108
64.31
18.9
Display
Learning Epochs
Min. Max. Mean Std. Dev.
130
500 250.514
N/A
500
500
500
N/A
46
180
79.94
36.7
71
331
149.35
73.4
41
108
66.81
20.3
46
116
72.6
21.6
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Successful
Runs
Range
100
[0.13,1]
73
[0.8,1 ]
18
N/A
0
N/A
16
N/A
17
N/A
Successful
Runs
Range
100
[0.05,0.5]
100
[0.2,0.6 ]
0
N/A
100
[0.03,1]
100
[0.01,1]
100
[0.01,1]
Successful
Runs
Range
100
[0.05,0.5]
0
N/A
100
[0.02,0.7]
100
[0.15,0.7]
100 [0.02,0.48]
100 [0.01,0.46]
Successful
Runs
Range
87
[0.3,1]
0
N/A
100
[0.03,1]
100 [0.05,0.95]
100
[0.05,1]
100
[0.06,1]

Table 2: Performance of !0S¼E . G and 0S¼½ªE . G on the XOR problem.

Algorithm

%0S!%HE . G
%0S!½5E . G

[
0.96
0.96

Min.
49
58

XOR
Learning Epochs
Successful
Max. Mean Std. Dev. Runs Range
1000
161.68
N/A
89
[0.12,1]
88
70.95
7.3
100 [0.07,1]

The complete learning rule is !%0 for the output layer and   for the hidden layers.
Table 3 shows the results of SBP and !0zS!  for the vowel and sonar problems. In the
tests, we found that ÊÆ*Ì  ,   *Ì qÂ and v*É give the best results on the vowel problem,
while for the sonar problem, the best parameters are Ê*¬  ,   *¬ 9Â and T*V .
To test the generality of !%0S+  , additional experiments were carried out on the vowel
recognition problem and the classification of sonar signals where we changed the architecture of
the neural networks to be trained. Table 4 shows a comparisons between SBP and !%0 + ! 
when the number of neurons in the hidden layer is changed. In the comparison, !0}SY! 
is the clear winner. This can only be attributed to the presence of a Hebbian term and to its
feature-extraction properties. Table 5 reports the performance of SBP and of the !%0 + ! 
learning rule in networks with different architectures on the XOR problem. For each rule the
table shows the best learning rate [ , the minimum (Min.), maximum (Max.) and mean number
of epochs which the algorithm needs to converge in 100 independent training runs, and the range
of learning rates within which the algorithm converges with probability at least 95% (i.e., in 95
out of 100 independent runs). Again, the advantages of the feature extracting Hebbian term in
the !  are clear. When we move from networks with one hidden layer to networks with a
second hidden layer, the successful-convergence range for SBP shrinks and the mean number of
epochs increases. On the contrary, the performance of 0S¼  improves and its learning
rate range either expands or stays the same.

6 Discussion
The most interesting result of our experiments is that GP has discovered a learning rule in which
the weaknesses of a supervised learning rule (SBP) are removed by combining it with an unsupervised learning rule (HB).
An explanation for the success of this combination can be as follows. The rule for the output
layer,

!0*¬XZ  WE Q G *V[3  & I &` 

is identical to the SBP rule except that the factor representing the derivative of the activation
 , is missing. As discussed previously, this is an improvement since it leads
function, CÇ(E168" 9&Y
G
to higher convergence speed when the neurons are near to saturation.
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Table 3: Performance of %0S!  and _®T¯ on two hard real-life problems.

[

Algorithm
SBP

!0S¼ 
Algorithm

_ ®u¯
!0S¼ 

0.08
0.08

[
0.1
0.1

Vowel
Learning Epochs
Successful
Min. Max. Mean Std. Dev.
Runs
124
273 256.9
43.3
100
120
200 165.8
26.1
100
Sonar
Learning Epochs
Successful
Min. Max. Mean Std. Dev.
Runs
373
420 396.7
13.3
100
117
167 138.1
27.24
100

Table 4: Performance of !%0}S!  and _®u¯ as a function of the number of neurons in the
hidden layer Í .
Algorithm
SBP
SBP
SBP
SBP
SBP



!0S¼
! 0 S¼
!0S¼
!0S¼
!0S¼

Algorithm
SBP
SBP
SBP
SBP









!0S¼
! 0 S¼
!0S¼
!0S¼









Vowel
N % of success Std. Dev.
8
32
2.1
12
39
1.8
16
45
1.6
24
49
1.3
32
50
1.1
8
48
1.5
12
50
1.2
16
58
1.1
24
63
1.0
32
65
1.0
Sonar
N % of success Std. Dev.
8
70
1.4
12
78
1.1
16
80
1.0
24
81
0.8
8
74
2.1
12
84
1.5
16
88
1.3
24
90
1.0
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Table 5: Performance of 0 with !  and _®u¯ in networks with different architectures on
the XOR problem.

Algorithm
SBP

%0S! 
Algorithm
SBP

%0S! 
Algorithm
SBP

%0S! 
Algorithm
SBP

%0S! 

[
1
0.95

[
0.95
1

[
1
0.9

[
1
1

Min
97
21

Min
86
19

Min
54
17

Min
68
36

2-2-2-1
Learning Epochs
Max Mean Std. Dev.
1000 231.55
258
126
34.48
30
2-2-3-1
Learning Epochs
Max Mean Std. Dev.
602 175.61
146.2
70
26.34
14.5
2-3-3-1
Learning Epochs
Max Mean Std. Dev.
315 126.52
74.2
62
26.51
12.6
2-3-1
Learning Epochs
Max Mean Std. Dev.
157 104.35
29.1
61
47.23
6.8
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Successful
Runs Range
100 [0.55-1]
100
[0.1-1]
Successful
Runs Range
100
[0.3-1]
100 [0.05-1]
Successful
Runs Range
100
[0.3-1]
100 [0.05-1]
Successful
Runs Range
100 [0.15-1]
100
[0.1-1]

Figure 7: Plots of the TSS error for SBP,  , SBP with Momentum, and  with Momentum
on the character recognition problem.

Figure 8: Plots of the TSS error for SBP with Rprop and 
recognition problem.
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with Rprop on the character

The learning rule for the hidden layers, !  , can be written as follows:

XZ  WE Q G
where ÏÎ

,
Ê 9 
RE 3 & ?
L [ 3  &' C Ç E(768"  & G I 9 &  S
[
*

 G#

9Â . For the logistic activation function its operation can be interpreted as follows:

1. If neuron Ð is active (i.e., contributed to the error) then



(a) If neuron is not fully committed to be either active or inactive (3 &  is near 0.5) then
the weight is updated using the SBP rule for the hidden layers (in these conditions

3 &Ñ
? ¸Î ). This makes sure correct error-reducing decisions are taken during the
early stages of training.



(b) Otherwise, if neuron appears to be committed towards positive saturation (3 & 
greater than 0.5) then the term 3 &  ?
 helps it to became even more saturated
(in these conditions the influence of CBÇ(E(768" &  G I &  can be neglected unless the error
is much smaller than 0). This makes sure that neurons tend saturate quickly even if
CÇ is very small.
(c) Finally, if 3 &  is committed towards negative saturation (3 &  less than 0.5) then the
term 3 &  ?  helps the neuron to saturate towards 0 (unless there is a clear indication
to do the opposite). Again this speeds up convergence even if C Ç is very small.

2. If neuron Ð is inactive, do nothing.
The combination of !½0 and   , which we will term ! for brevity, was very efficient
and stable in the problems considered. To see if this rule could be improved even more by using
some of the SBP speed-up techniques, in another set of tests its convergence behaviour was
compared with SBP, with and without the Momentum and Rprop speed-up algorithms. Figure 7
shows the TSS error for SBP and  , with and without Momentum, in a typical run on the
character recognition problem. In this run  achieves its target output at the same epoch
as SBP with Momentum, while ! with Momentum converges much more quickly than the
other algorithms. Figure 8 shows another typical run in which ! with Rprop outperforms
SBP with Rprop in the character recognition problem. In these runs all algorithms used the same
initial random weights. To reiterate, all runs are typical. Similar performance improvements
were obtained with different problems.

7 Conclusions
GP discovered, for the output layer, a useful way of using the Delta learning rule (originally
developed for single-layer neural networks) to speed up learning. This rule has been consistently
faster and more stable than the SBP learning rule on all the sample problems considered. Then,
using this rule to train the output layer, GP discovered new learning rules for the hidden layer.
In particular, GP discovered a useful way of using the generalised Delta rule and the Hebbian
20

learning rule together. Combined, these two learning rules have performed much better (i.e. they
have been faster, more stable, and have shown greater feature extracting capabilities) than the
SBP learning rule on all the problems considered, with and without different speed up algorithms.
This study indicates that there are supervised learning algorithms that perform better and are
more stable than the SBP learning rule and that GP can discover them.
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