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Abstract—This paper aims to study the advantages of using
higher order statistics in estimation distribution of algorithms
(EDAs). We study two EDAs with two-tournament selection for
discrete optimization problems. One is the univariate marginal
distribution algorithm (UMDA) using only first-order statistics
and the other is the factorized distribution algorithm (FDA) using
higher order statistics. We introduce the heuristic functions and
the limit models of these two algorithms and analyze stability
of these limit models. It is shown that the limit model of UMDA
can be trapped at any local optimal solution for some initial
probability models. However, degenerate probability density
functions (pdfs) at some local optimal solutions are unstable in
the limit model of FDA. In particular, the degenerate pdf at the
global optimal solution is the unique asymptotically stable point
in the limit model of FDA for the optimization of an additively
decomposable function. Our results suggest that using higher
order statistics could improve the chance of finding the global
optimal solution.

Index Terms—Estimation of distribution algorithms (EDAs),
factorized distribution algorithm (FDA), heuristic function,
stability, univariate marginal distribution algorithm (UMDA).

I. INTRODUCTION

E STIMATION OF distribution algorithms (EDAs) have
been recently recognized as a new computing paradigm

in evolutionary computation (e.g., [1]–[16]). Unlike other evo-
lutionary algorithms, EDAs do not use crossover or mutation.
Instead, they explicitly extract global statistical information
from the selected solutions and build a posterior probability
model of promising solutions, based on the extracted infor-
mation. New solutions are sampled from the model thus built.
According to the statistical information they exploit, EDAs can
be classified into the following two categories.

• EDAs using only first-order statistics: This class of
EDAs includes univariate marginal distribution algorithm
(UMDA) [13], compact genetic algorithm (cGA) [9], and
population-based incremental learning (PBIL) [3]. They
employ probability models in which all the variables
are independent and, hence, only need to estimate the
marginal probability of each variable in the selected
solutions at each iteration.
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• EDAs using higher order statistics: This class of EDAs
use a conditional dependence chain or network to model
the probability distributions. Among them are mutual
information maximization for input clustering (MIMIC)
[4], combining optimizers with mutual information trees
(COMIT) [12], factorized distribution algorithm (FDA)
[14], estimation of Bayesian networks algorithm (EBNA)
[10], and Bayesian optimization algorithm (BOA) [5], to
name only a few. These algorithms need to estimate joint
distributions of variable pairs or groups in the selected
solutions.

The dynamic behavior of UMDA is very similar to that of ge-
netic algorithms with uniform crossover (GAUX) [13]. Thierens
[17] analyzed the ability of GAUX and concluded that GAUX
may not find the global optimal solutions for a class of de-
ceptive functions. Höhfeld and Rudolph [15] and González et
al. [19] have studied the behavior of PBIL with elitist selec-
tion in discrete space. Based on Wright’s equation, Mühlenbein
and Mahning analyzed UMDA with proportional selection [20].
Berny investigated the relationship between PBIL and a gradient
dynamical system [21]. These results suggest that EDAs using
only first-order statistics have very limited ability to find global
optimal solutions. Mühlenbein and Mahning discussed the con-
vergence of FDA for the optimization of separable additively
decomposable functions [35]. Since there are no variable over-
laps in their objective functions, their FDA is mathematically
equivalent to UMDA. In EDAs, the estimation of distribution
is often separated into two phases: model selection and model
fitting. Bosman and Thierens showed that EDAs could perform
very badly if the structure of the selected model mismatches the
variable-interaction structure in the objective function to be op-
timized [18]. Pelikan et al. studied the behavior of BOA and
analyzed the critical population size and time complexity [16].
Zhang and Mühlenbein have proved that FDA will globally con-
verge with proportional selection for optimization of continuous
additively decomposable functions with overlaps [28]. Very re-
cently, Zlochin et al. have proposed a general framework for
ant colony optimization and EDAs [29]. However, the working
mechanisms of EDAs are far from clear.

The commonly used approaches for studying evolutionary al-
gorithms include the stochastic process approach [22], [23] and
the heuristic function approach [31], [32] among others. The
stochastic process approach often characterizes an evolutionary
algorithm as a Markov chain with the current population being
the state variables, and then study the convergence in the sense
of probability. Such an approach exactly models the behavior of
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an evolutionary algorithm (EA). It has been successfully applied
to EAs with finite population for some typical examples. Sev-
eral very interesting results on average time complexity have
been derived [24]–[27]. Since most EDAs maintain a proba-
bility model at each generation, the transition probability is very
difficult to formulate and analyze. Therefore, it is very hard in
general to apply the stochastic approach to study EDAs. The
heuristic function approach often assume that the size of popu-
lation is infinite [31], [32]. As a result, the iterative process of
an EA is modeled by a deterministic nonlinear mapping called
the heuristic function. Then, analysis on the dynamics of this
heuristic function is performed. The behavior of a EA with large
population can be approximated by that of the deterministic dy-
namic system defined by the heuristic function. Therefore, anal-
ysis results on heuristic function are useful for understanding
EAs with large population. However, some properties of EAs
with small population cannot be observed from their heuristic
functions.

The goal of this paper is to investigate the advantages of
using higher order statistics in EDAs. We consider UMDA and
FDA for discrete optimization problems. Both of them use the
same selection scheme: two-tournament selection. We define
the heuristic functions and the limit models of UMDA and
FDA. We show that, in the case of a general objective function,
the limit model of FDA has a better chance of obtaining a
global optimal solution than that of UMDA. In the case of an
additively decomposable objective function, we prove that the
unique asymptotically stable fixed point of the limit model of
FDA is the degenerate probability density function (pdf) at the
global optimal solution, which implies that FDA can converge
to the global optimal solution. We also give an example to
show that an additively decomposable objective function has
some local optimal solutions, where the limit model of UMDA
can become stuck. The results in this paper demonstrate that
the chance of converging to the global optimal solution can be
increased by using higher order statistics in EDAs.

II. PRELIMINARIES

Let , and be a prob-
ability measure on . Then, is determined by its probability
density function (pdf):

(1)
Let be a subset of and define

. The marginal pdf of is
defined as

(2)
Let be another subset of . A conditional proba-
bility for given is defined as

To be absolutely precise, we should use and
to denote the above marginal pdf and the condi-

tional probability, respectively, but for simplicity, we use
and as many other authors have done. The context

will always make our meaning clear. To avoid confusion, the
value of at and at and

will be denoted in this paper by and
, respectively, if and when necessary.

For and , we call and
a univariate marginal pdf (umpdf) and a bivariate marginal pdf
(bmpdf) of , respectively. Clearly, there are umpdfs and

bmpdfs.
We need parameters to represent a general pdf on

. However, some constraints on the dependence among vari-
ables with respect to can simplify the representation of

[33]. If all the variables are independent
with respect to , then

(3)

We denote the set of all the pdfs on satisfying (3) by .
If , we need only parameters to represent .
If the conditional dependence graph of variables
with respect to is a Markov chain in which is the th
node, then

(4)

where we define . In fact, if , then
and . We denote by the

set of all the pdfs on satisfying (4). If , the
representation of needs parameters.

There are points in . Let be
a pdf on . In the following, we call the -dimensional
vector the corresponding vector of .
Obviously, different pdfs have different corresponding vector.
A corresponding vector can be regarded as a point in vector
dimensional space.

Let and be pdfs on . Their respective corre-
sponding vectors are denoted by and . The distance between

and is defined as

(5)

In other words, the distance between two pdfs is the distance
between their corresponding vectors.

Let be a given point in . We call the
following pdf (of ) on :

dep
if
otherwise

(6)

the degenerate pdf (dpdf) at .1 It is easy to show that
, and for any given .

Let be a metric space with the distance function and a
map from into . Given a point , defines a sequence
on

(7)

1In dep(x; y), y is the function parameter vector and x is the variable vector.
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A point satisfying is called a fixed point of . A
fixed point is called stable if for any , there exists a
such that, if satisfies , then
for all . A stable fixed point is said to be asymptotically
stable if there exists a such that, if , then

.
Intuitively, if a point in sequence (7) is sufficiently close to

a stable fixed point, then all the points thereafter remains close
to this stable fixed point. It is stable to all small perturbations.
If a fixed point is not stable, no matter how close a point in (7)
is to it, some points thereafter may become far from it. For a
asymptotically stable fixed point, if a point in sequence (7) is
sufficiently close to it then the sequence will converge to it. The
convergence is stable to small perturbations.

III. UMDA AND FDA

We consider the following general combinatorial optimiza-
tion problem:

Maxmize (8)

where and the objective function
. A point is called a local max-

imal solution if for any
with . is said to be a
strict local maximal solution if for any
with . is called a global maximal solution if

for any . is said to be the strict global
maximal solution if for any .

EDAs for problem (8) can be regarded as a learning process in
which “knowledge” about the optimal solutions is refined step
by step. This knowledge is expressed by a probability function

which gives the posterior probability of each point in
to be an optimal solution at iteration . To generate ,

EDAs work as follows.2

Step 1) Independently sample points in from to
form a population3 .

Step 2) Select points from to form a parent population
by using a selection scheme.

Step 3) Extract statistical information from the points in
and build , based on this information.

Let be the corresponding vector of , EDA gen-
erates the following sequence of points in the -dimensional
vector space4

(9)

Since there are random factors in EDA (e.g., a sampling point
in from in Step 1 is random), the above sequence is
random.

If satisfies (3) or (4), or the conditional dependence
graph of is a Bayesian network, Step 1 will be very easily

2Some existing EDAs use incremental learning and other techniques to im-
prove their peformace. These algorithms are slightly different from the EDA
discussed in this paper.

3As in genetic algorithms, a population in EDAs can have repeated elements.
4In practice, we can only run an EDA for finite steps. This means that we

generate an finite random sequence. But for simplicity, we assume that an EDA
runs for infinite steps.

implemented. Several selection schemes can be used in Step 2.
In this paper, we will focus on the widely used two-tournament
selection. To select a point for , the two-tournament selection
randomly picks two points from and then chooses the point
with larger objective function value to enter . If two points
happen to have the same objective function value, it will ran-
domly choose one to enter . This procedure should be repeated

times in Step 2. Let be the probability that a point
is in . Then

(10)

Suppose that contain the following points:

...

Now, key issues in Step 3 arise.

• Q1 Information collection: What kinds of statistical infor-
mation should we extract from the above points?

• Q2 Model selection: What kind of model should we use
for ?

• Q3 Model fitting: How is the extracted information used
to build ?

These highly related issues have to be tackled at a reasonable
computational cost. Several different EDAs have been proposed
to address these issues.

A. UMDA

UMDA [13] is the simplest version of EDAs. In UMDA,
for all . In Step 3, this algorithm com-

putes the following first-order statistics from :

...

Obviously, is the percentage of the points in with the
th variable equal to 1. The computational cost for all the

is . As to the model selection, UMDA assumes that all
the variables in are independent of one another. It
builds as follows:

(11)
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Note that the expectation of is

(12)

for any and , where is a umpdf of . By the
law of large numbers, converges to almost
certainly as and [34]. From (11)

almost certainly (13)

as and in UMDA. Based on the observations
(10) and (13), we introduce the following UMDA heuristic func-
tion :

(14)

where is determined by

(15)

By (10) and (13), If , a random sequence of pdfs gen-
erated by UMDA can be approximated by

(16)

Sequence (16) is called the limit model of UMDA. This limit
model defines a deterministic sequence in . Integrating
both sides of (16) over variables , we
can prove that

(17)

holds in the limit model of UMDA for any .
The dynamic behavior of the limit model (16) approximates

UMDA when and are large. However, it is a very challenging
task to compute the approximation error of (16).

B. FDA

In UMDA, all the variables in the probability model
are assumed to be independent of one another for all . Only
first-order statistics in are utilized in the phase of model fit-
ting. Several EDAs have been proposed using higher order sta-
tistics in [4], [5], [14]. These algorithms always use a chain, a
tree, or a network to model the conditional dependence graph of

. Some of them involve the selection of the structure of the
network according to a predefined criterion in Step 3. FDA [14]
uses a fixed probability model throughout the algorithm, where
the model is specified based on the knowledge of the problem to
be solved. In this paper, we consider an FDA in which the condi-
tional dependence graph of variables is a Markov
chain in which is the th node, i.e., for all

. This FDA is very similar to MIMIC [4], but MIMIC

adjusts its Markov chain at each iteration. In Step 3, FDA com-
putes ( , , , 1), the percentage
of the points in with the th and th variables being
and , respectively. The computational cost of FDA at Step 3 is

. FDA builds as follows:

(18)

By the law of large numbers [34], converges to
with probability one as and

. Consequently, the right side of (18) will converge to

with probability one as and . Therefore, we
define the following FDA heuristic function

:

(19)

where is determined by

(20)

Therefore, if , a random sequence of pdfs generated
by FDA in can be approximated by

(21)

We call the above model the limit model of FDA. Obviously, the
model (21) generates a deterministic sequence. Integrating both
sides of (21) over variables , we can
prove that

(22)

holds in the limit model of FDA for any .

IV. FIXED POINTS OF THE LIMIT MODELS OF UMDA AND FDA

As stated in the previous section, some EDAs (such as FDA)
need to compute higher order statistics. As a result, these algo-
rithms are computationally more expensive than UMDA at each
iteration. A very natural question arises here: What are the ben-
efits of using higher order statistics in building in
EDAs? In this section, we will study the stability of dynamics
of the heuristic functions and in and ,
respectively.

As shown in Section III, the limit models defined by and
approximate the behaviors of UMDA and FDA with large

population , respectively. Obviously, the analysis
on global dynamical behaviors of these models should be con-
ducted. However, all our works in this paper are on the local



84 IEEE TRANSACTIONS ON EVOLUTIONARY COMPUTATION, VOL. 8, NO. 1, FEBRUARY 2004

stability of these limit models. The main reasons behind our
work are the following.

• In general, it is extremely difficult to analyze the global
stability of these models. Study on the local stability is
prerequisite for understanding the global behavior.

• There are random mechanisms in EDA with finite popu-
lation, UMDA, and FDA with finite population can be re-
garded as their limit models with random perturbations.
Therefore, we should study the stability of these limit
models.

• In some scenarios, the initial pdf in EDA may be
set as a nonuniform distribution based on problem-spe-
cial knowledge or by other heuristics. Moveover, random
mechanisms are involved in EDA with finite population.
Therefore, it is possible that a pdf in the sequence of pdfs
generated by UMDA or FDA with finite population is
close to any dpdf. Investigation of the local behaviors of
the limit models near a dpdf should be helpful for under-
standing the behaviors of these algorithms.

A. Fixed Points of

Theorem 1: For any given , the dpdf
is a fixed point of .

Proof: Let , and .
Then

otherwise

By (15)

Therefore, for all . The marginal probability
of is

if
otherwise

Since , we have

if
otherwise

which implies . Therefore, is a fixed
point of .

This theorem says that if in the limit model of UMDA
(16) is a dpdf at a given point , then all the for
are unchanged in (16). This result is not surprising, in UMDA
with finite population, if is a dpdf at a given point ,
then all the points in and consequently in are . Therefore,

for all in UMDA with finite population.
In the following, we will study the stability of these dpdf fixed
points.

Theorem 2: If is a strict local maximal
solution of problem (8), then the dpdf is an asymptot-
ically stable fixed point of .

Proof: Let and
. Let be the cor-

responding vector of . To prove the theorem, it
suffices to show that there exists a such that, if

(the distance between two pdfs as
defined in (5)), then for any
and for all

.
Denote by . Then

dep

Noting that and

dep
if
otherwise

we have

Since

Thus

Denote by . Since
, we have

for . Now, we calculate a lower bound for

since is a strict local maximal solution
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5 It follows that

Therefore

Bearing in mind that , there exists a pos-
itive such that

whenever .
Now, we repeat the above procedure with replaced by

. We obtain

Thus

which implies and
for all if

.
By this theorem, for a pdf sequence gen-

erated in the limit model of UMDA, if a pdf in the
sequence is sufficiently close to the dpdf at a strict local max-
imal solution, there all the pdfs for will remains
close to this dpdf even there are some small perturbations in
this sequence. This results implies that for a sequence of pdfs
generated by UMDA with large population , once a
pdf in this sequence is close enough to a dpdf at any strict local
maximal solution of the objective function , then there is
a very high possibility that all the dpdf thereafter will be in a
small neighborhood of this dpdf.

Theorem 3: If is not a local maximal solution, then the dpdf
is not a stable fixed point of .

Proof: If is not a local maximal so-
lution, there exists a point

such that . To prove the theorem, it suffices to show
that there exists a such that, for any given ,
there is a with
and , where

.
Let

otherwise

5Let b and r be two variables, by r = O(b) we mean that there exists a
constant C such that jrj � Cjbj.

Then, and

dep

dep

dep

dep

Now, we calculate

Therefore

It follows that

otherwise

Repeating the above procedure, we obtain

otherwise

Thus

dep

which implies that is not a stable fixed point.
This theorem says that in a sequence of pdfs generated in the

limit model of UMDA, if is not a local maximal solution,
no matter how close a pdf in this sequence is to the dpdf at ,
the pdfs in the sequence may go far from this dpdf. Therefore, it
is unlikely that UMDA with large population becomes trapped
at a point which is not a local maximal solution.

Remark 1: Following the work of Höhfeld and Rudolph [15],
González et al. [19] have studied the dynamical behavior of
PBIL with elitist selection in the case of infinite population,
which can be regarded as a variant of UMDA. They assumed that

for any . Therefore, all the local maximal
solutions are strict in their case. They investigated the behavior
of the probability vector, i.e. .
Since the distance in defined in Section II is equivalent
to the distance in the space of probability vectors, their results
on stability are also true in . However, we study two-tour-
nament selection and our analyses are much simpler.
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B. Fixed Point of

Theorem 4: For any given , the dpdf
is a fixed point of .

Proof: Let , and .
Then

otherwise

As shown in Theorem 1

We have

if
otherwise

and

if and
otherwise

Since , we obtain

if
otherwise

which implies . Therefore, is a fixed
point of .

The following Lemma is needed in the proof of Theorem 6.
Lemma 5:

for any given integer and for any .
Proof: See the Appendix.

Now, we introduce the main results on the stability of the dpdf
fixed points of .

Theorem 6: If is the strict global maximal
solution, then the dpdf is an asymptotically stable
fixed point of .

Proof: Let and .
To prove the theorem, it suffices to show that there ex-
ists a such that, if ,
then for all and

for all .
Denote . Noting that

dep

we have

Therefore

Then

Thus

dep

By Lemma 5, if , we have

dep dep

Repeating the above procedure will lead to

dep dep

which implies that if , then
and

for all .
This theorem shows that in a sequence of pdfs generated by

the limit model of FDA, if a pdf in the sequence is sufficiently
close to the dpdf at the strict global maximal solution, then the
sequence will converge to this dpdf. A small perturbations in a
pdf in the sequence does not affect the convergence.

The following theorem gives a sufficient condition under
which a pdf is not stable fixed point of .

Theorem 7: Let . If there exists
, , , such that

, then is not a stable fixed point of the heuristic
function .

Proof: It suffices to show that there exists a such
that for any given , there is a with

and
, where .
Let

otherwise
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Then, and

dep dep

Analogically to the proof of Theorem 3,

otherwise

It is easy to show that

Thus

dep

Repeating the above procedure will lead to

dep

It follows that

dep

Remark 2: As shown in the following example, some strict
local maximal solutions may satisfy the condition in Theorem
7, then the dpdfs at these local maximal solutions are not stable
in . In comparison, Theorem 2 claims that a dpdf at any strict
local maximal solution are stable in . Therefore, with the
same initial pdf, the limit model of UMDA may get trapped at
the dpdf at a local maximal solution while the limit model of
FDA will not. The following is an illustrative example.

For this objective function, (0,0,0) is a strict local maximal so-
lution. By Theorem 2, (0,0,0) is an asymptotically stable fixed
point of the limit model of UMDA. But .
Then it follows from Theorem 7 that (0,0,0) is not stable fixed
point of the limit model of FDA. That means that the limit model
of UMDA may become stuck at the dpdf at this local maximal
solution but the limit model of FDA will not for some initial
pdfs.

C. Stability of Heuristic Functions for Additively
Decomposable Function

Additively decomposable functions [30] have been used fre-
quently as benchmark problems in evolutionary computation. In

this subsection, we consider FDA for the maximization of the
following additively decomposable function:

(23)

As mentioned in Section III, an FDA chooses a conditional de-
pendence graph for based on the structure of the variable
interaction in the objective function. The structure of variable
interaction in this function is a chain in which is the th node.
Therefore, in FDA for maximizing this function, the conditional
dependence graph of should also be this chain. In other
words, . This means that FDA considered in
this subsection is the same as one introduced in Section III-B.

In the following, we always assume that for
any .6 Under this assumption, has the unique global
maximal solution and can be written
as

(24)

We define

(25)

where ,
Lemma 8:

1) For a given , the solution to the optimization
problem

(26)

is unique; we denote it by .
2) Let

(27)
Then for any , we have

(28)
Proof: See the Appendix.

Theorem 9: Let , then
is not a stable fixed point of if .

Proof: We are in one of the following two cases:
Case 1: there exists such that

(29)

Let be the largest index such that (29) holds. Denote
. We can prove by contradiction that

. (In fact, assume . By Lemma 5
we have . Since is the largest
index such that (29) holds, .
Therefore, . Consequently,

, which gives a

6This assumption is not always satisfied in real-world problems. However,
it makes the mathematical analysis easier and the main aspects of the dynamic
system can still be illustrated under this assumption. Some other researchers
also use this assumption in studying the behavior of EDA (e.g., [19]).
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contradiction.) On the other hand, if there exists
such that , then . Therefore,

, i.e., for all .
Let be the largest index such that , then

. Therefore is of the following form:

(30)

Let

Then

For a given positive , let

otherwise

Then, , and . As
shown in Theorem 3

otherwise

in the limit model of UMDA (21). Noting (30), we can easily
prove that

in (21). Then

dep

Repeating the above procedure will lead to

dep

Therefore

dep

which implies that is not a stable fixed point of .
Case 2: there exists no such that

In this case

Noting the fact that , we have

Using arguments similar to those in the proof of Case 1, we can
prove by Lemma 5 that is of the following form:

where . Obviously, . For a given
positive , let

otherwise

As in the proof of Case 1, we can show that

dep

Therefore, is not a stable fixed point of .
Theorem 10: is not a fixed point of if

is not a dpdf.
Proof: Let . If is not a dpdf, then there

exists with

(31)

for or 1 (otherwise, it is from (4) that will be a dpdf).
Let be the largest integer in such that (31) holds.
Without loss of generality, we assume

Then, there exist and
such that

and

[otherwise, it will contradict to the fact that is the largest in-
teger such that (31) holds]. Therefore

(32)

and

(33)

Since , it is necessary that is
of the following form7 :

(34)

Noting that

and

7The form includes the two special cases: 1) v = (1� u ; � � � ; 1� u )
and 2) v = (u ; � � � ; u ).
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we have

Denote

(35)

Then

Without loss of generality, we assume that

(36)

There are points in . Denote

(37)

for . Define

Since for any , we have

for any . Therefore, we can assume that

(38)

can be divided into the following three disjoint
sets:

and

Let

and

Obviously, and for . From (32)
and (33), it follows that:

whenever or . There
are points in . By (36) and (38), we
have

(39)

(40)

and

(41)

Since , we have

Similarly

Let . We have the following claims.

Claim 1: is still the largest integer in with

for or 1, and

The proof of Claim 1 is trivial based on (34).
Claim 2:

The proof of Claim 2 can be found in the Appendix.
Now, let and . Based

on the Claims 1 and 2, we have

(42)

Therefore, is increasing.
Since

(43)

we have

(44)
By (42)–(44)

which implies cannot be a fixed point of .
The main result in this section is immediately derived from

Theorems 6, 9, and 10.
Theorem 11: is the unique asymptotically stable

fixed point of .
Remark 3: This theorem implies that the limit model of

FDA is able to find the global optimal solution of the additively
decomposable function. We should point out that there is no
guarantee that the limit model of UMDA will locate the global
optimal solution of the additively decomposable function for
any initial pdf . The following is an example: Let
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Then

In this function, for . (0,0,0) is the unique
global maximal solution. (1,1,1) is a local maximal solution.
Therefore, the limit model of UMDA may become stuck at the
local maximal solution (1,1,1) for some initial pdfs.

Remark 4: Theorem 9 is stronger than Theorem 7 in the case
of additively decomposable functions. For example, Theorem 7
cannot be used to study the stability of (1,1,1) in in the above
example.

Remark 5: Consider the limit model of FDA:
and . If
is not a degenerate pdf, let be the largest integer in

such that

for or 1. Let be a limit point of . We
can easily prove that . Let be the largest integer

in such that

Therefore, by the proof of Theorem 10, , which means
that more conditional probabilities in are de-
generate than in .

V. CONCLUSION

Many experimental results reported in the literature suggest
that using higher order statistics will improve the performance
of EDAs. In this paper, we have studied the dynamic behaviors
of the limit models of UMDA and FDA with tournament selec-
tion. Our results suggest that FDA has a better chance of con-
verging to the global optimal solutions than UMDA for some
initial pdfs. In particular, the limit model of FDA should be able
to find the global optimal solution of an additively decompos-
able function but UMDA may become stuck at any local optimal
solution for some initial pdfs. We should point out that all the
results in this paper are on the local dynamical behavior of the
limit models of these algorithms. Possible future work may in-
clude the following.

• Analysis of global behaviors of these limit models. In
practice, the initial pdf can be set as the uniform
distribution (i.e., for any ) or any
other distribution on . Study of global convergence and
stability of a pdf sequence generated by these limit models
with arbitrary initial pdf will be very important. As pointed
out by a reviewer, the limit model of UMDA will converge

to the global maximal solution of in Remark 3 if the
initial pdf is the uniform distribution. The attraction basin
of the dpdf at the global maximal solution for these limit
models should be investigated for some test problems.

• Study of the approximation error between these limit
models and the algorithms with finite population.

• Investigation of EDAs with finite population. It is a chal-
lenging task. Recently, some results on the computational
time complexity of EAs with finite populations have been
obtained [24]–[27]. It is worthwhile studying if these
results can be to extended to EDAs for some typical
instances.

• Study of other EDAs with model selection at each gener-
ation such as MIMIC and BOA.

APPENDIX

Proof of Lemma 58 : By Bernoulli inequality [34],
for any , we obtain

for any . Therefore

whenever .
Proof of 1) in Lemma 8: Assume that

and are
the solutions to (26). Therefore

Let and
. Since

we have

Since for any , we have . Conse-
quently, , which implies that (26) has a unique solution.

Proof of 2) in Lemma 8: We prove it by contradiction. As-
sume that 2) is not true. Then, there exists an integer in
such that

Let

We have

8This proof was provided by the anonymous Associate Editor of this paper.
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Therefore

which contradicts the fact that .
Proof of Claim 2 in Theorem 10:

Therefore

where . Similarly, we
have

where .

Therefore

Consequently

(45)

Denoting by , we have

(46)

where and

(47)

where . It follows from (39)–(41) that

Substituting (46) and (47) into (45) gives
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where .

(In fact, , and .)
Therefore

Noting that , we obtain
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