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Abstract

We develop and explore a Core Specification Theory (CST) asabasis for the meta-mathematical investigation of specification
and specification languages.
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1 Specification theories

Specification languages such as Z, VDM, B, PVS[32, 14, 22]1, [1, 8, 26, 27]? are based upon the
Predicate Calculus (PC) in the sense that the language in which the specifications are expressed is
some version or dialect of PC. However, they differ from the smple single sorted versions of PC
in that they distinguish between different types of data, where the types of these theories are usually
presented in an inductive fashion: there are basic types (e.g. numbers, characters) together with a
battery of type constructors such as products, sets and recursive types. Furthermore, presentations of
specification languages[21, 13, 16, 18, 10, 11, 23, 24, 31, 5, 20, 4, 6, 9, 19, 26] sometimesinclude
groups of axiomsfor the various types and their associated relation and function symbols. Typically
these stipulate the membership conditions for the type, the criteria for two elements of the type to
be equal and lay out the properties of any special relations and functions for the type. As such these
axiomatic systems constitute theories of the underlying concepts of the language that we shall refer
to as Yecification Theories.

However, it is not an easy task to provide such axiomatizations for existing languages [5, 16, 10,
11]. Thisis largely due to the way in which they have evolved: their form has been largely deter-
mined only by practical considerations. In practice, standard logical systems such as HOL or ZF
have been lifted wholesale and employed as the host for a massive infrastructure of syntactic sugar
dictated by practical needs. Unfortunately, this sugaring has taken over and obscured the logical
core. Subsequently, we have languages for which it is virtually impossible to provide mathemati-
cally tractable and usable axiomatizations. In particular, the axiom systems are often very large: a
stab is made at providing axioms for every construct that might prove useful. Even so, the systems
are often incomplete in the sense that some of the constructs are not axiomatized. Indeed, some of
the more rigorous attempts at devel oping axiomatizationsfor existing languages (e.g. [10, 11]) have
been forced to part company with the target language for technical and conceptual reasons. More
generally, many problems with current languages often only come to the fore when axiomati zations
are attempted.

Lstrictly speaking, PVSisawhole system rather than just alanguage.

2We do not include constructive theories such as Nuprl, Constructive Type Theory and the Calculus of Constructions, in
our sweep of theories. There are several reasons for this. First, the style of specification is based upon extracting programs
from constructive proofs; essentially from proofs of V3 statements. This is very different to the approach taken in the
classical setting and so would require a much longer paper to treat them. Moreover, more often than not, these theories are
more rigorously presented. So some of the criticism aimed at the languages considered here, does not apply.
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Indeed, current specification languages are rarely precisely and completely formulated as ax-
iomatic theories and so are inadequate for metamathematical purposes; it is very hard to treat the
theory as an object of study in its own right. As aresult, our mathematical grasp of specification
languages and specification in them, is quite meagre.

Thisis the first of a series of papers which seek to address this foundational gap. Our objective
in this first paper is to formulate and study a core Specification Theory and use it to explore the
specification process. Thistheory isasub-theory of theimplicit theories of all the major specification
languages; it isburiedinside them, evenif it isnot evidently so. Nevertheless, it is expressive enough
to illustrate the different styles of specification employed by these languages, and to explore the
logical foundations of the actual process of specification.

2 A core specification theory (CST)

We present a core specification theory (CST) which is a fragment of most, if not all, the major
specification languages. We shall do so in several stages. Initially, we present the language, and
compared with actual specification languages, it is very small. We then develop the logic of the
system: aversion of atyped predicatelogic. Finally, we present the rules and axiomsfor the various

types.

2.1 The syntax of CST

The language has three syntactic categories: wff, types and terms. We deal first with the syntax for
the types since these drive the form of the language. The atomic type terms consist of type variables
and the type constant IV, the natural number type. There are two type constructors that permit the
formation of sets (Set) and Cartesian products (®). Moreformally, the syntax of typetermsis given
asfollows.

T:=X|N|T®T|Set(T) .

These types are taken as basic in both Z and VDM . Generally, we shall employ upper case Roman
letters A, B, C, D,... fortypetermswith U, V, W, XY, Z reserved for type variables.

With these go the following individual term constants and function symbols. Apart from the indi-
vidual variableswe admit, for the natural numbers, the constant zero (0) and the numerical successor
function (™) and for Cartesian products, we include the pairing function () and the selection func-
tions (m;). Finaly, sets are supported by a constant for the empty set () and a binary insertion
function (®) for adding an element to a set. Thisleads to the following syntax for terms.

tu=x|0]|t"
(t,) | mo(t) | ma(t)
D|tet

where generally we employ lower case Roman letters a,b,c, ... for individua terms with
u,v,w, ,y, z reserved for term variables. The basic operators of the theory are polymorphic. In
particular, the set insertion function and the pairing operation operate globally over all types.
Finaly, we introduce the well-formed formula (wff). We employ lower case Greek letters for
these. The atomic wff include absurdity (€2); equality, set membership (€) and the ordering relation
on the natural numbers (<) . General wff are generated from these by the propositional connectives
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and the quantifiers.
pu=Q|t=t|tet|t<t
O oANP OV P[P
Ve<t-¢|Ix<t-¢p
Veet-¢p|Ix et ¢
Ve :T-¢|3x:T ¢
VX-¢|3X-9.

Apart from the numerical and set quantifiers, we have quantification with respect to a given type
and quantification over types. The last four are the main logical quantifiers of the theory and will
be governed by standard introduction and elimination rules. One might think that the bounded
quantifiers should be defined in terms of the others but, for theoretical and practical purposes, it is
convenient to take them all as primitive. However, their propertieswill be stated in terms of the main
quantifiers.

Where e is a term or wff, we shall write 'V (e) for the collection of free individual variables
of e and FTV (e) for the free type variables. For the purposes of substitution, we shall write
e[z, ..,xy,] to mark free individual variables. This notation is not to be taken to imply that all
of the variables x4, .., z,, occur freein e nor that they exhaust al the free variables of e. We shall
write e[ty, .., t,/z1, .., z,,] for the meta-operation of substituting the terms ¢; for the variables z;.
Similarly, we shall write e[ X}, .., X,,] to mark type variables and e[T", .., T,/ X1, .., X,] for type
substitution. Finally, note that individual terms do not contain type variables and type terms do not
contain individual variables.

We next present afew preliminary definitions. Propositional equivalence («») is defined in terms
of implication in the standard way. We define type membership and some other useful forms of
quantification, as follows:

t:T232:T t=x
ANz :T-plx] 2 I :T-Pla]AVy:T -9yl >z =1y
ISy T glx) 2Ve: T -Vy:T-@z] Ayl »z =1y .

This completes al the syntactic preliminaries.

2.2 Thelogic

Thelogic is presented in a sequent-style natural deduction format. The rules are given relative to a
context I" which is a (possibly empty) finite set of wff. Sequents thus take the form:

I'Fcost ¢

which is to be understood as asserting that in the theory CST, ¢ follows from I". We shall usually
drop the subscript. Furthermore, we shall only include the contexts of arule wherethey are modified
in passing from the premisses to the conclusion. We shall also write rules with no premisses in the
standard way.

There are two structural rules: an assumption axiom and a weakening rule.

L't
Loy

Ax ot o
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There are the two standard equality axioms — adapted to atyped setting.

Ei Ve X z=x
E: Vo:X Vy:X-z=y— (dz] = oy

Thelogical rules are the normal classical ones. We begin with the propositional connectives.

L, W ng
L. Dore T,—¢FQ
> TF-¢ * Tro

6 ¥ OAY bAY
ST e % Uy

6 ¥ PEg¢vy  Toorng Dby
s oV o ove e THo

ok y b6y ¢

B =

The main quantifier rules are for the typed and type quantifiers. These are standard and subject to
the normal side conditions about dependency, e.g. in L 16,  must not be freein any wff in T and 7.

L. Lo:XFg Ve X - ¢ t: X
B TrVz: X ¢ 4 o[t/ ]
L olt/x] t:X FF3z:X-¢ Lz:X,0bFn
15 dz: X ¢ 16 'kp
¢ VX -9
b v s GmN]
L. ¢T/X] L Dr3x.¢ L, ¢Fn
19 3X'¢) 20 F'_n

We shall deal with the bounded quantifiers in connection with their types. This completes the
basic logic of the theory. We can now deal with the types themselves: for each we shall provide
introduction, elimination and special equality rules together with any rulesfor their special relations
and functions.

2.3 Natural numbers

Thefirst group of axiomsfor the numbers are those of Peano Arithmetic but with explicit quantifiers
to restrict them to numbers. The first four inform us about the successor relation and the fifth is the
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standard scheme of induction.
Ny 0: N
Ny Vz:N-zt: N
N3 Vz:N-a2t #0
Ny Ve:N-Vy:N-zt =yt s z=y
N5 ($[0]AVz: N - glz] = ¢la™]) = Vo : N - a] .

The next group provide the axioms for the ordering relation. Again, they are the standard axioms
adapted to fit the present typed framework.

Ng Vz:N-—(z <0)
N; Vy:N-Vz:N-z<yt < (z<yVe=y).

Finally, we deal with the bounded numerical quantifiers. These are governed by the following
axioms.
Ng Vy:N-(Vz<y-¢)e Vz:N-z<y—¢)
Ng Vy:N-(Fz<y-¢)e (Fz:N-z<yAg).
They insist that, in the context where the bound is a number, they can be unpacked in terms of
quantification with respect to the natural number type. This style of axiom, where aconstruct is only

provided a meaning in a given context, will form the basis for our general scheme of relation and
function specifications. This completes the numerical axioms and rules.

2.4 Cartesian products

Cartesian products are present in most specification languages and the axioms are the usual ones.
Thefirst three are the normal axioms for pairs and selection functions.

P, V: X -Vy:YV-(z,y): XY
P, Vz:X®Y -m(2): X
P; Vz:X®Y -m(z):Y.

Finaly, the special equality axioms demand that the selection functions behave appropriately on
pairs and support surjective pairing.

P, Vz:X -Vy:Y m(z,y) =cAm(z,y)=y
Py Vz:X®Y - -z=(m(z),m(2)).

The construction can be iterated to the product of more than two typesvia
Al ® (A ® ... ® Any1)-

In particular, we shall write A" for A® A® ..... ® Ai.e n-copiesof A. We shall often write 7; ()
asx;.
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25 Sts

While it is more central in some than in others, this type constructor is present in some form in
most specification languages and certainly in all the major logic-based languages. We present the
axiomg/rulesin several waves.

Thefirst group parallel the Peano axioms. Thefirst pair state the closure conditions for the type:
the empty set isamember of every type of sets and the sets of a given type are closed under element
insertion. The next two ban the multiplicity of elements in sets and guarantee order independence.
Thefinal axiomin the group is the induction principlefor sets.

S1 0 : Set(X)

Sy Va: X -Vy:Set(X) z®y: Set(X)

S3Va: X -Vy:Set(X) z®(x®y)=z®y

SaVe: X -Vy: X -Vz:Set(X) - z®@(y®2)=y® (z® 2)

S5 (0] AVz : X - Vy : Set(X) - gly] = ¢z @ y]) = Vy : Set(X) - oly] .

The next pair govern the special relation symbol for this type, namely set membership. The first
insists that the empty set has no elements and the second demands that the insertion function adds a
single element to an existing set.

S Vr:X - zé¢(
S Vy:Set(X) Ve: X -Vz: X zezx®@ye (z=zVzey).

Finally, we provide the set quantifier axioms. They mirror the numerical ones and insist that
where the bound is a set they can be unpacked in terms of the main type quantifier.

Ss Vy:Set(X) - Veey-¢)« Vz: X -z ecy— 9)
So Vy:Set(X) - Fzxecy-¢)+ Fz: X -zc€yng).
This completes the statement of the theory CST. It is a very minimal theory of numbers, sets

and products with very little meat on it. On the other hand, it is a highly expressive theory which
supports alarge portion of everyday specification.

2.6 First steps

We establish a few preliminary properties of the theory. The first couple present some elementary
properties of the numbers.

PROPOSITION 2.1
Thefollowing are provable.

1LVy:N -Ve<y-z:N
2Vy:N-y=0V3Iu: N -y=ut.

Proor. Thefirst follows from Ng and the second by numerical induction with the induction wff

Blyl=y=0VIu:N-y=u".
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We now do much the same for sets, but here there are afew more obvious things to say.
PROPOSITION 2.2
Thefollowing are provable
LVy:Set(X) - Veey -z: X
2.Vy:Set(X)-y=0VIu: X -Fv:Set(X) - y=u®@v
3Vy:Set(X) Ve X -z®@y #0
4.Vy:Set(X) - Veey-z®y=y
5.Vz:Set(X) Ve ez -Jy:Set(X) -z dynz=a2®y
6.Vz € Set(X) - (Vyex-y:Y)— x: Set(Y).
ProoF. Thefirst followsfrom Sg. The rest employ the obvious set inductions. For example, for (2),
we use set induction with the induction wff:

Gy =y=0VIu: X -Fv:Set(X) - y=u®v.
|

We can now establish the most important property of the sets of the theory namely their exten-
sional nature. We first define Extensional Equality for sets as follows.

r=y2Vucz-ueyAYo ey -ver.
PROPOSITION 2.3 (Extensionality)

Vz : Set(X) -Vy:Set(X) - z=y—-z=y.
PROOF. Let z : Set(X). We employ induction on y with the induction wff:

pyl=r=y—>z=y.

Assumey = (). If z = Q) wearefinished by E;. But if z # () then 2 = u ® v for some u, v whichis
impossible. This completes the base case. So assumethat y = v ® v. We have to show that

T=UBPUV T =UDU.

If w € v we are finished by induction. If u ¢ v, sincew € z, by the last proposition (part 5),
z=u®v forsomesetv’,u ¢ v'. Snceu®v =u®v' andu ¢ vandu ¢ v, it follows that
v =o', By induction,v =v'. Sou®v = u ® v'. [ |

This completes our basic introduction to the theory CST. It should be clear that this theory is a
sub-theory of both the implicit theories of VDM and Z — and indeed all the major languages.

2.7 Related work

In developing CST we have been influenced by Hereditary Finite Set Theory (HFST). In partic-
ular, in unpublished work, Hodges has developed an approach to specification based upon HFST.
But he does not really consider the impact of types; the present theory may be considered as an
attempt to explicitly put typesinto HFST — with all that entails (e.g. the need to take products as
primitive, etc.). The present work has also been partly inspired by the work on Bounded Set Theory
[25], athough here the inspiration is more marginal. In [28], Struth devel ops an algebraic approach
to a form of finite set theory but without any types. Connections here are less obvious, but the
infrastructure developed may proveto be useful.
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3 Reation specification

Implicitin all logical specification languagesis the notion that specificationsinvolve the introduction
of new relation and function symbols. Furthermore, most languages allow a style of specification
in which new polymorphic or generic relations and functions can be introduced. However, different
specification languages present specifications in different syntactic forms. In particular, some (e.g.
Z) are predominately relational in their style of specification and others (e.g. VDM) are more
functionally inclined. We shall consider both styles. Indeed, we shall provide, within the formal
framework provided by CST, auniformlogical foundation for both Z and VDM specification styles.

3.1 Schema

Our style of relation specification is based upon the Z schema notation: it introduces new poly-
morphic relation symbols into the language via the following specification format. More exactly,
relational specifications take the following shape.

DEFINITION 3.1

Let ¢ beany wff and A4, ..., Ay any typetermswhere x4, ..., z;, areall the freeindividua variables
of ¢ andwhere X, ..., X, (n,k > 0) include and exhaust all thetypevariablesof ¢, A4, .., Ax. We
may then introduce a new relation symbol into the language via

R[X1, ., Xn]| & 21 : AL, oz Ay | @] (S

where each free individua variable is assigned exactly one type. We shall call these schema speci-
fications. The type prefix
Iy - Al, ey L+ Ak

we call the declaration of the schema and the wff ¢ its predicate.

How are these specifications to be unpacked logically? Here we shall be guided by the form of
the axioms of our theory CST: Sisto be understood as the introduction of a new relation symbol R
that satisfies the following axiomatic condition.

VXi-..-VX, -V, : Al c Vg s Ak . R[‘Yl, ..,‘Yn](.’L’l, ..,l’k) L d ¢ . (Rel)

Thisimplicitly extendsthe syntax of wff to include new atomic wff of theform R[T'y, .., T,,](t1, -., tk)-

For therest of this section we shall employ this notion of specification to enrich the theory. Indeed,
the development of the theory will furnish us with material to illustrate the whole specification
process.

EXAMPLE 3.2
A schema specification of the Subset relation is given as follows:

Cx 2[z:Set(X),y:Set(X)|Vz€x-2€y],

which is written in its standard infix notation with the type variable as a subscript. Under the gov-
ernment of Rel, thisisinterpreted as the introduction of a new relation which satisfies

VX -Vz:Set(X) Vy:Set(X) 2 CxyeVzezr-z€y.
The following are instances.
Cn £ [z:Set(N),y:Set(N)|Vz € x-2 € y]
Cnz = [: Set(N?),y: Set(N?) |Vz€x-z€y].
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EXAMPLE 3.3
With subset in place we can specify a generic version of Extensional Equivalence for sets as fol-
lows:

=x 2 [z:Set(X),y:Set(X) |z Cx yAy Cx z].

EXAMPLE 3.4
The following provides the specification of the Pairing relation on sets:

Pairx £[z: X,y: X,2: Set(X) |Vu: X u€zsu=xVu=y.

Of course, just positing arelation is not the end of the story. We might, for instance, wish to show
that the relation is not vacuous. In most cases this will be obvious, but we shall often investigate
matters more thoroughly.

Following Z [32], we shall also write schemain the more graphic form:

_ R[X1,., Xy

Iy - Tl, ey L+ Tk

In this presentation we shall often mark conjunctions with a new line. The following examples
illustrate this.

EXAMPLE 3.5
Thefollowing is a schema specification of simple set theoretic union.

__ Union[X]

u: Set(X),v: Set(X),w: Set(X)

Ve: X-zcecworzeuvVr e

Thisis clearly non-vacuous since choosing all three sets to be the empty set provides an instance.

EXAMPLE 3.6
The following providesthe definition of generalized union

Genunion[X]

u: Set(Set(X)),v : Set(X)

Ve: X -z€evedzeu-x€z
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EXAMPLE 3.7
Given the specification of subset, the Power set relation may be specified asfollows.

Pow[X]

u: Set(X),v: Set(Set(X))

Ve :Set(X)-ze€vexCxu

Observe that there is an instance: choose both to be the empty set.

We now come to the way of forming sets given by a scheme of separation. Notice that this
operation is schematic (in the standard sense) with respect to awff, i.e. weintroduce a new relation
symbol for each wiff.

EXAMPLE 3.8
Let ¢ contain at most z free. We then specify

_ Sepy[X]

u: Set(X),v: Set(X)

Vz: X -z€v & z€unyz]

ExAMPLE 3.9
The following provide specifications of the domain and range of set-theoretic relations.

_ Dom[X,Y]

u:Set(X ®Y),v: Set(X)

Ve: X-z€eveJy:Y-(z,y) €u

_ Ran[X,Y]

u:Set(X ®Y),v: Set(X)

Vy:Y-yevede: X (z,y) €u

Although there is no type of maps in the present theory, we can specify the relation of being a
map from one type to a second, i.e. a set theoretic relation (an element of Set(X ® Y)) whichis
single-valued.
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ExAMPLE 3.10

Map[X,Y] £ [z:Set(X ®Y) |Vr € 2-Vy € z- 21 = y1 — T2 = o]

The next exampleis slightly different in that it is an example of how one can build new specifica-
tions uniformly from old ones. We shall have more to say about thisin alater publication where we
introduce our interpretation of the schema calculus.

DEFINITION 3.11
Let

R[X1, .., Xn] é[ﬂ?:[,y:o | ¥].

Define the domain and range of R asfollows.

Dompg[X1, ., Xp]=[z:1]|3y:0 9]
Rang[X1,., Xp]=[y:0 |3z :1-4].

We shall study these and related examples in some detail since they will be employed to illus-
trate the whole process of specification. Moreover, many of them will provide some of the central
infrastructure for the devel opment of the theory as a more realistic specification language.

Operations express relationships between named inputs and outputs. However, the specification
of an operation will have the same form as a schema definition but some of the variables will be
interpreted as inputs and some as outputs. However, apart from the binary case of relations, where
the conventionisthat the first argument isthe input and the second the output, we have no convention
to determine which is which. We shall often use Cartesian product types to reduce matters to the
binary case and then employ this convention. However, in practical applications of the theory, this
often provesinconvenient and so we heed some more general notational devicesto distinguish inputs
from outputs. We shall adopt several styles of convention. We shall often just stick the inputs on the
first line of the declaration and the outputs on the second. More general Z style conventions employ
decorations, e.g. mark inputs with ? and outputs with !. Where there is no danger of ambiguity we
shall usually drop the decoration in the predicate.

ExXAMPLE 3.12
We may introduce gener alized inter section as follows.

A[X]

u? : Set(Set(X)),v! : Set(X)

Ve: X -z €veVweEu-2€w

This is our interpretation of the Z schema notation. However, we are not claiming that it is the
official one; we are merely borrowing the schema notation as a convenient way of expressing our
style of polymorphic definition. Indeed, there are some obviousdifferences. First, we have explicitly
interpreted schema to herald the axiomatic introduction of new relation symbols. This perspective
is not explicitly adopted in the accounts of Z. Second, in the more formal accounts of Z given in
the various standardization documents [5, 21], and the various logics of Z [31, 10, 11], it appears
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that a schema is taken to imply the type of its arguments. In the present setting this amounts to the
introduction of a new relation viathe following axiomatic stipulation.

VX;-..-VX, - R[‘Yl, ..,‘Yn](.’L’l, ..,l'k) Ty A1 NNz : Ak AN ¢

However, within the present theory, this is not a significant difference since the declaration will
aways form part of the proof context within which reasoning about the specification will be carried
out. This perspectiveis the one adopted in the statement of the theory.

3.2 Conservative extensions

Every time we introduce a new relational symbol via S we enrich the language and the theory.
Moreover, we do so by introducing a new axiom into the theory. However, we require that such
relationa enrichment does not substantially change the theory. This would be unfortunate since then
we would have no guarantee that the properties of the old theory, which we may rely on during
specification, are maintained. Indeed, we shall use the word | egitimate to describe such conservative
additions. Thiswill mean different things within different styles of specification.

Suppose that we have extended the language of CST with a new relation R. Let CST R be the
theory inwhich all the rules of CST are extended to this new language together with the axiom Rel.
Thefollowing informs us that such additions are conservative.

THEOREM 3.13
Let ¢ be any wff of CST. Then

if T Fagpr ¢ then T Fes .

The theorem follows as a direct result of the following lemma which shows how to compile any
wff of the extended theory to one of the original.

LEMMA 3.14
Thereisatrangation * from the language of CST B to the language of CST such that

LifT Fogrr ¢ thenT* FegT 0
2. if g isawff of CST then ¢* = ¢

whereI'* isthe trandated context.

Proor. We shall spell out the details of thetrandation sinceit will be employed asabasisfor severa
modifications. The translation is defined by recursion on the extended language. The major impact
is obviously on the new relation symbol. We illustrate with the case of one type variable and one
individual argument.

RIX]2[e:A]4].

Thisistransformed as follows.
R[T|(t)" = @[T/ X,t/z] .

All the other atomic wff trandated to themselves
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Thetrandation passes through the propositional connectives and the quantifiers, e.g.
SAM* =0 An*
Ve :T-n)" =V :T"-n*

(0 A
(
Vzeb-n)*=Vreb-n*
(VX -n)"=VX . .n".

All types are tranglated to themselves. This completes the trandation. Part (2) is immediate given
the translation. Part (1) follows by induction on the derivationsin CST . All the rules, including
the new axiom, are easy to verify. [ |

We shall employ the whole tranglation again in connection with function specifications. For this
reason we have provided the explicit details of the translation.

3.3 Comparing schema

For theoretical purposes, we shall need to compare schema specifications. There are two important
relationships that we shall employ in the sequel. Thefirst is the obvious one.

DEFINITION 3.15
Let

R[X1,., Xn] & [21: Ay oyzp : Ag | 1]
S[Xl,..,Xn] é [1’1 : Al,..,mk :Ak | 5]
be two schema specifications. We shall say they are equivalent (written R = S) iff

VX1 .. VX, Vot Ay - . Vag 0 Age
R[Xl, ..,Xn](l'l, ..,.’L’k) R S[Xl, ..,Xn](l'l, ..,.’L’k)

EXAMPLE 3.16
The schema specification of union is equivalent to the schemawith the predicate

Verew-zeuvVeev)AVzeu-zew)ANVexev-z € w).

Although this notion will do a great deal of work for usin comparing schema, it will sometimes
be too constraining and so we introduce another standard notion that generalizesit.

DEFINITION 3.17
Let

R[‘Yla",){n] = [.’L’ : Iay :0 | dj]
S[X1,  Xn]E[z:Ly:0|n].

We shall say that S isarefinement of R, written as

RCS
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iff
1. VX, -..-VX,, -Vz : I - Dompg[Xi,..,X,](x) = Doms[Xy, .., Xp](x)
2. VX1 ..-VX,,-Vz : - Dompg[X1,.., Xp|(z) = Yy : O -9plz,y] & nlz,y] .
We shall say that the two schema are weakly equivalent iff they refine each other, i.e. we write
R~S2RLCSASLCR.
Clearly if two schema are equivalent, they are weakly equivalent, i.e.
R2S—>R=S.

We shall unpack the connection in the other direction shortly. These notions will aid us in our
investigation of many aspects of specification, including the following.

3.4 Total operations

Thereare someimportant special cases of schemawhich are theoretically and practically significant.
We begin with totality.

DEFINITION 3.18
Let

R[X1, ., X, & [x:Ly:0]|v].
We shall say that R defines atotal relation if
VX, -..-VX,, -Vz : I-Dompg[Xy, .., X,](x). (TOT)
We shall say that a many place operationistotal iff
RIX1, , Xp| 2z h @011,y :01® .0 O | Y[T1, .. Tk, Y15 -y Yml]
is.
Many of our operators are total.

PROPOSITION 3.19
pair, union, genunion, separation, domand ran are total.

ProoF. We shall not prove al of these but rather illustrate the technique with simple union. For
union, fix u : Set(X'). We use induction with the wff

Yol =Fw: Set(X) - Ve: X -z €ewz€uVe €.

If v isthe empty set then we put w = u. Suppose that v has the form z’ ® y. Assume inductively
Y[y]. Let w' be the guaranteed set. Then we put therequired set forvtobez’ ® w'. [ |

Observethat for R and S total we have that weak equivalence implies equivalence, i.e.
R~S—>R%~=S.

By way of further unpacking these notions, also notice that:
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ProPOSITION 3.20
If RC S and Ristotal thensoisS.

Consequently, if one of the relations is total and they are weakly equivalent then they are equiva-
lent. But obviously not all relations are total. However, given a relation, we can always define one
whichistotal.

DEFINITION 3.21
Let

R[X1, ., X, &2 [z:Ly:0]|¢].
Define the totalization of R as
RT[Xl,"aXn] = [.’L’ : I,y 10 | DomR[Xl,"aXn] - 1/}] :
The reader might wish to compare this idea with that of [32]. The two notions are related but it
will take ustoo far afield to say exactly how.

EXAMPLE 3.22
Consider the following specification of the predecessor relation:

Pred & [:L":N,y:N|a::y+].
The domain of thisrelation is given as
Dompreq = [;U:N|E|y:N-;E:y+].
Since,
Ve:N-z2>0<3Jy:N-z=y"
the totalization is equivalent to the schema
Pred" 2 [z :N,y:N|z>0—z=y"].

Observethat R and R” are equivalent just in case R istotal. Moreover, any relation can be refined
to atotal one.
PROPOSITION 3.23
Forany R, RT istotal and R C R”.

PRrROOF. Clearly RTistotal. Moreover its domain extendsthat of R but on the domain of R it agrees
with R. i

3.5 Typeindependence

This brings us to the second general property of schema. The alert reader will have noticed that
thereis adifference between the basic relations of the theory (i.e. €) and the present style of relation
specification where new relation symbols take type arguments. This leads to the following idea.

DEFINITION 3.24
Let
RIX1,., Xo] & (210 Ay, mp s Ay | 2]
be any schema specification. We shall say that R istypeindependent just in case R isequivalent to

aschema of theform
S[X1,., Xp] 2 [z1: Av,y oy 2 Ay | 1)

where ) contains no free type variables.
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We then have:
THEOREM 3.25
For any type independent specification we may conservatively add a new relation symbol R’ which
satisfies
Vo, : Ay - ... -V 0 Ay, - Rl(xl, ) € R[Xq, ., Xp](x1, .. zr) -
ProoF. Weillustrate with the ssmple case.
VX -Vz: A[X]-Vy: B[X]- R X]|(z,y) & ¢[X,z,y] .

Suppose that

We then we compile away in a similar manner to the explicit case but where the implicit relationis
now interpreted as
R'(a,b)* = n(a,b).

This clearly satisfies the condition. [ |

PROPOSITION 3.26
Subset, extensional equivalence for sets, union, generalized union, separation, power and map are
type independent.

ProoF. The first two we have met before and are immediate. We illustrate the rest with union and
power set. For union, we know that the predicate is equivalent to

uCwAvCwAVTEW-2€EUVTEN.
To show that the power set is type independent, we show that the predicate is equivalent to
Peyn(Vzeax-Yuey z®ucy) AVzey-2Cux. *)
Assumez : Set(X), y : Set(Set(X)). First assume*. Then
Yw: Set(X)-wey >wCux
is automatic. Solet w : Set(X) A w C x. We argue by induction with the wff
Yw] 2w Cr—wey.

If w is the empty set then we are done by . If w hastheform 2’ ® ¢’ then, by induction, we may
assume ¢[y'] and we are done by *. Conversely, assume

Yw: Set(X) wey + wC x.

Wehavetoshowthat ) € yAVz € z-Vu € y -z ®u € y. Thefirst conjunct isimmediate. Assume
thatzexAu€ey.Soze€xAuCax. Hence,z®u Cwandsoz ®u € y. [ |

Where we can establish type independence we shall use the same name for the relation in its
implicit manifestation. In particular, this enables us to circumvent the irritating build-up of typein-
formation in the predicates of specificationswherethetypeinformationisalready in the declaration.
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For example, we may now specify power sets as

Pow[X]

u: Set(X),v: Set(Set(X))

Ve:Set(X)-zevexzCu

It might be useful to develop some simple criteriafor type independence. Many of these arisein
connection with schema calculus[32]. But thiswill take ustoo far afield. We content ourselveswith
the following idea.

DEFINITION 3.27
Let

R[Xl,..,Xn] = ['75 :Ly:0 | 'QZJ]
be any schema specification. We shall say that R isclosed if
VXy .o VXy Vo : I Yplz,y) 5 y: 0. (CLO)
Thisisanatural condition on operations and simply demandsthat the type of the input determines
the type of the output.

PROPOSITION 3.28
If R istypeindependent and satisfies closure then Dom iz and Rang, are type independent.

PROOF. Let R be equivalent to
S[X]é[le,y:0|17]

wheren contains no free type variables. Then Dom g is equivalent to
[x:1|3y:0-n].
Given closure, thisis equivaent to
[z:1]|3Y-Jy:0[Y/X] n].
||

This completes our introduction to relation specification. There is much more to say and more
important examplesto study but we have done enough to move on to function specifications.

4 Function specification

Thisis substantially different from the introduction of new relations: whereas the latter enrich the
class of atomic wff, new function symbols enrich the class of individua terms and, in particular,
new functions return values that can themsel ves be passed as argumentsto other functions and rela-
tions. Thiswill bring us closer to the specification style of VDM [7, 14]. Mathematically, thisisa
more subtle extension and legitimacy will be a more delicate matter. However, the addition of new
functions is mathematically essential for the development of a useful theory of numbers, sets and
Cartesian products.
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4.1 Function application

For simplicity of notation, we shall employ the binary caseto illustrate matters. However, aswe shall
see, given Cartesian products, one can easily extrapolate. To begin with we require the following
notion.

DEFINITION 4.1

Let

RIX1,.. X, 2 [x:1,y: 0]
then we shall say that R isfunctional iff

VX, -VX, -V T-35hy 0 -9, (PF)

Thefollowing are all easy consequences of extensionality.

PROPOSITION 4.2
Pair, union, genunion, separation, Cartesian product are all functional.

However, relation specifications which happen to be functional are still relational in the sense
that they are introduced as new relational symbolsin the theory. They have not been introduced as
genuinefunction symbolswhich can be applied to argumentsin the standard way. Thisisthe content
of the following.

DEFINITION 4.3
Let

R[Xla"'aXn] = [1’ : Iay :0 | 1/}]
be functional. We may then introduce a new function symbol into the language via the following

function schema
F[Xla"aXn] éPfun [mlﬂy0|w] (FS)

The specification is intended to introduce a new (partial) function symbol to the language and, in
particular, for any Aq,.., A, and ¢, F[A4, .., A,](t) isanew term. In the special case where R is
total we shall write

F[‘Y:[)""Yn] éFun [.'If : I7y : O | 1/}] *
The new function symbol does not occur in v, so at this point no recursion is intended. We shall

deal with thisin alater publication. We shall also write this specification in more graphic notation

as
Pflun  F[X1,.., X,

x:1,y:0

(0

More generally, the specification of many place functionstakes the form

F[X1,..,X,)] épfun [1? : I, ooy 2?2 I,y s O | )]
which is to be unpacked in terms of the product as the specification

F[X1,..,X,)] épfun [2?7: [ @ ... @ I,y : O | Yla?i/z1?, .20 /xzn?,y/y!]].
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FSisintended to go beyond S. More specifically, given PF, FSisto belogically interpreted as the
introduction of a new function symbol which satisfies the following axioms.

VX .. VX, Vo :I-Dompgl[Xy,..,X,](z) = F[X1,.,X,](z): O (F1)
VX . VX, -Vz:I-Domg[Xy,..,X,](z) = ¢z, F[ X1, .., Xu](2)] . (F2)
EXAMPLE 4.4

Thefollowing is a specification of the predecessor function
Pred £ppy, [z: N,y : Nz =y"].
Thisintroduces predecessor as a new function symbol which satisfies

Ve : N -z >0— Pred(z) : N
Vz:N -2 >0 pred(z)” =z .
VDM uses the term implementable for the PF requirement (or rather the total version of it) but
this seems inappropriate since it obviously does not guarantee that the function isin any sense com-
putable. Instead, we continue to use the word legitimate but now to describe a function specification

for which PF has been established.
Another way of looking at mattersisinstructive. Let

R[X1,.. Xp)| 2 [x:1y: 0]
be functional. Then we may introduce application for R viathe axioms

Vo : I-Dompg[Xy, .., X,](z) = Appr[X1, .., Xn](x) : O
Vo : I-Dompg[Xy, .., Xp](x) = Y[z, Appr[X1, .., Xp](x)] -
Of course, the two routesare formally identical and the only differenceisthe explicit declaration that

afunction is being defined. Our uniform use of schema notation for both highlights the relationship
and difference.

EXAMPLE 4.5
Thefollowing is afunctional specification of the Cartesian product operator on sets. It istotal but it
is non-trivial to show it.

Fun ®[X]

x?: Set(X),y?: Set(Y),z!: Set(X ®Y)

Vw: XY wezorw ExAwy €y
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EXAMPLE 4.6
Thefollowing is a specification of application for maps.

Pfun  Mapp[X,Y]

z?7:Set(X ®Y),u? € X,w!:Y

Map[X,Y](z) A (u,w) € 2z

The following will prove useful shortly.

PROPOSITION 4.7
Thefollowing is atotal function. It is aso type independent.

Fun In[X]

u? : X,v?: Set(Set(X)),z!: Set(Set(X))

Viev-u®z €z
Vyez-dzecv-y=udcz

ProoF. Wefirst provetotality by induction on v with the wff
Jdz: Set(Set(X)) - Ve ev-u®x € 2.
The case where v is empty we put z = {{u}}. So assume that v has the form y ® w. By induction,
32" Set(Set(X)) Vrew-u®x € 2'.
Therequired set for y ® w isthen (u ® y) ® z'. Hence
3z : Set(Set(X)) - Ve €v-u®x € 2.
Now given this set, the set required for the induction step is given by separation as
{yez-qzecv-y=umz}.
Functionality follows from the extensional nature of sets. Independenceisimmediate. [ |

We can now return to proof that the power-set constructor defines atotal function.
PROPOSITION 4.8
Power istotal, functional and type independent

ProOF. Typeindependence has already been established. For the other two, totality isthe non-trivial
part. We prove the result by induction where the induction wif is

¢lx] = Jy : Set(Set(X))-Vz:Set(X)-zey+< z2Cx.

If z = () then therequired setis . If z = u ® v then there are two cases. If v = () then the required
setis {0, {u}}. Otherwise, let v’ be guaranteed by induction i.e. the power set of v. Now put the
power set of u ® v tobe In(u,v') Uv'. [ |



The Foundations of Specification 643

EXAMPLE 4.9
Thefollowing providesa specification of afunction that returnsthe domain of aset theoretic relation.
We leave the investigation to the reader.

Fun Dom

u:Set(X ®Y),v: Set(X)

Ve: X -z€v+Jy:Y-(z,y) €Eu

The following provides a slightly different perspective on the introduction of new functions and
has amorelogical origin.

LEMMA 4.10
Given PF, in the language with a new function symbol added, F; and F, are equivaent to the fol-
lowing:

VXy .. :VX, Vo :I-Yy:0-Dompg(z) = (F[X1,.,Xp](x) =y < ¥) . (F)

ProoF. We illustrate with the case wheren = 1. Assume F; and F». Assume z : I[X] and
y : O[X]. Assume Dompg(z). Assume first F[X](z) = y. Thenby Fs, ¢[z, F[X](z)]. By Fi,
F[X](z) : O[X]. By Ea, 9¥[z,y]. On the other hand, given v[z,y], and, by F», ¥[z, F[X](z)],
functiondity yieldsy = F[X](z). Conversely, assume F. F; is immediate by definition of type
membership in CST and the equivalence given by F. Moreover, given Fq, F, is immediate: put
y = F[X](z) inF. ||

We can now see why PF is necessary. If weintroduce a new function symbol without it, the theory
may be rendered inconsistent. To see this, supposethat = : I[X],y : O[X],y': O[X] and

Yl yl A Y[z Y Ay £y
i.e. itisnot single-valued. Thenby F,
F[X](z) =y AFX]|(x) =y' Ay # Yy

So we cannot just specify a function via PS and stop; we must establish PF to be sure that the theory
remains consistent. Finally note that oursis a very different approach to that adopted by VDM [13]
which employs a 3-valued logic to deal with partia functions.

We shall refer to the above style of function definition as indirect since functions are being char-
acterized logicaly rather than by indicating how to compute them. VDM uses the term Implicit
but we have already adopted this description for polymorphism. In fact, VDM does not support the
definition of indirect polymorphic functionsin this very general form; it only alows such functions
to be directly specified. Although thisis actually a special case of the Indirect style, it isimportant
enough to consider separately.

DEFINITION 4.11
Let 7, O be any typeterms and ¢ any term, which may now contain free type variables. We assume
that X, ..., X, include and exhaust all the type variables of 7, O, t. We may then introduce a new
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function symbol directly by the simple style of function specification

Fun  F[X1,.., X,]

x:Iy:0

y = t[z]

Notice that thiswill be atotal function just in case
Ve : I-tlz]: 0.

EXAMPLE 4.12
Pairing provides a simple example where there are no type variablesin the predicate.

Pair[X] 2pun [27: X,y?: X, 2! : Set(X) | z=z®y®0].

Direct function definitions are common in mathematics and computer science. |ndeed, much of
the infrastructure of the theory will be constructed by a judicious mix of both indirect and direct
ones. Typicaly, one presents an indirect definition followed by a sequence of direct ones supported
by it.

4.2 Conservative extensions

We now turn to showing that such additions are conservative. Suppose that we can prove PFin CST.
Let CSTF be the theory in which all the rules of CST are extended to this new language together
with the axioms F;, F». Then we have:

THEOREM 4.13
CSTF isaconservative extension of CST.

Thisfollows from the following.

LEMMA 4.14
Thereisatrangation * from the language of CST ¥ to the language of CST such that

LifT Fogpr ¢ thenT* gt 0*
2. if ¢ isawff of CST then ¢* = ¢.

ProoFr. We illustrate with the simple case where there is only one type variable and the relation is
total. We proceed as follows. First, using De Morgan's laws, we push &l the negations through to
atomic assertions. The tranglation then proceeds as in the relational case for all the connectives and
quantifiers. Atomic assertions and their negations which do not contain F' are compiled as before.
This leaves us to deal with the atomic assertions and their negations which do contain F. These are
transformed using the following:

a[F[Al(z)/y]* =z € I[A] A Ju : O[A] - Y[A, z,u] A afu/y]
(—alF[A](z)(z)/y])" = = € I[A] A Ju: O[A] - Y[A, z,u] A —alu/y] .
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Part (2) is immediate from the definition of the trandation. Part (1) follows by induction on the
derivations. Almost al the axioms and rules are automatic as they are in the relational case. This
leaves usto check F; and F». The former unpacksto

Vo : I[A]-Ju:O[A] - Fv: O[A] - ¢Y[4,z,u] Au=v
whichistrue. For the latter we establish
Ve € I[X]- (Fu: O[X]-9y[X,z,u]) = ¢[X,z, F[X|(z)]

since, given totality, thisimmediately yields the result. We achieve this by induction on ). We may
assume that + isin normal form. Suppose that ¢ is an atomic wff. Then F, unpacksto the true:

Vo : I[X]Ju: O[X] - ¢Y[X,z,u] = Ju: O[X]-¢[X,z,u].

The negative case is similar. Given that ¢ is in normal form, all the induction cases are easy to
check. For example, by induction

Ve € I[X]: (Ju: O[X] n[X,z,u]) = n[X,z, F[X](z)]
Ve e I[X]- (Ju: O[X]-§[X,z,u]) = 0[X,z, F[X](z)] .

Hence,
Vr € I[X] ) (E’U’ : O[‘Y] ) n[‘Yaxau] \ 6[)(71'7“]) — U[X;l“a F[X](l’)] \ 5[‘Y,$,F[‘Y](Z’)]
This concludes part(2). [ |

There has been a considerable amount of mathematical activity, centered upon the conservative-
ness properties of various kinds of operational extensions to logical theories. However, we cannot
carry out a detailed analysis of al this work. Instead, we briefly examine the work that, either has
most influenced us or has application to the development of CST.

[17] was one of thefirst to stress the importance of conservativenessin specification and this book
influenced our early thinking about the subject. It was aso one of the first works to stand back from
actual languages and examine the theoretical foundations of specification.

In his attempt to base Z—style specification on aform of HFST, Hodges insisted on the conserva-
tiveness of specifications. Our approach owes much to this: it is a generalization of it to allow types
to play acentral role. Oncethey arein play, the issue of polymorphism comesto the fore— and our
account has emphasized this.

[30] considers generalizations to the condition TF for the safe introduction of functions. These
involve extracting functions from relations, where the graph of the function is either contained in
or extends the relation. For non-generic functions, this generalizes our condition PF. It would be
interesting to extend the current treatment to permit these generalizations. Thiswould result in upper
and lower functional specifications: extracting the containing and contained functions, respectively.

4.3 Functionswith pre-conditions

VDM alows the specification of functionswith pre-conditions and these are al'so considered in [30].
In this section we develop our style of functional specification to permit them. We first establish the
following.
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LEMMA 4.15

Let ¢, ¢ beany wff and I, O any type terms. We assumethat X4, ..., X, include and exhaust al the
type variables of 1, 0,¢,1. Furthermore, we assume that x, y are the free individual variables of 1
and z isthe only free individual variable of ¢. Suppose that

VX1 VX, Ve : I-¢lz] = Ay : O -z, y]. (PPF)

We may then legitimately introduce a new function symbol into the language that satisfies
VX, -. VX, -Vz:I-¢lz] = F[Xy,.,X,](z): O (PREF,)
VX1 VX, Vo : I ¢lz] = [z, F[ X1, .., Xp](z)] . (PREF>)

ProOF. Given PPF, the following schema satisfies the above

F[Xl,---,)(n] éPfun [1' Ly 0 | 1/}] :

DEFINITION 4.16
We shall write

F[‘Yla ",‘Yn] éFun [1’ : Iay : O | ¢a1/}]
for a specification that is to be logically unpacked as the introduction of a new function symbol
which satisfies PREF; , PREF,
The above shows that, where PPF is provable, such specifications are legitimate.
EXAMPLE 4.17
The following provides a specification, with pre-conditions, of map application.

Fun Mapp[X,Y]

z?7:Set(X ®Y),u? € X,w!:Y

Map(z) Au € Dom[X,Y](2);
(u,w) € z

This provides us with a very general mechanism for the legitimate introduction of new function
symbols.

4.4 Typeindependence

In parallel with relation specifications we may a so drop the type variablesin function specifications,
but now we need not only functionality but also type independence.

THEOREM 4.18
If R isfunctional and type independent then we conservatively introduce a new function symbol F
given axiomatically by

VX -.-VX, -Vz:I-Domg[Xy,.,X,)(z) = F(z): O (IF)

VX -.-VX, V& : I -Dompg[Xy,.., X,]|(z) = ¢z, F(x)] . (1F2)
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ProoF. We mimic the style of proof for explicit polymorphism. We illustrate with the following
total case. We shall assume that ¢/ contains no free type variables-given type independence we can
always reduce matters to such wff. We proceed as in the explicit case but trandlate

a[F(z)/y]* =3X -z € I[X]A Ju: O[X] - [z, u] A afu/y]
(ma[F(z)(z)/y])* =3X -z € I[X] A Ju: O[X]- ¢[z,u] A —afu/y] .

It is easy to check that IF; is satisfied. For IF,, we establish that the following is sound under the
trandation.

Ve € I[X]- (3u: O[X] - ¢Ylz,u] = Y[z, F(x)]).
Given totality, thisimmediately yields the result. We achieve this by induction on «». The proof then
parallelsthe original.

Noticethat as an upshot of this, we could take many of our relationsas new implicitly polymorphic
functions. For example, genunion would take the form of a new function symbols which satisfies

Vz : Set(Set(X))- U(z) : Set(X)
Vz: Set(Set(X)) - Vy: X-yeU(r) & Jzeczr-yez

A theory with pair, genunion, powerset and separation is a typed version of Zermelo set theory but
with numbersforming atype and not a set. It is also a sub-theory of both Z and VDM.

4.5 Satesand operations

We complete our study of specifications by providing some exampl e operations that are state based.
Although simple, they should convince the reader that we can do standard Z-style specifications in
the theory. The following is a specification of the state of a system which has two components one
which is a set of items and the other which is arelation. The constraint or invariant insists that the
domain of the relation and the set do not intersect.

EXAMPLE 4.19 (State)

__ State[X,Y]

z:Set(X),v: Set(X ®Y)

Map(v)
zNDom(v) =&

A concreteinstanceis alibrary database where X representsthe set of library itemsand Y the set
of library users. Under thisinterpretation, z : Set(X) representsthe books currently on the shelves
and w : Set(X ®Y') that, for obvious reasons, is taken to be a map, provides the information of
which books are on loan to which library users.

The following is a specification of an operation which updates our abstract state. In the library
instance, this represents the operation of loaning a new item to a specified reader.
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EXAMPLE 4.20 (Loan)

Loan[X,Y]

u?: Set(X ®@Y),v!: Set(X ®Y)
z?7: Set(X),w!: Set(X)
z?: X,y?:Y

Map(u)
Map(v)
v= (z,y) ®u

Thisis abit messy. Indeed, this kind of mess is a motivation for the development of the schema
calculus— that proceedsin the present theory, asit doesin Z.

These examples represent a typical use made of sets and products in Z for describing abstract
states and their operations. However, thisis all done in our simple set theory — not the full blown
version of standard set theory. Indeed, we claim that when we write such Z-style specifications, it is
this simple notion of set that underlies our intuitions — not the infinite sets of standard set theory.

5 A typeinference system

Type membership isembedded in the actual theory CST and, consequently, typesplay an essentially
mathematical role: they carve up the universe of objectsinto different kinds and our definitions and
proofs are subject to these classifications. In this role they serve much the same function as they do
in mathematics. they provide conceptual organization to the theory and its application. However, in
computer science, types also have a grammatical function. This aspect is glossed over in CST. To
see what this function amountsto consider the following simple wff.

(@) :NAJy:N-z€y
O)z:NAJy:Set(N)-z=y
(c)x:NAJy:N-z<y.

Despitethefact that in the language of CST they are all syntactically legitimate, thereisadifference
between them: the last is well-typed whereas the first two are not. Presumably, for them to be so, in
thefirst y should be of type Set(IN) and in the second of type V.

5.1 Thetypeinference systemT

To deal with this, specification languages come equipped with some associated type-checking tools.
Most often such atool is supplied by a hidden program. However, in some cases [26, 5] it takes the
more explicit form of atype inference system; much like those of the Lambdacalculus[2]. However,
these systems are rarely properly formulated as logical systems and, as a consequence, even their
elementary properties are not documented. In this paper we develop and explore such a system
for CST. The investigation should serve as a template for the formulation and exploration of such
systems.
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The objective of the type inference system is to provide rules which determine whether wif, and
ultimately specifications, are well-typed. The system (T) has two grammatical judgements.

t: T
¢ prop

Thefirst states that the term ¢ hastype T" and the second that a wff is well-typed. We shall use © for
ajudgement of either of these two forms. Judgements are made relative to a declaration ¢ which is
here understood as a (possibly empty) set of assumptions

Iy - Tl, ey Ly ¢ Tm

where no individual variable is assigned more than one type. We write a(c) for the set of declared
individual variables of a declaration c¢. We write ¢ C ¢’ to indicate that ¢’ is a consistent super-set
of ¢’ and, where V is a set of variables, we shall write ¢ | V' to denote ¢ restricted to the variables
in V. We shall say that a context ¢ covers an expression e if F'V (e) C a(c). Finally, we shall write
¢,z : T for the context ¢ updated with the assignment = : 7', i.e. if z ¢ a(c) thenz : T is added,
whereas, if © € a(c), itstypeisreplaced by T

The system is determined by the following axioms and rules. We shall suppress the declaration
context unlessthe rule effectsiit.

There are two structural rules. assumption and weakening.

ckHO
c,x:TH®O © ¢ afe)

For each built-in relation symbol, we associate a sequent that determines the conditions under
which it is a proposition.

Ax z:Tkz:T U FV(0).

Ay z:T,y:Set(T)F x €y prop
Ay z:T,y:TFx=yprop
As z:Nyy:NkFxz<yprop.

For each of the logical connectives thereis arule of formation that lays out the conditions under
which complex wff are well-typed.

¢ prop ¢ prop ¢ prop
Ty Qprop To T3
—¢ prop ¢ = prop
¢ prop 1 prop ¢ prop p prop
T, Ts
¢V prop ¢ Ny prop
c,x:THF¢ prop c,x:TF ¢ prop
Ts Ty
cEYz:T ¢ prop ckH3dx:T-¢ prop
Ty ck ¢[X] prop T, ck ¢[X] prop

cEVYX -9 prop cHF3IAX -9 prop
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Intherules Tg and Ty, X ¢ FTV(c). The rules for the bound quantifiers are given as follows.
Notice that the premiss requires that the wff be a proposition in the appropriate context.

T c,x:NF ¢ prop ckn: N T c,x:NF¢ prop c-n: N

10 ckEYz <n-¢ prop 1 ckdx <n-¢ prop

T c,x:TF¢ prop cks:Set(T) T c,x:ThH¢ prop cts:Set(T)
12 cHFYz es-¢ prop 13 ckHdzes-¢ prop

Almost finally, we provide the rules for the judgement ¢ : T'. These are quite obvious and should
not cause one to pause since they are the closure conditions for our types. Indeed, we give them the
same hames as the corresponding axioms of CST.

N;: 0: N

Ny z:NFzT: N

S1 0: Set(X)

Sz z: X,y:Set(X)Fz®@y: Set(X)
Piz: X,y:YF(z,y): XY
Poz: X®YFm(z): X
P;2: X®Y Fm(z):Y.

Finally, since we have no logical quantification rules we require substitution rules.

c,z:THO cHt:T SUB c[X]F O[X]
ck Oft/x] T/ X]F O[T/X]

This completes the rules of the system T. It should be clear enough how we use it but we provide
asimple example anyway.

Sub

EXAMPLE 5.1
Given the axiom A, for membership and the conjunction rule (T 5) we have:

z: X,y: X,z:Set(X)Fxz €zAy € zprop.
By the axiom A, for equality:
z: Xy: Xu: XFu=xzVu=yprop.
By therule for set quantification
z: X,y: X,z:Set(X)FYu € z-u=2Vu=y prop.
Finally, by the conjunction rule
x:X,y: X, z:Set(X)Fx €zAy€eEzAVuEz-u=xVu=yprop.

There are some immediate properties of the system which parallel the standard results for any
well behaved system of type inference. The following parallel the results for the type systems for
the lambda calculus [2].
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PropPosITION 5.2
Inthe system T

1. If ¢+ © then c covers ©.
2.Ifc-Othenc | FV(O) ©.
. lifckF©®andcCc thend F O.

ProoF. All are by induction on the derivations. We illustrate with some characteristic cases. Con-
sider part (1). The structural rules are automatic: given that ¢ covers the premise it covers the
conclusion. Next consider the type quantifier rule.

c,x:TF ¢prop
ckVo:T-¢prop

If ¢,z : T coversthe premise then ¢ covers the conclusion. For part (2) we again illustrate with the
quantifier rule. By induction,

(c,z:T) [ FV(¢) F ¢ prop.
Hence, regardless of whether z € F'V (¢), we have:
c|FV(Nz:T-¢),z:TF ¢ prop.

Hence, by therule,
c| FV(Nx:T-¢) bV : T - ¢ prop.

For part (3) we again illustrate with the quantifier rule. Suppose
ckEYz:T - ¢ prop

followsfrome,z : T + ¢ prop. By induction, forc¢’ D ¢, ¢,z : T + ¢ prop. Hence, ¢’ F Vz :
T - ¢ prop. [ |

The next is the standard generation lemmathat providesthe means of automatically checking that
an expression is well-typed by using the system backwards.

PROPOSITION 5.3 (Generation)

1Ifekty =ty propthen ¢kt : T for sometypeT. Moreover,cFt, : Tiff cHty : T.
2. IfcHtes propthen ¢k-t:Tandct s: Set(T) for someT.

. lfcHt<spropthen cHt: Nandchk s: N.

4. 1f ¢ F —¢ prop then ¢ + ¢ prop.

5.I1fckg¢otpropthenct ¢ propandct ¢ prop (o =V, A, —).
6.1fckQz:T-¢ppropthenc,z: T F ¢ prop (Q =3,V).

T feckQr<t-¢ppropthenckit: Nandz: NF ¢prop(Q =3,V).
8.IfckQrzet-ppropthenctk t: Set(T)forsomeT andz : T + ¢ prop (Q = 3,V).
9.1fck QX - ¢ propthenct ¢[X] prop (Q = 3,V).

10.If c-tT : Nthenckt: N.

1L If ek (t1,t2) : T @To thenckty : Ty and e bty : Th.

2. 0feckm(t): Ty thenckt: Ty ® T for some 1.



652 The Foundations of Specification
W ifcka®b: Set(T)thencka:Tandct b: Set(T) for someT.

PROOF. By induction on the derivations. Each of the antecedents of the above conditionals can only
be result of arule application whose premisses are the consequents of the corresponding conditional
or the result of a substitution or the application of a structural rule. The first group of cases are
immediate. For the term substitution rules we illustrate with the first and the following instance.
Suppose that

¢t aft] = b[t] prop

follows from sub. The premissesyield
¢,z : T+ al[z] = b[z] prop ckt:T.

Then by induction,
c,o:ThFalz]:S

for some type S. We now employ the substitution rule itself. The structural rules are easy to verify
for all the cases. The following derivation involving the negation instance of thefirst rule, illustrates
the argument. Suppose that

c,x: T+ —¢prop

followsby therule
ck —¢ prop
c,x: T+ —¢prop

Then by induction ¢ + ¢ prop and so by the structural ruleitself ¢,z : T+ ¢ prop. [ |

We also have the following admissible rule.

PROPOSITION 5.4 (Back substitution)
Ifckt:Tandck Oft/x] thenc,z : T F O[x].

PrRoOF. By induction on the derivations. We illustrate with some significant cases. Suppose that

¢k alt/x] € bt/z] prop.
Then by the generation lemma, for some A,

ckalt/z] : Aand ¢ I b[t/z] : Set(A).
By induction, for sometype T', we have:
c,x:TFalz]: Aande,z : T F bz] : Set(A)andctkt¢: T
so we are finished by the membership axiom. Next assume that
ct (¢ A)[t/x] prop,

then
¢k g[t/x] prop and c - [t/ z] prop .
Hence, by induction,

c,x:TH¢propande,z: T+ propandekt:T
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and we are finished by the conjunction rule. Now consider part two. We again illustrate with the
following case. Suppose that

ckalt/z] € b[t/x] propand cFt: T.
Then by the generation lemma, for some A,
cFaft/z]: Aand ek b[t/z] : Set(A).
By induction, we have:
e Trafe]: Aande,z : T F blz] : Set(A)
so we are finished by the membership axiom. [ |

Thefollowing informs usthat any judgement of theform ¢ : T' that is provablein the type system,
is also provable in the logic. This is the first step in charting the relationship between the two
systems.

PropPosITION 5.5
Ifeckpt:Tthenckest t:T.

PROOF. By induction on the derivationsin T. Since, apart from the substitution rule, the rules of T
are also rules of CST. Moreover, the substitution rules follow directly from the rules of the logic.
Hence we are finished. ||

The converseis not provable. This marks a difference between the grammatical and logical roles
of types. Logicaly, the type membership assertion forms part of the logic of the system. These
two systems capture the exact difference between these two roles and pinpoints the fact that the
properties of type membership emerge from the theory, i.e. T versus CST.

5.2 Specifications

The principal application of T is to type-check specifications. To facilitate this we must introduce
arule for schema specifications that allows wff involving the new relation or function symbol to be
checked.

Relation specifications are treated in a similar fashion to the other atomic wff but now added as a
rule with the predicate of the specification supplying the premiss. Given a specification

RIX1, oo, X 2 [21: T1y o2 T | )
we extend the system with the rule

21 Ty ey @y T b O X1, ooy Xy 1,y ooy T] PTOP

ST
zy: Ty, ez T b RIXy, ., Xi(21, .0y @) prop (ST)

Call thissystem T+ST. It is then easy to show, by induction on the derivations, that:

PROPOSITION 5.6
If ¢ FrisT O then ¢ F ©* where ©* is obtained from © by replacing each occurrence of
R[Xl, ...,Xm](ﬂﬁl, ...,ﬂfn) by ¢[X1, ...,Xm,ﬂ?l, ...,:nn].
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So, in the obvious sense, this addition to the type inference system is conservative. We can aso
easily establish the following.

PROPOSITION 5.7
Thefollowing rules are derivable

lLz:X,y:X,2:Set(X)F Pairx(z,y,z) prop.
2.2 : Set(X),y: Set(X),z: Set(X) F Unionx(z,y, z) prop.
3.z : Set(Set(X)),y : Set(X) F Genunionx (x,y) prop.
4.1 : Set(X),y : Set(Set(X)) - Powx (x,y) prop.
5 y : Set(X) F ¢ly] prop
"z Set(X)F{y€ex-p}: Set(X)

Proor. Weillustrate with the second. According to the new rule for the specification, it is sufficient
to show that

x:Set(X),y: Set(X),z:Set(X)FVu: X -u€x < u€yVue€zprop
and this is straightforward. [ |
Much the same is true if we wish to type-check relations which are type independent. Here we

add therule
zy: Ty, ey Ty b @[z, ..., 2] prop

21 :T1y sy s Ty F R(x1, ... ) prop

The conservative extension result follows the same route as the general case.

The situation with the addition of new function symbols is similar to the basic operations of
the theory except that we need to ensure they are well-typed. Suppose that we have legitimately
introduced a new function symbol viathe specification

FIX] 2pun [o: I[X],y : O[X] | ¢[X, z,y]].
Then we introduce a new type inference rule

z: I[X],y: O[X] - ¢[X,z,y] prop
z: I[X]F F[X](z) : O[X] prop

Cdll thissystem T+FT. Once more, thisaddition is conservative. Inthefollowing x isthe translation
from the system with anew function symbol to the system without.

PROPOSITION 5.8
If ¢ Frypr © thenc F ©* where ©* is obtained from © by replacing every wff by its trandation.

ProoF. We illustrate with the total case; the partia one causes no additional complications. We
proceed as in the original proof by putting all wff in normal form and then replace each occurrence
of F[X](z) : O[X] by z : I[X]A Ty : O[X] - ¢[X,z,y]. We have then only to show that the
following is derivable

z:1[X],y : O[X]|F ¢[X, z,y] prop

z: I[X]|F 3y : O[X] - ¢[X,z,y] prop

whichis clear. L



The Foundations of Specification 655

Observethat, given the definition of type membership, by the generation lemma, we have that the
following is derivable.
Ifckt:T propthen ckHt:T.

Hence, given FT, the following is admissable

xz: I[X],y: O[X]F ¢[X,z,y] prop
z: I[X]F F[X](z) : O[X]

It follows that the following are derivable

a: Set(Set(X)) a: Set(X)
Uxa : Set(X) Setx(a) : Set(Set(X))

Finally, we may drop the type variables on the function symbol when it has been shown to be
type independent. For example, we then have the following derived rules for generalized union and
power set.

a: Set(Set(X)) a: Set(X)
Ua : Set(X) Set(a) : Set(Set(X))

6 A strongly typed theory

Is CST atyped theory? Certainly it has types and objects in the theory have them. However, we
have observed that not every wif provablein CST iswell-typed. Thisfollows from our preliminary
discussion on the relationship between T and CST. Hence, CST is not a typed theory in the tradi-
tional sense of higher order logic (HOL ) where only well-typed wff are provable. In this section we
develop aversion of CST (CST 7) that istyped in this more traditional sense. Thiswill enable us
to fully explore the relationship between CST and T. In particular, we shall show that CST is a
conservative extension of CST t — with respect to well-typed expressions. This will throw some
mathematical light on the rather curious and somewhat murky rel ationship between type and logical

inference that has emerged from the devel opment of specification languages.

6.1 Thetheory CSTr

Thisisamarriage of CST and T. Conseguently, the theory now has three judgements which com-
binethoseof CST and T.

t:T

¢ prop
¢

We use O for a judgement of any of the above kinds. In particular, and this is important, we now
drop the following definition.
t:T23¢:T -z =t

Type membership is now taken as a primitive judgement in all the axioms and rules, i.e. it is no
longer to be interpreted as the above wif.
Such judgements are made relative to a context I" that now contains wff and type assignments of
theformz : T'. We shall write
I'Fcstr ©
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if the sequent follows from the following rules — where we drop the subscript. We shall write ¢
for the subset of I' which consists of its set of type assignments.

We begin with the structural rules which now take the following form. These subsume the struc-
tural rulesof CST and T.

I+ 70
Axy, x:Tkrax:T Axo %
'-oe -0 TFo¢prop
Wi Tz:TFO Wa W)

where x ¢ FV(T') U FV(0O)
The equality axioms/rules remain intact except for the need to include a premissin E ».
T,z : X ¢[z] prop
FEVz: X -Vy: X -z=y— (g[z] = dy])

The propositional logical rules are modified to preserve propositions from premisses to conclu-
sions. However, only the following rules need to be modified.

Ei Ve:X-z=2x E,

'-Q 'k ¢ prop
L2

ko
L ko 'k prop L =y L'k ¢prop
8 TkoVey 9 THoVe

The axioms and rules for the types remain exactly as before except for the following. We must
state the induction axioms as rules to get preservation of being a proposition from premisses to
conclusion.
dl0] AVz . N - ¢[z] = ¢[zT]
Vo : N - ¢[z]
PO AVz : X -Vy : Set(X) - ¢ly] = dlz ® y]
Vy : Set(X) - ¢[y]

Almost finally, we modify the bounded quantifier rules to include type inference premisses.

Ns

Ss

N z:NF ¢ Prop

8 YVy:N-Ve<y-¢oVr:N-z<y—¢

N z:NF ¢ Prop

9 Vy:N-Jx<y-¢dx:N-z<yAho

S z: X F ¢ Prop

8 Vy:Set(X) - Veey-oeVe: X -zcy—o¢
z:XF ¢ Prop

Se

Vy:Set(X) -z cy- oz X -z€yng

Alternatively, these could also be stated as pairs of rules without the need to include the type pre-
misses. Finally we admit the substitution rules

Le:THO Fkt:T SUB I'[X]F 0O[X]

Sub T+ O[t/z] T[T/X] - O[T/X]
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Of course we do not need these for the purely logical cases since they are aready derivableform the
quantifier rules. This completesthe statement of the theory CST 7.

It is obviously more cumbersome to use CST  than CST since a great deal of type inference
has to be done in the process of carrying out the proofs. Although this can al be mechanized, it is
harder to use by hand. However, CST ; does have the following very pleasant property that is not
shared by CST.

THEOREM 6.1 (Strong typing)

(1) If T sty ¢ thenforeach ¢ inT U {4}, er b1 ¢ prop.
(2) IfT l_CSTT t:Tthencer bFpt:T.
(3) If T s, ¢ prop thencr Fr ¢ prop.

PRrROOF. By induction on the structure of derivations. For part (1) we first consider the inference
rules. Most of the rules are easy to check; we provide someillustrations. Consider first the implica-
tion introduction rule. Consider the premiss

Lo k1.

By part (1) and induction, ¢ Fr ¢ prop and cp bt ¢ prop. Thisyieldser bt ¢ — ¢ prop. Next
consider disjunction introduction. The premissis

I'¢ crbrprop.

By induction, cr Ft ¢ prop. The result now follows by the grammar rule for disjunction. Next
consider existential quantification introduction.

Fkta:T TF ¢gla/z]
F'F3z:T- ¢

By induction
crtFra:T cr bFr dla/z] prop.

By the propertiesof the type system, wemay assumethat = ¢ a(cr). Hence, by the back substitution
lemma:

cr,z: T b ¢lz] prop.

We are then done by the existential formation rule. The axioms and rules for the types are equally
easy to check. In particular the axioms are well-typed by their declaration contexts. The only other
concern is with the structural rules which are easy to check. This completes part (1). Parts (2) and
(3) are by structural induction and are easy to check. [ |

Part (1) ensures that only propositions are provable and guarantees that if a propositional term
is used in an assumption, the assignment context will guarantee that it is provably a proposition.
Notice that, via an obvious induction, the theorem also yields that all derivations are well-typed,
i.e. al formulae in the derivation will be. Part (2) is exactly the property which distinguished the
classifier and grammatical roles of typesin the theory CST.
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6.2 CST, TandCSTr

We shall show that, with respect to well-typed expressions, CST is a conservative extension of
CSTr. Thisisachieved by, relative to a context ¢, trandating CST into CST ¢ in such away that
each trandlated expression is, relative to ¢, well-typed.

Thetypes are trandlated to themselves: we have only to trandlate the wff and terms. We dedl first
with the wff. The tricky clauses are those for the atomic wff and here we trandate theill-typed cases
asfalse.

(t € 5)° = tcesifeckptc:Tandclkrp s¢: Set(T)
%71 Qotherwise

(t = 5)° = t¢=sifckrtc:Tandckr s: T for someT
— % 71 Qotherwise

e | to<stifekrtc: Nandekrs©: N
(t<s) _{ Q otherwise

For the main connectives and quantifiers, matters are straightforward.

(po1))¢ = ¢ otp® o any connective
(Qz:T-¢)=Qu:T-¢>"" Q=3,V
(QX -¢)°=QX-¢>"T @Q=3,V.

The trandlation of the bounded quantifiers follows a similar pattern where we have to take care of
the bad cases explicitly.

B <b-¢o"Tifcbp b : N

Gz <b-9) = { ) otherwise }
(Ve < b ¢)c:{ gmofr];w?;m‘Tifckac:N }
Gz eb- ) = { ?2xofhgw?;;v=T if ¢ - 0 : Set(T) }
(Vz €b-9)° = { émofhgrwﬂ?:j if cbr b°: Set(T) }

Finally, for the trand ation of the terms we have only to be careful about the cases where the types
are inappropriate and then assign the result some arbitrary value.
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0° =
()" = (t)Tifekrtc: N
| 0 otherwise
(t17t2)c = (tia t;)
() = mi(t9) if ckp t: A® B for some A, B
i | 0 otherwise
‘=9
e [ a*@®bifckra®:Tandclr b : Set(T)
(a®b)" = { () otherwise
This completes the tranglation.
LEMMA 6.2 (Substitution lemma)
L If chp t¢: T then ¢[t/x]¢ = ¢&=T[t¢ /]
2.1f ¢ b t¢: T then s[t/x]¢ = s©%T[t¢ /2]
PrROOF. By simultaneousinduction on the terms and wff. [ |

Our first significant result shows that the trandation always yields well-typed expressions.

PrROPOSITION 6.3 (Typing)
Let ¢ be any context.

1. If c coverst/¢ and ¢ C e thent® = t€ and ¢¢ = ¢°

2. If ¢ covers ¢ then ¢ 1 ¢° prop

3. If ccoverstthencbkr t°: T for some T

4. If ¢ b ¢¢ prop then ¢ = ¢°

PROOF. (1) is by induction on the terms and wff. For parts 2 and 3, we employ a simultaneous
induction on the syntax of terms and wff. For example, consider universal quantification. Assume
that ¢ coversVz : T - ¢. We may assume that F'V (Vz : T - ¢) are exactly the variables of ¢. By

induction,
e,z : T Fr 6T prop.

Hence by the type rule for quantifiers
chp Yz : T ¢9%T prop.
Part (4) is also by induction but we only need inspection of the clauses. [ |

We can now prove the main theorem which ensures the translation preserves provability in the
two systems.

THEOREM 6.4 (Soundness)
Iy
['FesT ¢

and c coversT', ¢ then
I cktesty ¢°

whereI'¢ isthe trandated context.
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PrROOF. By induction on the derivationsin CST. Each of the axiomsis easy to verify. We illustrate
the logical rules with disjunction introduction, implication elimination and the universal quantifica-
tionintroduction rule. For thefirst assume ¢ covers ¢ V 4. Then by induction

T ck ¢

Hence, since ¢ - ¢¢ prop, we are finished by the CST 1 digunction rule. For implication elimina-
tion,
k¢ 'Fo—
L'Fay ’

Let ¢ cover the conclusion and expand it to e to cover ¢ as follows: foreachy € FV(I'U {¢}) —
FV (i) weaddy : N to c¢. Then we have by induction

I°eb¢f T ek ¢ — e,

Hence by therulesof CST r,

¢ ek y°.
Now by the lemma on the properties of the trandlation,

I ek °.
For simplicity, suppose that y isthe only variablein FV (I' U {¢}) — FV (¢). We then have:

ek Vy: N-y°.

Sincey ¢ FV (v), thisyields

I ek o°
asrequired. For the universal introductionrule, i.e.

Lx:TF¢
F'EVe:T-¢

We may assume ¢ exactly covers the conclusion. By induction, the premiss follows. Hence, by the
quantifier rulein CST r:

re,z:TF ¢o=T

ek (Vo : T - )

The introduction rule uses the substitution lemma for the translation. [ |

Putting this together with part 4 of the previous proposition, we have:

THEOREM 6.5
CST isaconservative extension of CST t relative to well-typed wff.

CSTr is conceptualy prior in that it is a typed logic in the traditional and natural sense. It
thus provides conceptual underpinning for the half-way house instantiated in CST. Conseguently,
we are justified in using our original cavalier and practical syntax together with the post-hoc type
inference system. It all comes out in the wash. This is advantageous since we really have enough to
do constructing the proofs without having to worry about type-checking.
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7 Further work

CST is acoretheory that provides a basic framework for exploring some fundamental issues about
specification. Within it, agreat many of the central questions about the foundations of specification
can be addressed. Conservativity, polymorphism and type inference can all be articulated and stud-
ied. However, there is much left to do. Recursive specifications, and their role in specification, has
not been touched upon. The impact of computability considerations has not be considered. Should
we insist that specifications be computable? Does this restrict the expressive power of specification
too much? Where does refinement come into the picture? We have not provided any set theoretic
models of CST. The standard models are constructed in a familiar way, from the standard model of
the natural numbers, by closure under set theoretic Cartesian products and finite subset construction.
In addition there are a whole range of non-standard ones including those obtained from models of
Peano arithmetic. Indeed, CST is a conservative extension of Peano arithmetic. Moreover, if the
induction principlesarerestricted to ¥ wif, it is a conservative extension of primitive recursive arith-
metic: CST is atheory of data items, not a theory of infinite sets given in extension. Finaly, we
have yet to study the need and impact of new type constructors such as recursive types, sub-types,
function space types, universes, objects/classes etc. Each of these requires a short paper of its own.
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