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Non-Technical Abstract

Optimization is to find the ”best” solution to a problem where the qual-
ity of a solution can be measured by a given criterion. Estimation
of Distribution Algorithms (EDA) generate a sequence of populations
(collections) of candidate solutions for solving an optimization problem.
They evaluate and analyze each member in the current population, and
based on the results estimate the probability of each possible solution
being the best. Then a population of new candidate solutions are gen-
erated according to these estimated probabilities. EDAs have become
an increasing popular optimization tool. However, it is still unclear in
theory when EDAs work. In this paper, we prove that a Fractorized
Distribution Algorithm (FDA) with truncation selection, an instance of
EDAs, can solve a class of optimization problems.

∗This work was supported by EPSRC under Grant GR/R64742/01
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Abstract

We investigate the global convergence of a Fractorized Distribution Al-
gorithm (FDA) with truncation selection. Like conventional genetic
algorithms, FDAs maintain and successively improve a population of
solutions. In FDAs, a distribution model is built based on the statisti-
cal information extracted from a set of selected solutions in the current
population, and then the model thus built is used to generate new solu-
tions for the next generation. The variable-dependence structure of the
distribution model in FDAs is determined by the variable-interaction
structure of the objective function. We prove that FDA with truncation
selection converges globally for optimization of a class of additively de-
composable functions (ADF). Our results imply that the utilization of
appropriately selected dependence relationships is sufficient to guarantee
the global convergence of estimation of distribution algorithms (EDAs)
for optimization of ADFs.

Keywords: Genetic Algorithms, Estimation of Distribution Algorithms,
Factorized Distribution Algorithms, Convergence, Infinite Population.

1 Introduction

Recently, Estimation of Distribution Algorithms (EDAs) [2] have emerged
as an alternative to Genetic Algorithms (GAs) for solving hard search and
optimization problems. Like classic genetic algorithms, EDAs maintain and
improve a population of candidate solutions. However, there is no crossover
or mutation in EDAs. Instead, they explicitly extract global statistical in-
formation from the current population and build a posterior probability dis-
tribution model of promising solutions, based on the extracted information.
New solutions are sampled from the model thus built and fully or in part
replace the current population to form the next generation. The probability
models used in the existing EDAs can be divided into two classes:

• the models in which all the variables are statistically independent:
Population-Based Incremental Learning (PBIL) [3], Univariate Marginal
Distribution Algorithm (UMDA) [1] and Compact Genetic Algorithms
(CGA) [13] use the models of this type.

• the models in which some selected variable independencies are consid-
ered: Mutual Information Maximization for Input Clustering (MIMIC)
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[4], Combining Optimizers with Mutual Information Trees (COMIT)
[5], Estimation of Bayesian Networks Algorithm (EBNA) [11], Fac-
torized Distribution Algorithm (FDA) [6], Bayesian Optimization Al-
gorithm (BOA) [7], Bayesian Evolutionary Algorithm (BEA) [8], to
name a few, use the models of this type.

Muehlenbein [1] Gonzalez, et al [9], and Hoehfeld & Rudolph [10] have
studied the behaviors of UMDA and PBIL. Their results implies that EDAs
cannot solve problems with nonlinear variable interactions if they use proba-
bility models in which all the variables are independent. In [12], Muehlenbein
& Mahnig discussed the behaviours of FDA for separable additively decom-
posable functions (ADFs). Since there are no overlaps in their objective
functions, their FDA is equivalent to UMDA. Therefore, more work needs
to be performed to study the working mechanics of EDAs using models with
variable independencies. Our recent theoretical work on the convergence of
FDA for general ADFs under proportional selection presents a first attempt
to this goal [14]. However, FDA under other selection schemes and other
EDAs using probability models with variable independencies have not yet
been studied theoretically.

The purpose of this paper is to study the convergence of FDA under the
widely-used truncation selection. Based on the knowledge of the variable-
interaction structure of the objective function, FDA chooses a variable-
dependence structure for its probability model. Our analysis in this paper
shows that this approach is approximate for optimizing ADFs with over-
laps. It is extremely difficult to analyze the behaviors of FDA with finite
populations. Since the distributions of infinite populations can be studied
mathematically and can be regarded as the limit distribution of large pop-
ulations. this paper focuses on the dynamics of the distributions of infinite
populations in FDA. All the results in this paper are on continuous optimiza-
tion problems. However, they could be extended to discrete optimization
problems without difficulty.

2 Factorized Distribution Algorithm

FDA is developed for solving the optimization of additively decomposable
functions (ADFs). In FDA, the variable-dependence structure in the prob-
ability models is determined by the structure of the ADF to be optimized.
In this paper, we consider the following optimization problem.

max f(X) = f1(X1) + f2(X2) X ∈ D (1)
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where X = (x1, x2, · · · , xn) ∈ Rn, X1 = (x1, · · · , xm) and X2 = (xk, xk+1, · · · , xn),
k ≤ m + 1. The feasible region D = [a, b]n is a supercube. We denote the
overlap between X1 and X2 by X0 = (xk, · · · , xm). f1 : [a, b]m → R and f2

: [a, b]n−k+1 → R are positive and continuous functions. Therefore, there
exists a point X∗ such that f(X) ≤ f(X∗) for all X ∈ D. x∗ is called a
globally optimal solution and G∗ = f(x∗) is the global maximum1.

2.1 The algorithm

FDA with truncation selection for the problem (1) can be described as fol-
lows:

Step 0 Intialization Set t = 1. Generate N points randomly from D to
form the current population Pop(t).

Step 1 Trunction Selection Compute the objective function values of all
the points in the current population and rank all these points according
to their objective function values. Select the M = [αN ] (0 < α < 1)
best points to form the parent set Pops(t).

Step 2 Esimation of the Distribution Estimate the marginal probabil-
ities of Xi (i = 0, 1, 2): ps(X0, t), ps(X1, t), ps(X2, t) of the points in
Pops(t).

Step 3 Sampling Sample N points from the probability

p(X, t + 1) =
ps(X1, t)ps(X2, t)

ps(X0, t)

to form Pop(t + 1).

Step 4 Set t = t + 1, go to Step 1.

In the above algorithm, the distribution of the promising solutions is
modeled by p(X, t+1). The structure of the variable dependence in p(X, t+1)
is the same as the structure of the variable interaction in the objective
function f(X). In a similar way, one can design FDA for general ADFs. Since
FDA only needs to estimate the marginal distributions of some subvectors of
X, the computational cost of FDA at each generation is mainly determined
by the lengths of these subvectors. Thus FDA can be used for optimizing a
large scale ADF if the lengths of the subvectors are bounded.

1f(x) may have many distinct globally optimal solutions.
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2.2 The model of infinite population

Let the underlying probability distribution functions for the points in Pop(t)
and Pops(t) be p(X, t) and ps(X, t), respectively. By the famous Glivenko-
Canteli theorem, the empirical probability density functions induced by
points in Pop(t) and Pops(t) will converge to p(X, t) and ps(X, t), as the
sizes of Pop(t) and Pops(t) tends to infinity, respectively. Therefore, p(X, t)
and ps(X, t) can be thought as the population and the parent set at time
t in EDAs with infinite populations. FDA with infinite populations can be
regarded as the following iteration of probability functions:

Step 1 Trunction Selection (p(X, t) → ps(X, t))

ps(X, t) =

{
p(X,t)
α(t) , if f(X) ≥ β(t),
0, otherwise

where β(t) is a threshold such that α(t) =
∫

f(X)≥β(t)

p(X, t)dX. The point is

selected if and only if its objective function is greater than β(t). As a result,
the 100α(t)% best points become the parents for the next generation.

Step 2 Generating new population (ps(X, t) → p(X, t + 1))

p(X, t + 1) =
ps(X1, t)ps(X2, t)

ps(X0, t)

where ps(Xi, t) is the marginal probability of Xi in ps(X, t) (i =
1, 2, 3)2.

3 Theoretical Analysis of The Convergence of FDA

We first study the case when k = m+1, i.e., there is no overlap between X1

and X2, then we consider the case when k < m + 1.

3.1 The case of k=m+1

In this subsection, we always assume that

(A1.1) k = m + 1, i.e., X0 = ∅.
2if X0=∅, ps(X0, t) = 1.
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(A1.2) For any constant c, let S1 = {X1|f1(X1) = c} and S2 = {X2|f2(X2) =
c}, then µ1(S1) = 0 and µ2(S2) = 0, where µ1 and µ2 are the Borel
measures in Rm and Rn−m, respectively;

(A1.3) p(X, 0) is positive and continuous in D; and

(A1.1) simply means that there is no overlap between X1 and X2. (A1.2)
means that f1 and f2 are not constant in any sets with positive Borel mea-
sure. Intuitively, (A1.3) requires that the initial population should be sam-
pled from a positive and continuous probability model.

Lemma 1 For FDA with infinite population defined in Section 2. B. If
there is a positive ξ such that β(t) < G∗ − ξ for all t ≥ 0. Then

lim
t→∞α(t) = 1 (2)

Proof: Without loss of generality, we assume that maxX1∈[a,b]mf1(X1) =
maxX2∈[a,b]n−m f2(X2) = G∗

2 (if f1(X1) and f2(X2) do not satisfy this as-
sumption, let f1(X1) := f1(X1)+ G∗

2 − maxX1∈[a,b]m f1(X1) and f2(X2) :=
f2(X2)+G∗

2 −maxX2∈[a,b]n−m f2(X2), then we will have that maxX1∈[a,b]m f1(X1) =
maxX1∈[a,b]n−m f2(X2) = G∗

2 ). By Assumption (A1.1), X0 = ∅, then the it-
eration of the FDA can be expressed as

ps(X, t) =

{
p(X,t)
α(t) , if f(X) ≥ β(t),

0, otherwise,
(3)

and
p(X, t + 1) = ps(X1, t)ps(X2, t). (4)

Integrating both sides of (3) over X1 and by (4), we can derive

p(X1, t + 1) =
p(X1, t)g1(X1, t)

α(t)
(5)

where
g1(X1, t) =

∫

β(t)−f1(X1)≤f2(X2)

p(X2, t)dX2. (6)

By Assumption (A1.2), g1(X1, t) is a nonnegative continuous function of
X1. Clearly. g1(X1, t) = 0 whenever f1(X1) ≤ β(t)− G∗

2 , and g1(X1
1 , t) ≥

g1(X2
1 , t) if f1(X1

1 ) ≥ f1(X2
1 ), where X1

1 and X2
1 are values of X1.
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Similarly, we have

p(X2, t + 1) =
p(X2, t)g2(X2, t)

α(t)
(7)

where
g2(X2, t) =

∫

β(t)−f2(X2)≤f1(X1)

p(X1, t)dX1. (8)

Therefore
p(X1, t + 1) = p(X1, 1)G1(X1, t) (9)

and
p(X2, t + 1) = p(X2, 1)G2(X2, t) (10)

where G1(X1, t) =
t∏

j=1
g1(X1, j)[α(j)]−1 and G2(X2, t) =

t∏
j=1

g2(X2, j)[α(j)]−1.

By the continuity and monotonicity of g1(X1, t) and g2(X2 , t), G1(X1, t) and
G2(X2, t) are nonnegative continuous functions, and

G1(X1
1 , t) ≥ G1(X2

1 , t) (11)

if f1(X1
1 ) ≥ f1(X2

1 ), where X1
1 and X2

1 are values of X1. Similarly

G2(X1
2 , t) ≥ G2(X2

2 , t) (12)

if f2(X1
2 ) ≥ f2(X2

2 ), where X1
2 and X2

2 are values of X2. Let β = sup{β(0), β(1), . . .}.
By the assumption in the lemma

β ≤ G∗ − ξ. (13)

Now we prove the following claims.
Claim 1: p(X1, t) > 0 for all t ≥ 1 and for all X1 with f1(X1) > β−G∗

2 ,

and p(X2, t) > 0 for all t ≥ 1 and for all X2 with f2(X2) > β − G∗
2 .

By (3) and (4), we have

p(X1, t + 1) =
1

α(t)

∫

β(t)−f1(X1)≤f2(X2)≤G∗
2

p(X, t)dX2 (14)

and
p(X2, t + 1) =

1
α(t)

∫

β(t)−f2(X2)≤f1(X1)≤G∗
2

p(X, t)dX1. (15)
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By Assumption (A1.3) and the condition in the lemma, p(X1, 1) > 0 for all
X1 with f1(X1) > β − G∗

2 . Similarly, we can prove p(X2, 1) > 0 for all X2

with f2(X2) > β − G∗
2 . Therefore

p(X, 1) = p(X1, 1)p(X2, 1) > 0 (16)

whenever f1(X1) > β − G∗
2 and f2(X2) > β − G∗

2 . Applying induction on
(14), (15) and (16) will easily lead to Claim 1.

Claim 2 There exists A > 0 such that G1(X1, t) < A and G2(X2, t) <
A for all t ≥ 0, for all X1 with f1(X1) < β

2 and for all X2 with f2(X2) < β
2 .

Note that

1 ≥
∫

β
2
<f1(X1)

p(X1, t + 1)dX1 =
∫

β
2
<f1(X1)

p(X1, 1)G1(X1, t)dX1

≥ min
β
2
<f1(X1)

G1(X1, t)
∫

β
2
<f1(X1)

p(X1, 1)dX1.

Noting that µ1({X1|β2 < f1(X1, t)}) > 0. By Claim 1, we have
∫

β
2
<f1(X1)

p(X1, 1)dX1 >

0. Let M1 = 1∫
β
2 <f1(X1)

p(X1,1)dX1
, then

min
β
2
<f1(X1)

G1(X1, t) ≤ M1. (17)

By the monotoneity of G1(X1, t), we obtain

G1(X1, t) ≤ M1 (18)

for all t ≥ 1 and all X1 with f1(X1) < β
2 . Similarly, there exists M2 > 0

such that
G2(X2, t) ≤ M2 (19)

for all t ≥ 1 all X2 with f2(X2) < β
2 . Therefore, Claim 2 holds.

Claim 3 For any ε > 0, there exist T > 0 and η ∈ (β− G∗
2 , β

2 ) such that
∫

f2(X2)≤η

p(X2, t)dX2 < ε (20)

for all t ≥ T .

8



Let K = max
X2∈[a,b]n−m

p(X2, 1). Since p(X2, 1) is continuous in [a, b]n−m

and K < ∞. By Claim 2 and (10), we have

p(X2, t) = p(X2, 1)G2(X2, t− 1) ≤ KA (21)

for all t ≥ 1 and for all X2 with f2(X2) < β
2 . Let β(t) = sup{β(0), β(1), · · · , β(t)}.

By (8) and (10), p(X2, t) = 0 whenever f2(X2) < β(t−1)− G∗
2 . Since f2(X2)

is continuous and limt→∞β(t) = β, for any ε1 > 0 there exist T1 > 0 and
η1 ∈ (β − G∗

2 , β
2 ) such that µ2({X2| β(t − 1) − G∗

2 ≤ f2(X2) ≤ η1}) < ε1 if
t ≥ T1. Consequently,

∫

f2(X2)≤η1

p(X2, t)dX2 ≤ KAε1 (22)

if t ≥ T1. Therefore, Claim 3 is true.
Claim 4 For any ε > 0, there exist T ≥ 1 and δ > 0 such that g1(X1, t) >

1− ε if t > T and f1(X1) > G∗
2 − δ.

By (6)

g1(X1, t) = 1−
∫

f2(X2)≤β(t)−f1(X1)

p(X2, t)dX2 (23)

It immediately follows from Claim 3 that Claim 4 is true.
Claim 5

∫
c≤f2(X2)

p(X2, t)dX2≤
∫

c≤f2(X2)

p(X2, t + 1)dX2 for all t ≥ 0

and for c ≤ G∗
2 .

Let r = minX2∈[a,b]n−m f2(X2). Since f2(X2) is continuous and de-
fined in a closed set of [a, b]n−m, −∞ < r < +∞. Clearly, if c ≤ r,∫
c≤f2(X2)

p(X2, t)dX2 = 1 for all t ≥ 1, thus Claim 5 hold. Now we assume

that G∗
2 ≥ c > r. By (6), we have

∫

r≤f2(X2)≤c

p(X2, t + 1)dX2 =
∫

r≤f2(X2)≤c

p(X2, t)
g2(X2, t)

α(t)
dX2

= λ1

∫

r≤f2(X2)≤c

p(X2, t)dX2, (24)

where λ1 = g2(X1
2 ,t)

α(t) and r ≤ f2(X1
2 ) ≤ c. Moreover

∫

c≤f2(X2)

p(X2, t + 1)dX2 =
∫

c≤f2(X2)

p(X2, t)
g2(X2, t)

α(t)
dX2
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= λ2

∫

r≤f2(X2)≤c

p(X2, t)dX2, (25)

where λ2 = g2(X2
2 ,t)

α(t) and c ≤ f2(X2
2 ). By the monotoneity of g2(X2

2 , t).

0 ≤ λ1 ≤ λ2. (26)

Noting that

1 =
∫

r≤f2(X2)≤c

p(X2, t)dX2 +
∫

c≤f2(X2)

p(X2, t)dX2 =

∫

r≤f2(X2)≤c

p(X2, t + 1)dX2 +
∫

c≤f2(X2)

p(X2, t + 1)dX2, (27)

we have λ2 ≥ 1. Therefore
∫

c≤f2(X2)

p(X2, t + 1)dX2 ≥
∫

r≤f2(X2)≤c

p(X2, t)dX2.

Thus, Claim 5 holds.
Now we prove the theorem by contradiction. Assume that limt→∞ α(t) =

1 is not true. Since α(t) ≤ 1 for all t ≥ 0, there exists θ < 1 and 0 < t1 < t2
< · · · such that α(tk) < θ for k = 0, 1, · · · . By claim 4, there exist T ≥ 1
and δ > 0 such that g1(X1, t) >

√
θ if t > T and f(X1) > G∗

2 − δ. Therefore
∫

f1(X1)> G∗
2
−δ

p(X1, tk + 1)dX1 =
∫

f1(X1)> G∗
2
−δ

p(X1, tk)
g2(X1, tk)

α(t)
dX1

≥ 1√
θ

∫

f1(X1)> G∗
2
−δ

p(X1, tk)dX1 (28)

for all tk. By (28) and Claim 5, we obtain
∫

f1(X1)> G∗
2
−δ

p(X1, tk + 1)dX1 ≥ (
1√
θ
)k

∫

f1(X1)> G∗
2
−δ

p(X1, 1)dX1. (29)

Thus ∫

f1(X1)>
G∗
2
−δ

p(X1, tk + 1)dX1 → +∞, as k → +∞

which contradicts that p(X1, t) is a probability density function. This com-
pletes the proof. This Lemma directly leads to
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Theorem 2 For FDA with infinite population defined in Section 2. B. If
α(t) ≤ θ < 1 and β(t + 1) ≥ β(t) for all t ≥ 0, then

lim
t→∞β(t) = G∗ (30)

This theorem implies that if the threshold β(t) is not deceasing and the
selection percentage is always smaller than θ, then as t tends to infinity, all
the points in the parent set will tend to the global optimal points.

3.2 The case of k < m + 1

In this subsection, we assume that

(A2.1) k < m + 1, i.e., X0 6= ∅;
(A2.2) Denote Y1 = (x1, · · · , xk−1) and Y2 = (xm+1, · · · , xn). For any given

X0 and any given constant c, let S1 = { Y1 ∈ [a, b]k−1 |f1(X1) = c} and
S2 = {Y2 ∈ [a, b]n−m|f2(X2) = c}, then µ1(S1) = 0 and µ2(S2) = 0,
where µ1 and µ2 are the Borel measures in Rk−1 and Rn−m, respec-
tively; and

(A2.3) p(X, 0) is positive and continuous in D.

Theorem 3 For FDA with infinite population defined in Section 2. B. If
α(t) ≤ θ < 1 and β(t + 1) ≥ β(t) for all t ≥ 0, then

lim
t→∞β(t) = G∗ (31)

Proof:From the assumptions in the theorem, limt→∞β(t) exists. Denote
G = limt→∞β(t). Now we prove this theorem by contradiction. Assume
that G < G∗. By (A2.1), FDA can be expressed as

ps(X, t) =

{
p(X,t)
α(t) , if f(X) ≥ β(t),

0, otherwise
(32)

where
α(t) =

∫

f(X)≥β(t)

p(X, t)dX

and
p(X, t + 1) =

ps(X1, t)ps(X2, t)
ps(X0, t)

. (33)
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Therefore
p(X0, t + 1) =

1
α(t)

∫

f(X)≥β(t)

p(X, t)dY1dY2. (34)

Denote B(X0) = maxY1∈[a,b]k−1,Y2∈[a,b]n−m f(X) By Assumption (A2.3), we
have

p(X0, t) > 0

for all t ≥ 0 and for any X0 with B(X0) > G. By (32) and (33), we obtain

ps(Y1, Y2|X0, t) =





p(Y1,Y2|X0,t)∫
f(X)≥β(t)

p(Y1,Y2|X0,t)dY1dY2
, if f(X) ≥ β(t),

0, otherwise,
(35)

and
p(Y1, Y2|X0, t + 1) = p(Y1|X0, t)p(Y1|X0, t) (36)

for all t > 0 and X0 with B(X0) > G. For a fixed X0 with B(X0) > G. By
assumptions (A2.2), (A2.3)) and assumption that G < G∗, (35) and (36) can
be regarded as FDA in (Y1, Y2)-space satisfying all the conditions in Lemma
1. Therefore

lim
t→∞

∫

f(X)≥β(t)

p(Y1, Y2|X0, t)dX = 1. (37)

Moreover ∫

f(X)≥β(t)

p(Y1, Y2|X0, t)dX =
p(X0, t + 1)
p(X0, t)α(t)

(38)

Thus, we have

lim
t→∞

p(X0, t + 1)
p(X0, t)

> 1 (39)

for all X0 with B(X0) > G. Therefore,

lim
t→∞ p(X0, t) = ∞ (40)

if B(X0) > G.
Note that the Borel measure of the set {X0|B(X0) > G} is positive, then

lim
t→∞

∫

B(X0)>G

p(X0, t)dX0 = ∞

which contradicts the fact that p(X0, t) is a probability density function.
This completes the proof of this theorem.
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One of the most commonly asked questions about EDAs for optimiza-
tion problems is what dependence relationships in the distribution of the
points in the parent set should be utilized to generate new points for locat-
ing the global optimum. Obviously, there is no definite answer for general
optimization problems. Our analysis on FDA with truncation selection in
this section implies that the utilization of appropriately selected dependence
relationships is sufficient to guarantee the convergence of a population-based
algorithm for optimization of an ADF function, and other dependence rela-
tionships can be neglected.

4 Conclusion

EDAs is population-based optimization algorithms using estimation of dis-
tributions instead of the manipulation of strings as done in genetic and
other evolutionary algorithms. Though many applications of EDAs have
been reported, very few efforts have been made in the theoretical study of
the behaviors of the EDAs. FDA is a special EDA in which the structure
of the probability model is determined by the variable-interaction structure
in the objective function. This paper proved the convergence of FDA with
truncation selection. However, the convergence proof is only valid for an
infinite populations. The study of the convergence of FDA with finite pop-
ulations will be our future work.

ACKNOWLEDGMENT: The author thanks Dr. H. Muehlenbein, Mr.
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rithm by means of discrete dynamical systems Complex Systems. Vol.
12, pp. 465-479, 2000.

[10] Hoehfeld, M and Rudolph. G., Towards a Theory of Population-Based
Incremental Learning, Proceedings of the 4th IEEE Conference on Evo-
lutionary Computation, pp. 1-5, 1997.
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