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Multiobjective Optimization Problems With
Complicated Pareto Sets, MOEA/D and NSGA-II

Hui Li and Qingfu Zhang, Senior Member, IEEE

Abstract—Partly due to lack of test problems, the impact of
the Pareto set (PS) shapes on the performance of evolutionary
algorithms has not yet attracted much attention. This paper in-
troduces a general class of continuous multiobjective optimization
test instances with arbitrary prescribed PS shapes, which could
be used for studying the ability of multiobjective evolutionary
algorithms for dealing with complicated PS shapes. It also pro-
poses a new version of MOEA/D based on differential evolution
(DE), i.e., MOEA/D-DE, and compares the proposed algorithm
with NSGA-I1 with the same reproduction operators on the test
instances introduced in this paper. The experimental results
indicate that MOEA/D could significantly outperform NSGA-II
on these test instances. It suggests that decomposition based mul-
tiobjective evolutionary algorithms are very promising in dealing
with complicated PS shapes.

Index Terms—Aggregation, decomposition, differential evolu-
tion, evolutionary algorithms, multiobjective optimization, Pareto
optimality, test problems.

. INTRODUCTION

A multiobjective optimization problem (MOP) can be stated
as follows:

minimize F(z) = (fi(z),..., fm(z))

subjectto z € Q Q

where Q is the decision (variable) space, R™ is the objective
space, and F' : Q2 — R™ consists of mn real-valued objective
functions. If Q isa closed and connected region in R™ and all the
objectives are continuous of x, we call problem (1) a continuous
MOP.

Letu = (u1,..-,%n), v = (v1,...,v,,) € R™ be two
vectors, u is said to dominate v if u; < wv; foralli =1,...,m,

’

and u # v.1 A point z* € Q is called (globally) Pareto optimal
if there is no z € Q such that F(z) dominates F'(z*). The set
of all the Pareto optimal points, denoted by PS, is called the
Pareto set. The set of all the Pareto objective vectors, PF =
{F(z) € R™|z € PS},is called the Pareto front [1].

Manuscript received October 18, 2007; revised January 28, 2008. First pub-
lished September 26, 2008; current version published April 01, 2009.

H. Li was with the Department of Computing and Electronic Systems, Uni-
versity of Essex, Colchester CO4 3SQ, U.K. He is now with the School of Com-
puter Science, University of Nottingham, Nottingham NG8 1BB, U.K. (e-mail:
hzl@cs.nott.ac.uk).

Q. Zhang is with the Department of Computing and Electronic Systems, Uni-
versity of Essex, Colchester CO4 3SQ, U.K. (e-mail: gzhang@essex.ac.uk).

Digital Object Identifier 10.1109/TEVC.2008.925798

1This definition of domination is for minimization. All the inequalities should
be reversed if the goal is to maximize the objectives in (1). “Dominate” means
“be better than.”

Under certain smoothness assumptions, it can be induced
from the Karush—-Kuhn-Tucker condition that the PS of a
continuous MOP defines a piecewise continuous (m — 1)-di-
mensional manifold in the decision space [1], [2]. Therefore,
the PS of a continuous bi-objective optimization problem is a
piecewise continuous 1-D curve in R™ while the PS of a contin-
uous MOP with three objectives is a piecewise continuous 2-D
surface. This is the so-called regularity property of continuous
MOPs.

Recent years have witnessed significant progress in the de-
velopment of evolutionary algorithms (EAs) for multiobjective
optimization problems [3]-[16]. Multiobjective evolutionary
algorithms (MOEAS) aim at finding a set of representative
Pareto optimal solutions in a single run. Due largely to the
nature of MOEAS, their behaviors and performances are mainly
studied experimentally. Continuous multiobjective test prob-
lems are most widely used for this purpose since they are easy
to describe and understand. It has been well-understood (as
reviewed in [17]) that the geometrical shapes of the PF, among
other characteristics of an MOP, could affect the performance of
MOEA:s. In fact, a range of PF shapes such as convex, concave,
and mixed PFs can be found in commonly used continuous
test problems [18]-[21], which can be used for studying how
MOEAs perform with different PF shapes. However, the PS
shapes of most existing test problems are often strikingly
simple. For example, the PSs of the ZDT test instances [19]
with two objectives are part of a line segment defined by

Ogl‘lgl

?

To=23=...=xp, =0

and the PSs of the DTLZ test instances [20] with three objectives
are subsets of

0 <,z <1,

T3 =...=x, = 0.5.

There is no reason that real world problems have such simple
PSs.2 Observing these oversimplified PSs in the existing test in-
stances, Okabe et al. first argued the necessity of constructing
test instances with complicated PSs and provided a method for
controlling PS shapes [24]. They have constructed several test
instances with complicated PSs. However, their test instances
have two objectives and two decision variables. Very recently,
Huband et al. [17] and Deb et al. [25] emphasized that variable
linkages (i.e., parameter dependencies) should be considered in
constructing test instances and proposed using variable trans-
formations for introducing variable linkages. Variable linkages
could often complicate PS shapes. However, the PS shapes in the

2Two examples with complicated PS shapes can be found in a vehicle dy-
namic design problem in [22] and a power plant design optimization in [23].
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test instances constructed in [17] and [25] are not easy to be di-
rectly controlled and described. Moreover, variable linkages and
PS shapes are different aspects of MOPs. Actually, PS shapes
are not a focus in [17] and [25]. It is possible that a continuous
MOP with complicated variable linkages has a very simple PS.
Partially due to lack of test problems, the influence of PS shapes
over the performance of MOEAs has attracted little attention in
the evolutionary computation community.

Inspired by the strategies for constructing test problems
in [24], [25], we have recently proposed several continuous
test instances with variable linkages/complicated PSs [26], in
which the PS shapes could be easily described. These test in-
stances have also been modified and used in [27] for comparing
RM-MEDA with several other MOEAs. The experimental
results indicate that complicated PS shapes could cause diffi-
culties for MOEAs. However, the PSs of these test instances are
either linear or quadratic, which are not complicated enough for
resembling some real-life problems. One of the major purposes
in this paper is to propose a general class of continuous test
problems with arbitrary prescribed PS shapes for facilitating
the study of the ability of MOEAS to deal with the complication
of PSs.

The majority of existing MOEAs are based on Pareto domi-
nance [4]-[6], [8], [9], [11], [12]. In these algorithms, the utility
of each individual solution is mainly determined by its Pareto
dominance relations with other solutions visited in the previous
search. Since using Pareto dominance alone could discourage
the diversity of search, some techniques such as fitness sharing
and crowding have often been used as compensation in these
MOEAs [5], [9], [11], [28]. Arguably, NSGA-II [11] is one of
the most popular Pareto dominance based MOEAs. The char-
acteristic feature of NSGA-II is its fast nondominated sorting
procedure for ranking solutions in its selection.

A Pareto optimal solution to an MOP could be an optimal so-
lution of a single objective optimization problem in which the
objective is an aggregation function of all the individual objec-
tives. Therefore, approximation of the PF can be decomposed
into a number of single objective optimization subproblems.
This is a basic idea behind many traditional mathematical pro-
gramming methods for approximating the PF [1]. A number of
MOEAs adopt this idea for their fitness assignment to some ex-
tent [29]-[41]. MOGLS [29], [32] optimizes an aggregation of
the objectives with randomly selected aggregation coefficients
at each stage, which makes it very easy, at least in principle, to
use single objective local search for improving individual solu-
tions. MSOPS uses a number of scalar aggregation functions to
guide its search and has demonstrated its advantage for tackling
MOPs with many objectives [33], [37], [39]. By using aggrega-
tions of the objectives, a decision maker’s preference has been
incorporated into MOEAs in [41].

MOEA/D is a very recent one using decomposition (i.e., ag-
gregations)[34]. MOEA/D simultaneously optimizes a number
of single objective optimization subproblems. The objective in
each of these problems is an aggregation of all the objectives.
Neighborhood relations among these subproblems are defined
based on the distances between their aggregation coefficient
vectors. Each subproblem (i.e., scalar aggregation function) is
optimized in MOEA/D by using information mainly from its
neighboring subproblems.

We believe that comparison studies between MOEAs based
on Pareto dominance and those using decomposition (i.e., ag-
gregation) on test problems with various characteristics could
be very useful for understanding strengths and weaknesses of
these different methodologies and thus identifying important is-
sues which should be addressed in MOEAs. The major contri-
butions of this paper include the following.

» A general class of multiobjective continuous test instances

with arbitrary prescribed PS shapes have been proposed.

* A new implementation of MOEA/D with a DE operator
and polynomial mutation has been suggested, in which two
extra measures have been introduced for maintaining the
population diversity.

» Experiments have been conducted to compare MOEA/D
and NSGA-11 with the same DE and mutation operator on
the test instances introduced in this paper.

The remainder of this paper is organized as follows. Section 11
introduces a class of continuous multiobjective optimization test
instances with complicated PS shapes and provides a theorem
about their properties. Section 111 proposes MOEA/D-DE, a new
implementation of MOEA/D with a DE operator and polyno-
mial mutation, and describes NSGA-II-DE, an implementation
of NSGA-11 with the same reproduction operators. Experiments
and discussions are given in Section IV. Section V concludes the

paper.
Il. MULTIOBJECTIVE TEST PROBLEM
WITH PRESCRIBED PARETO SET

In our proposed generic continuous test problem, the decision
space is

Q = []lai, bi] c R )
1=1
where —co < a; < b; < +oo foralli = 1,...,n. ltsm
objectives to be minimized take the following form:
fi(z) = ai(zr) + B (w1 — g(zr1))
fi(@) = am(x1) + B (w11 = 9(1)) ®3)
where
e r = (:171,...7:En) e xr = (:Eh...?il}m,l) and z;; =
(m,...,z,) are two subvectors of x;
* «; (i =1,...,m) are functions from H’f:‘_ll[a,,;, b;] to R;
e B3 (i=1,...,m) are functions from R"~™*! to R*;

« gisafunction from [T"5 " [as, bi] to [1i— @i, bi]

The following theorem is about the PS and PF of the generic
test problem.

Theorem 1: Suppose that

[i] Bi(z) =0foralli=1,..., m ifand only if z = 0.

[ii] The PS of the following m-objective optimization

problem:
minimize (a1 (xg),...,am(zr))
m—1
subject to 2 € ] [ai, bi] (4)
i=1

isFE C H:Y;_ll[aL/bL]
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Then the PS of the generic continuous test problem defined by F2:

(2) and (3) is * The decision space Q@ = [0,1] x [-1, 1]}, z; = =y, and
xrr = (Tay. .., Tn);
° ozl(xl) = I and Oég(fl?l) 1-— \/_1;
zrr =g(zr), 21 €E * g9(@1) = (92(21),-- -, gn(z1)) and

and its PF is the same as that of (4), i.e.,

{(c1(z1), ..., am(zr)) |21 € E}.

Proof: It suffices to show that & = (z7,z77) is Pareto  * /1 and By are functions from R"~" to R¥. Let ya., =

optimal to the test problem defined by (2) and (3) if and only (y2,---,yn) € R*71,
ifz; € Eand z;; = g(xg).
We first prove the “if” part. Let « = (z1,277), _
y = (yr.yrr) € [liilas bi]. If 27 € Eand zrr = g(z1), Prlyan) = | Z i
then, by [i] ieh
Ba(y2:n) |J | >
F(z) = (a1(zr), ..., am(zr)). J€JT2

where J; = {j|jisoddand 2 < j < n}and J, =

It is from [ii] that F(z) cannot be dominated by Gl 42 < j<mn)
jliisevenand 2 < j < n}.

(1(yr), - .-, am(yr)), the latter dominates or equals to F(y) - o )
since 4; > 0 forall i = 1,...,m. Therefore, F(x) cannot be BY Theorem 1, the PF of F2 in the objective space is
dominated by F'(y), which implies that « is Pareto optimal and

completes the proof of the “if” part. {(1’1, 1— 1) € R0 <z, < 1}

Now we prove the “only if” part. Let 2 = (27, zr7). If
xr ¢ F,then by [ii], z is not Pareto optimal to (4). Therefore, and its PS is

there exists yry such that (a1(yr),...,am(yr)) dominates
(aé(wf), ..., am(xr)). Noting that the latter dominates F(z) zr=g(zy), 0<mz <1
an
F6:
P (yr.9(ur)) = @1y - com (1)) * The decision space & = [0.1[% x [=2.27
Ty = (.171,:1?2) and rrr = (.173, . ,a:n)

we have that F(yr, g(yr)) dominates F(z). Thus, z is not
Pareto optimal. If 277 # g(zr), then, by [i] and non-negative-
ness of §;, F'(x) is dominated by F'(z, g(xrr)). Therefore, =
is not Pareto optimal. This completes the proof of the “only if”
part. as(zr) = sin(0.57z
In the following, we would like to make several comments on
the generic test problem defined by (2) and (3).
« Ifthe dimensionality of E ism—1asinall the teslt instances
constructed in this paper (in fact, £ = [[;" [a:, b;] in ' _ . Jm .
all of them), the PS and PF of the test prrlob|1en[1 Will] be 9;(wr) = 2wz sin <2”1 T ) » I =3n
(m — 1)-D and then exhibit the regularity property.

. H n—2 -+ _
« The PF and PS of the test problem are determined by B1. B2, and B5 are functions from R™~“ to R™. Let ys.n =

n—2
and g, respectively. In principle, one can obtain arbitrary (ys,---5yn) € R
(m — 1)-D PSs and PFs by setting appropriate «; and g.
e Functions f; control the difficulty of convergence. If B1(yzm) = | Z yf
>-i%, B; has many local minima, then the test problem JET
may have many local Pareto optimal solutions. Ba( Z 2
Like DTLZ and WFG test problems [17], [20], the proposed Y3in) |J | 7 Yi
test problem uses component functions for defining its PF and i
introducing multimodality. Its major advantage over others is B3(ysmn) = | Z yjz
that the PS can be easily prescribed. To generate a test instance, J€Ts
one needs to construct «;, 3;, and g which satisfy conditions [i]
L - . . where
and [ii] in Theorem 1. Table | lists nine test instances generated ] o
in such a way, and Fig. 1 plots the projections of their PSs onto J1={j|3 <j <n, and j — 1 is a multiplication of 3}
the space of z1, z2, and z3. In the following, taking three test Jy ={j|3 <j < n, and j — 2 is a multiplication of 3}
instances in Table | for example, we explain how test instances J3 ={j|3 < j < n, and j is a multiplication of 3}.

could be generated.
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TABLE |
TEST INSTANCES WITH COMPLICATED PS SHAPES

Instance

Objectives and PSs

Variable Bounds

F1

0.5(1.0+3G=20,

f1=$1+\+1\2j511(%'_f”1 )2
fo=1—VE1+ 1757 Xjeu, (@ — 2 )

where J; = {j|jisodd and 2 < j < n} and J; = {j|jisevenand 2 < j < n}.

0.5(L.0+2U=2))

Its PSis ¢; = x, yJi=2,...,n.

[0,1]"

F2

fr = a1+ A7 ey, (25— sin(6rz + £5))°
fa=1-z1+ %[Zjer(Zj — sin(67z1 + %))2

where J; and Js are the same as those of F1.

Its PS is x; = sin(6mwz1 + jT"),j =2,...,n.

[0,1] x [-1,1]~?

F3

fi=xz1+ ‘%1‘ Z]’EJ1 (z; — 0.821 cos(6mrz1 + ]%))2
f2=1- Vo1 + 177 Tjey, (2 — 08z1 sin(6ras + =

where J1 and J2 are the same as those of F1.

S 0.8z cos(6mzy + L%)  j € Jy
sPSis z; = ;
’ 0.8z sin(6rz; + L)  j € J2

[0,1] x [-1,1]"~*

F4

6rawy+1T o
fi=x1 + \Jiﬂ 2].6,1 (zj — 0.8x1 cos(—5—2-))

fo=1- a1+ ‘%2‘ e, (@i — 08¢y sin(6rzy + imy)?
where J; and Js are the same as those of F1.

6w+ 1T .
SrEit
Its PS is z; = { 0.8z cos( 3 ) JE€L

0.8z sin(6rzy + L%)  j € Jo

[0,1] x [-1,1]~?!

F5

2 o -
=21+ = Z{I] — [0.327 cos(24mzy + ﬂ) +0.621] cos(6mzy + 'ﬂ)]ﬁ
Ml /5 n n
2 45 . T
fo=1-yz1 + A Z {z; — [0.37 cos(247z, + T) +0.621] sin(6mz; + ;)}2

JEJ2
where J; and Js are the same as those of F1.
[0.322 cos(24mz1 + 2T) + 0.621] cos(6mz1 + 2Z) j € Sy

ItsPSisz; = ; !
’ { [0.373 cos(24mzy + A7) + 0.6z ] sin(6rzy + IZ)  j € Ty

[0,1] x [-1,1)"?

F6

f1 = cos(0.5z17) cos(0.5z2m) + ﬁ e sy (@5 — 232 sin(2ry + %))2
f2 = cos(0.5z17) sin(0.5z27) + TJz_zl Yjer, (@i — 222 sin(2mes + imy)2
fs = sin(0.5217) + (F7 3 4, (25 — 202 sin(2may + imyy2

where

J1 = {j|3 < j < m,and j — 1is a multiplication of 3},

J2 = {j|3 < j < m, and j — 2 is a multiplication of 3},

J3 = {j|3 < j < n, and j is a multiplication of 3}

Its PS is ¢; = 2xosin(2mzy + 47),5 =3,...,n.

[0,1]% x [-2,2]" 2

fi =1+ 17 Tyey, (497 — cos(By;m) + 1.0)
fo=1— =z + ‘JL?‘ Yiess (4y? — cos(8y;m) + 1.0)
where J; and J2 are the same as those of F1

0.5(1.0420=2)y
and y; = x; — x; ,J=2,...,n.

5 3(i—2)
0.5(1.04+=4=32))
Its PS is x; = @, nTf N i=2,...,n

[0,1]"

F8

0y,
fi=a1+ F @S e, 95 — 21 es, cc>s(4ﬁ.—)2:r 2)

2 v
fa=1-VEr+ ‘JLZ,‘(4Z,EJ2 Y — 21-IjEJ2 COS(T;) +2)
where J1 and J2 are the same as those of F1

0'5(1"”7353:22))

and y; = x; — @, yi=2,...,n.

0.5(1.0420=2))

Its PSis ¢j =z, i=2,...,n.

[0,1]"

Fo

fi=x1 + \JLH ZjEJl (z; — sin(6mzy + %))2
fa=1-af + (27 Tje, (@ — sin(6mar + I7))?

where J; and J2 are the same as those of F1.

Its PS is «; = sin(6rx1 + jT"),j =2,...,n.

[0,1] x [-1,1]~?!
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Fig. 1. Projections of PSs of F1-F9 onto the 2 3 space.

By Theorem 1, the PF of F6 is

{(ar(z1), as(zr), as(zr)) € R*|xr € [0,1]%}

and its PS is

zrr=g(xr), 0< @29 <1,

F8:

 The decision space @ = [0,1]", z; =
(T2y.. . n);

. 041(.171) = 1 and 052(.171) =1- \/3?_1,

* g(w1) = (g2(71),- -, gn(r1)) and

b and xrry =

0510432
9i(w1) = 2 | #l

« (3, and B, are functions from R"~! to RT. Let y5.,, =

(?J27~--»?/n) € Rn—l’
2 20my;
B1(ya:n) = 5 4Zy?—2Hcos< : >+2
RN = jen Vi
2 20my;
Ba(y2m) = 777 4Zy?—2HCOS< . >+2
I\ e j€d Vi

where J; = {j|jisoddand 2 < j < n} and Jy =
{jljisevenand 2 < j < n}.
By Theorem 1, the PF of F8 in the objective space is

{(z1,1 - /71) € R*|0 < 27 < 1}

and its PS is

zrr =g(z1), 0<z <1,

Since 31 + (B2 has many local minima, this instance has many
local Pareto optimal solutions.

I1l. ALGORITHMS IN COMPARISON

A. MOEA/D With DE

MOEA/D requires a decomposition approach for converting
approximation of the PF of problem (1) into a number of single
objective optimization problems. In principle, any decomposi-
tion approach can serve for this purpose. Three different de-
composition approaches have been used in [34]. In this paper,
we use the Tchebycheff approach [1]. A single objective opti-
mization subproblem in this approach is

minimize  g(z[A, 2") = max {;[fi(z) - 2[}

subjectto =z € Q (5)
where A = (Aq,..., \n) is a weight vector, i.e.,, A; > 0 for
alli = 1,...,mand 7" X = 1. 2% = (2f,...,2%) is

the reference point, i.e., zf = min{f;(z)|lz € Q}3 for each
1 =1,...,m.

It is well known that, under mild conditions, for each Pareto
optimal point there exists a weight vector A such that it is the
optimal solution of (5) and each optimal solution of (5) is a
Pareto optimal solution of problem (1). Let A1, ..., A" be a set
of weight vectors. Correspondingly, we have IV single objective
optimization subproblems where the ith subproblem is (5) with
A = X If N is reasonably large and A, ..., AN are properly

3In the case when the goal of (1) is maximization, i
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Fig. 2. Evolution of the mean of IGD-metric values versus the number of generations.

TABLE II
IGD-METRIC VALUES OF THE NONDOMINATED SOLUTIONS
FouND BY MOEA/D-DE AND NSGA-1I-DE oN F1-F9

IGD-value MOEA/D-DE NSGA-II-DE
Instance mean min std mean min std

F1 0.0015 | 0.0015 | 0 0.0044 | 0.0044 | O

F2 0.0028 | 0.0023 | 0.0004 | 0.0349 | 0.0203 | 0.0066
F3 0.0068 | 0.0022 | 0.0099 | 0.0296 | 0.0228 | 0.0030
F4 0.0040 | 0.0025 | 0.0014 | 0.0288 | 0.0251 | 0.0021
F5 0.0127 | 0.0073 | 0.0069 | 0.0288 | 0.0244 | 0.0031
F6 0.0289 | 0.0276 | 0.0014 | 0.0680 | 0.0522 | 0.0072
F71 0.0049 | 0.0015 | 0.0063 | 0.1171 | 0.0270 | 0.0716
F8 0.0998 | 0.0487 | 0.0429 | 0.1981 | 0.1191 | 0.0494
F9 0.0035 | 0.0025 | 0.0008 | 0.0395 | 0.0303 | 0.0061

selected, then the optimal solutions to these subproblems will

provide a good approximation to the PF or PS of problem (1).
MOEA/D attempts to optimize these N single objective

optimization subproblems simultaneously instead of solving

problem (1) directly. In MOEA/D, the T closest weight vectors
in {1, ..., AN} to a weight vector A’ constitute the neighbor-
hood of \’. The neighborhood of the ith subproblem consists
of all the subproblems with the weight vectors from the neigh-
borhood of A. Since g(z|A, z*) is continuous of A, the optimal
solutions of neighboring subproblems should be close in the
decision space. MOEA/D exploits the neighborhood relation-
ship among the subproblems for making its search effectively
and efficiently.

A general framework of MOEA/D has been proposed in
[34]. A simple implementation of MOEA/D with simulated bi-
nary crossover (SBX) [14], called hereafter MOEA/D-SBX, in
which the SBX operator was used for generating new solutions,
has been tested on ZDT and DTLZ test instances. The experi-
mental results have shown that MOEA/D-SBX performs well
on these test instances [34]. However, our pilot experiments
have indicated that MOEA/D-SBX is not suitable for dealing
with the test instances constructed in this paper. The major
reasons could be that 1) the population in MOEA/D-SBX may
lose diversity, which is needed for exploring the search space
effectively, particularly at the early stage of the search when ap-
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Fig. 3. Plots of the final populations with the lowest IGD-metric values found by MOEA/D-DE and NSGA-II-DE in 20 runs in the objective space on F1-F6.

plied to MOPs with complicated PSs, and 2) the SBX operator  for producing new solutions, and it has two extra measures for
often generates inferior solutions in MOEAS, as shown in the maintaining the population diversity.

recent experiments in [25], [42]. To overcome these shortcom- At each generation, MOEA/D-DE maintains the following:
ings, this paper proposes a new implementation of MOEA/D, « apopulation of N points z', ...,z € Q, where = is the
called MOEA/D-DE for dealing with continuous MOPs with current solution to the 4ith subproblem:;

complicated PSs. MOEA/D-DE uses a differential evolution o FV' ... ,FVYN, where FV' is the F-value of 2%, i.e.,
(DE) [43] operator and a polynomial mutation operator [14] FVi = F(z') foreachi =1,...,N;
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Fig. 4. Plots of all the 20 final populations produced by MOEA/D-DE and NSGA-II-DE in the objective space on F1-F6.

* z=(21,-..,2m), Where z; is the best value found so far e N: the number of the subproblems considered in
for objective f;. MOEA/D-DE;
The algorithm works as follows. o A .., AN:aset of N weight vectors;
T the number of the weight vectors in the neighborhood
Input: of each weight vector;
e Problem (1); « §4: the probability that parent solutions are selected from
 astopping criterion; the neighborhood;
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* n,: the maximal number of solutions replaced by each
child solution.

Output:

« Approximation to the PS: {z!,... 2V };

« Approximation to the PF: {F(z1), ..., F(z™)}.

Step 1 Initialization
Step 1.1. Compute the Euclidean distances between
any two weight vectors and then work out the T’
closest weight vectors to each weight vector. For

,...,N,set B(i) = {i1,...,ir} where

’

Ao X' are the T closest weight vectors to \°.
Step 1.2 Generate an initial population z!, ...,z
by uniformly randomly sampling from €. Set
FVi = F(a%).

Step 1.3 Initialize z = (z1,...,2,) by setting
Z; = minlSiSN fJ(Zl?L)

Step 2 Update

Fori=1,...,N,do
Step 2.1 Selection of Mating/Update Range:
Uniformly randomly generate a number rand from
[0, 1].

Then set

p_ B(1) if rand < 6,
1 {1,...,N} otherwise.

Step 2.2 Reproduction: Set r; = 7 and randomly
select two indexes r» and r3 from P, and then
generate a solution 4 from 2™, 2™ and z"* by a DE
operator, and then perform a mutation operator on §
with probability p,,, to produce a new solution .
Step 2.3 Repair: If an element of y is out of the
boundary of €, its value is reset to be a randomly
selected value inside the boundary.
Step 2.4 Update of z: Foreach j = 1,...,m, if
zj > fi(y), then set z; = f;(y).
Step 2.5 Update of Solutions: Set ¢ = 0 and then do
the following:
1) If ¢ = n, or P is empty, go to Step 3. Otherwise,
randomly pick an index j from P.
2) If g(y|M,2) < g(x?|M, 2), then set 27 = y,
FVi=F(y)andc=c+1.
3) Remove j from P and go to 1).
Step 3 Stopping Criterion If the stopping criterion
is satisfied, then stop and output {z!,..., 2"} and
{F(xY),..., F(z™)}. Otherwise go to Step 2.

In the DE operator used in Step 2.2, each element 7, in§ =

(Y1, ..,9n) 1S generated as follows:
_ fat+ F x (z? —z®) with probability CR,
Y= at with probability 1 — CR
(6)

where CR and F' are two control parameters.
The polynomial mutation in Step 2.2 generates y =

(y1,...,yn) from 7 in the following way:
| yr + o x (b, — ax) with probability p,, @
T with probability 1 — p,,,

with

— (2 x Tand)ﬁ -1 if rand < 0.5,
k — .
1-(2-2x mnd)# otherwise

where rand is a uniform random number from [0, 1]. The dis-
tribution index n and the mutation rate p,,, are two control pa-
rameters. a; and by are the lower and upper bounds of the kth
decision variable, respectively.

We would like to make the following remarks on similari-
ties and differences between MOEA/D-DE and its predecessor,
MOEA/D-SBX.

« Since it is often very computationally expensive to find the
exact reference point z*, we use z, which is initialized in
Step 1.3 and updated in Step 2.4, as a substitute for z* in
g. The same strategy has been in MOEA/D-SBX.

« The first extra measure for maintaining the population di-
versity in MOEA/D-DE, which is not used on MOEA/D-
SBX, allows three parent solutions to be selected from the
whole population with a low probability 1 — ¢ (Step 2.1
and Step 2.2). In such a way, a very wide range of child so-
lutions could be generated due to the dissimilarity among
these parent solutions. Therefore, the exploration ability of
the search could be enhanced.

* In MOEA/D-SBX, the maximal number of solutions re-
placed by a child solution could be as large as 7', the neigh-
borhood size. If a child solution is of high quality, it may re-
place most of current solutions to its neighboring subprob-
lems. As a result, diversity among the population could
be reduced significantly. To overcome this shortcoming,
the maximal number of solutions replaced by a child so-
lution in MOEA/D-DE is bounded by n,., which should
be set to be much smaller than 7" in the implementation.
Therefore, there is little chance that a solution has many
copies in the population. This is the second extra measure
in MOEA/D-DE for maintaining its population diversity.

» DE operators often outperform other genetic operators in
single objective optimization. Furthermore, if CR is set to
be 1.0 as in our simulation studies, the DE operator defined
in (6) will be invariant of any orthogonal coordinate rota-
tion, which is desirable for dealing with complicated PSs.
For these reasons, we use a DE operator in MOEA/D-DE.

B. NSGA-II With DE

Comparing qualities of different solutions in NSGA-II is
based on their nondomination ranks and crowded distances,
which can be obtained by a fast sorting algorithm proposed
in [11]. The lower nondomination rank of a solution is, the
better it is. If two solutions have the same nondomination rank,
NSGA-II prefers the solution with the larger crowded distance.
NSGA-II-DE used in our experimental studies is the same as
NSGA-11-SBX in [11] except that it replaces the SBX operator
in NSGA-II-SBX by the DE operator.

NSGA-11-DE maintains a population P; of size IV at genera-
tion ¢ and generates P;., from P; in the following way.

Step 1) Do the following independently N times to generate
N new solutions.
Step 1.1 Select three solutions z™, ™ and z"*
from P, by using binary tournament selection.
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Fig.5. Plots of the final populations with the lowest IGD-metric values found by MOEA/D-DE and NSGA-II-DE in 20 runs in the 4 > 3 SpaceonF1-F6.

Step 1.2 Generate a solution ¢ from x™, 2:"2 and
2™ by the DE operator defined in (6), and then
perform a mutation operator (7) on g to produce
a new solution .
Step 1.3 Ifan element of y is out of the boundary
of Q, its value is reset to be a randomly selected
value inside the boundary.
Step 2) Combine all the new solutions generated in Step 1
and all the solutions in P; together and form a com-

bined population of size 2. Select the NV best so-
lutions from the combined population to constitute
Pi1.

The procedure for generating new solutions in NSGA-II-DE
is exactly the same as in MOEA/D-DE. Several variants of
NSGA-II with DE [42], [44]-[46] have been proposed for
dealing with rotated MOPs or MOPs with nonlinear variable
linkages. There is no big difference among these variants.
None of them employs mutation after DE operators. Our pilot
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Fig. 6. Plots of all the 20 final populations found by MOEA/D-DE and NSGA-II-DE in the 2 3 space on F1-F6.

experimental studies have shown that the polynomial mutation 1) Control parameters in DE and polynomial mutation

operator does slightly improve the algorithm performance, par- e CR=10and F =0.5in _the DE operator .
ticularly, on MOPs with complicated PSs. * n = 20 and p,, = 1/n in the polynomial mutation
operator.

2) The number of decision variables: Itissetto be 30 in F1-F5
and F9, and 10 in F6, F7 and F8.

3) Number of runs and stopping condition: Each algorithm
is run 20 times independently for each test instance. The

IV. EXPERIMENTAL RESULTS

A. Parameter Settings

Both MOEA/D-DE and NSGA-1I-DE have been imple- algorithms stop after a given number of generations. The
mented in C++. The parameter setting in our experimental maximal number of generations is set to 500 for all the test
studies is as follows. instances.
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