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Abstract

This paper presents new theoretical results on GA and GP schemata
which allow one to predict with a known probability whether the num-
ber of instances of a given schema at the next generation is going to be
above a given threshold. Unlike previous results, the schema theory
presented in this paper does not use expected values and accounts for
schema creation.

1 Introduction

Many people in the evolutionary computation field consider the schema the-
orem as a useless tool for predicting the behaviour of a GA over multiple
generations. One reason for this is that the schema theorem gives only a
lower bound for the expected value of the number of instances of a given
schema at the next generation as a function of quantities characterising the
schema at the previous generation. Therefore, it is not possible to use the
schema theorem recursively to predict accurately the behaviour of a genetic
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algorithm over multiple generations. In addition, since the schema theorem
provides only a lower bound, some people argue that the predictions of the
schema theorem are not very useful even for a single generation ahead.

I believe that there is some truth in these criticisms. However, I don’t
believe that the schema theorem is useless. 1 think that the schema theorem
has not been fully exploited nor fully developed, and that when these is done
the schema theorem will be very useful. For example, it will be possible to
produce a schema based proof of convergence for GP and GAs. This is why
in the last two years I have focused my research on the subject.

2 Background

In our previous research, we produced a new definition of schema and a new
crossover operator (one-point crossover) for GP, which allowed us to derive
a schema theorem which linked the GA theory to the GP theory (Poli and
Langdon 1998). This theorem can be criticised in exactly the same ways as
the GA schema theorems.

In order to understand how reliable the predictions of our theorem were,
we then studied the mean and the variance of the number of instances of
schemata of in the presence and in the absence of schema creation events (Poli
et al. 1998). The result that considered schema creation events were exact
predictions of the expected value and the variance of the number of schemata
at the next generation. The predictions were based on quantities measured
at the current generation.

In previous work I presented two new schema theorems based on our
earlier work (Poli 1999b). In the theorems expectations are not present. One
of the theorems is as follows:

Theorem 1 (Probabilistic Schema Theorem). For any given constant

k>0
1
Pr{m(H,t+1) > Ma —k\/Ma(l —a)} > 1 — o

where « s the probability that a schema H either survives or is created after
selection, crossover and mutation, Mis the population size, and m(H,t+1)is
the number of instances of H at generation t + 1.



3 GA Theory

This theorem requires the knowledge of the total transmission probability «,
i.e. it requires that not only schema survival and schema disruption events
be modelled mathematically but also that schema creation events are. This
may not be an easy task if one wants to stick only to the properties of
the schema H (such as the number of instances of H and the fitness of H)
and those of the population when expressing the quantity «. Indeed, to
the best of my knowledge, none of the schema theorems presented to date
in the literature (including ours) have succeeded in doing this. This is the
reason why all of schema theorems provide upper bounds. However, it is
possible to express exactly « (i.e. to include the effects of creation into the
schema theorem) by using properties of the building blocks of the schema H.
For example, for a GA with binary strings and one point crossover applied
with 100% probability « is given by the following equation (which can be
obtained either by simplifying the results in (Stephens and Waelbroeck 1997)
or by decomposing the probability that H be created into the sum of the
probabilities that this will happen for each possible crossover point):

0= o7 X PUAH, i), 0p(R(H, ), 1) (1)

where p(z, t) is the selection probability of a schema z at generation ¢, L(H, 1)
is the schema obtained by replacing with “don’t care” symbols all the ele-
ments of H from position i+ 1 to position N, R(H, 1) is the schema obtained
by replacing with “don’t care” symbols all the elements of H from posi-
tion 1 to position 2, and ¢ varies over the valid crossover points. For exam-
ple, if H =**x1111, L(H, 1) =**x¥*xx R(H, 1) =**1111, L(H,3) =**1%**
R(H,3) =**x111.

So, provided that the total transmission probability of a schema can be
expressed as a function of known properties (such as the selection probability)
of some building blocks of such a schema, the schema theorem given above
can be used to predict (with a known probability) whether the number of
instances of a schema at the next generation is greater than a threshold. For
example, in the case of a binary GA with one-point crossover applied with
100% probability, this is achieved by substituting Equation 1 into the schema
theorem. I believe this is a very important result. In other work I have used
this and other results to make some steps towards a convergence proof and



population sizing equations for GAs (Poli 1999a). It is worth nothing that
Equationl can easily be extended to the case in which crossover is not applied
to all the individuals in the population.

4 GP Theory

In order to do the same for GP with one-point crossover we need to introduce
a new, more general definition of schema for GP. The definition is as follows:

Definition 2 (GP hyperschema). A GP hyperschema is a rooted tree com-
posed of nodes from the set FUT U{=,#}, where F and T are the function
set and the terminal set used in a GP run, and the operators = and # are
polymorphic functions with as many arities as the number of different arities
of the elements of F U T, the terminals in T being 0-arity functions. The
operator = is a “don’t care” symbols which stands for exactly one node, while
the operator # stands for any wvalid subtree. The internal nodes of a hyper-
schema can be chosen from F U {=}, while the leaves of a hyperschema are

elements of T U {=, #}.

This definition presents some of the features of the schema definition we
used for our GP schema theory (Poli and Langdon 1998): hyperschemata
are rooted trees, and they include “don’t care” symbols which stand for one
node only. However, Definition 2 also includes one of the features of the
schema definitions proposed by other authors (O’Reilly and Oppacher 1995,
Rosca 1997): hyperschemata also include don’t care symbols which stand for
entire subtrees. Indeed, the notion of hyperschema is a generalisation of both
Rosca’s schemata (which are hyperschemata without = symbols) and fixed-
size-and-shape schemata (which are hyperschemata without # symbols). So,
a hyperschema can represent a group of schemata in essentially the same way
as such schemata represent groups of program trees (hence the name “hyper-
schema”).An example of hyperschema is (* # (+ x =)). This hyperschema
represents all the programs with the following characteristics: a) the root
node is a product, b) the first argument of the root node is any valid subtree,
c) the second argument of the root node is +, d) the first argument of the +
is the variable x, e) the second argument of the + is any valid node in the
terminal set.

With the definition of hyperschema it is possible to express the total
transmission probability for any of our GP schemata. If we assume that the
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Figure 1: Possible numbering of the crossover points in a schema.

population is composed of programs of fixed size and shape and that one-
point crossover is applied with a 100% probability, we obtain something very
similar to Equationl, i.e.

N(H)-1
o= F=T X ML Op(UH 0.1 )

=1

where p(z,t) is the selection probability of a schema x at generation ¢, N(H)
is the number nodes in the schema H, L(H,1) is the hyperschema obtained
by replacing with = nodes all the nodes on the path between crossover point
1 and the root node and with # nodes all the subtrees connected to the
nodes replaced with = (L stands for “lower”), U(H, i) is the hyperschema
obtained by replacing with a # node the subtree below crossover point z,
and ¢ varies over the valid N(H) — 1 crossover points. For example, if
H =(= (+ x =) y) and the crossover points are numbered as in Figure 1
then L(H,1) =(= (= x #) #), U(H,1) =(= (+ # =) y), L(H,3) =(= (+
x =) #),U(H,3)=(= #y).

So, for fixed size and shape populations Equation 2 allows one to compute
the exact total transmission probability of the GP schema as a function of
a group of 2(N(H) — 1) building blocks (hyperschemata). Substituting the
result in to Theorem 1 one can obtain precise information on how likely
number of instances of a schema will grow.

'Tn a previous version of this report Equation 2 was incorrectly believed to be more
general than it is. Our more recent work has led us to a more general result which is
applicable to populations of programs of any size and shape.
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