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Abstract

In this paper a simple modification of the Tarpeian bloat-control method is presented
which allows one dynamically set the parameters of the method in such a way to guarantee
that the mean program size will either keep a particular value (e.g., its initial value) or will
follow a schedule chosen by the user. The mathematical derivation of the technique as well
as its numerical and empirical corroboration are presented.

1 Background

Many techniques to control bloat have been proposed in the last two decades (for recent reviews
see (Poli et al., 2008; Luke and Panait, 2006; Alfaro-Cid et al., 2010; Silva, 2008)). One of the
very few with a theoretically-sound basis is the Tarpeian method introduced in (Poli, 2003). This
is the focus of this paper.

The Tarpeian method is extremely simple in its implementation. All that is needed is a wrapper
for the fitness function like the following algorithm:

Tarpeian Wrapper:

if size(program) > average program size and random() < p; then
return( fiow );

else
return( fitness(program) );

were p; is a real number between 0 and 1, random() is a function which returns uniformly dis-
tributed random numbers in the range [0,1) and fj,., is a constant which represents an extremely
low (or high, if minimising) fitness value such that individuals with such fitness are almost guar-
anteed not to be selected.

A feature of this algorithm is that it does not require a priori knowledge of the size of the
potential solutions to a problem. If programs need to grow in order to improve fitness, the
Tarpeian method will not prevent this. It will occasionally hit some individuals that, if evaluated,
would result in being fitter than average and this may slow down a little the progress of a run.
However, because the wrapper does not evaluate the individuals being given a low fitness, very
little computation is wasted. Even at a high anti-bloat intensity, p;, a better-than-average longer-
than-average individual has still a chance of making it into the population. If enough individuals of
this kind are produced (w.r.t. the individuals which are better-than-average but also shorter-than-
average), eventually the average size of the programs in the population may grow. However, when
this happens the Tarpeian method will immediately adjust so as to discourage further growth.



After its proposal, the Tarpeian method has started being used in a variety of studies and
applications. For example, Mahler et al. (2005) studied its performance and generalisation ca-
pabilities, while it was compared with other bloat-control techniques in (Luke and Panait, 2006;
Wyns and Boullart, 2009; Alfaro-Cid et al., 2010). The method has been used with success in
the evolution of bin packing heuristics (Burke et al., 2007; Allen et al., 2009), in the evolution
of image analysis operators (Roberts and Claridge, 2004), in artificial financial markets based on
GP (Martinez-Jaramillo and Tsang, 2009), in predicting protein networks (Geffner et al., 2008),
in the design of passive analog filters using GP (Chouza et al., 2009), in the prediction of protein-
protein functional associations (Garcia et al., 2008) and in the simplification of decision trees via
GP (Garcia-Almanza and Tsang, 2006).

In all cases the Tarpeian method has resulted to be a solid and efficient choice. All studies
and applications, however, have had to determine by trial and error the value of the parameter
p¢ best suited to their problem(s).! This is not really a drawback of this method: virtually all
anti-bloat techniques require setting one or more parameters. For example, also the parsimony
pressure method (Koza, 1992; Zhang and Miihlenbein, 1995, 1993; Zhang et al., 1997) requires
setting one parameter (the parsimony coefficient).

In recent research (Poli and McPhee, 2008), we developed a method, called covariant parsi-
mony pressure, that allows one to dynamically and optimally set the parsimony coefficient for the
parsimony pressure method in such a way to completely control the evolution of the mean program
size. The aim of this paper is to achieve the same level of control for the Tarpeian method. We
will do this partly by following the tracks of (Poli and McPhee, 2008). We therefore start our
journey by briefly summarising the main ideas of that led to the covariant parsimony pressure
method.

2 Covariant Parsimony Pressure

Let us start by considering the size evolution equation developed in (Poli, 2003; Poli and McPhee,
2003), which, as shown in (Poli and McPhee, 2008), with trivial manipulations can be rewritten

as follows
Bl = tp(0) (1)
¢

where the index ¢ ranges over all program sizes, p’ is a stochastic variable which represents
the average size of the programs at the next generation and p(¢) is the probability of selecting
a program of size ¢ from the current generation. The equation applies to GP systems with
independent selection and symmetric sub-tree crossover.

If ¢(¢) represents the proportion of programs of size £ in the current generation, then, clearly,
the average size of the programs in the current generation is given by p = >, ¢¢(¢). Thus one can
simply express the expected change in average size of programs between two generations as

E[Ap = EW]—p=">_(p(t) — 6(0)). (2)
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In (Poli and McPhee, 2008), we showed that if we restrict our attention to fitness proportionate
i)
_ o
size £ and f is the average fitness of the programs in the population. Then, with some algebraic
manipulations, one finds that Equation (2) is actually equivalent to Price’s theorem (Price, 1970).

That is

selection, we can express p(f) = ¢(¥) where f(¢) is the average fitness of the programs of

Cov(¢, f)

n principle also fj4, needs to be set. However, this is normally easily done (more on this later) and requires
virtually no tuning.

ElAn = (3)




Let us imagine that a parsimonious fitness function, f, = f — ¢/, is used, where c is the
parsimony coefficient, £ is the size of a program and f is its fitness. Feeding this into Equation (3),
then setting its L.h.s. (E[Apu]) to zero and solving for ¢, one finds

. Cov(f,f). ()
Var(¢)
This value of ¢ guarantees that, in expectation, the size of the programs in the next generation
will be the same as in the current generation (as long as the coefficient ¢ is recomputed at each
generation).

In (Poli and McPhee, 2008) we also showed that with simple further manipulations of Equa-
tion (3) one can even set ¢ dynamically in such a way as to force the mean program size to vary
according to any desired function of time, thereby providing complete control over the evolution
of size.

3 Covariant Tarpeian Method

Let us now model the effects on program size of the Tarpeian method. In the Tarpeian method the
fitness of individuals of size not exceeding the mean size p is left unaffected. If p; is the Tarpeian
rate, on average individuals of size bigger than the mean will see their fitness set to a very low
value, fiow, in a proportion p; of cases, while fitness will be unaffected with probability 1 — p;. In
order to see what effects the Tarpeian method has on the expected change in program size F[Ay],
we need to verify how the changes in fitness it produces affect the terms in the size evolution
equation (Equation (2)). In other words, we need to compute

E[Am] = Y Lp(0) —6(0)) (5)
J4

or

ElAm] = % (6)

where Apy = pj — p, g} is the average program size in the next generation when the Tarpeian
method is used, p;(¢) is the probability of selecting individuals of size £ when the Tarpeian method
is used, f; is the fitness of individuals after the application of the Tarpeian method, and f; is the
mean program fitness after the application of the Tarpeian method.

Unfortunately, when attempting to study Equations (5) and (6) for the Tarpeian method things
are significantly harder than then for the parsimony pressure method. Under fitness proportionate
selection, we have that p;(¢) = gi)(é)ftf—(t0 where f;(¢) is the mean fitness of the programs of size
¢ after the application of the Tarpeian method. In the absence of Tarpeian bloat control (i.e.,
for p; = 0), these quantities are constants (given that we have full information about the current
generation). However, as soon as p; > 0, they become stochastic variables. This is because the
Tarpeian method is stochastic and, so, we cannot be certain as to precisely how many individuals
will have their fitness reduced by it, how many individual in each length class will be affected and
how many individuals in each fitness class will be affected. If f;(¢) and f; are stochastic variables
then so are the selection probabilities p:(£) and, consequently, also the quantity E[Apyq] on the
Lh.s. of Equations (5) and (6)

In other words Equations (5) and (6) give us the expectation of the change in mean program
size from one generation to the next conditionally to the Tarpeian method modifying the fitness
of a particular set of individuals. In formulae,

_ Cov(f, ft)

T (7)

ElAw|Fy = fi] = Zf(Pt(f) - 9(())
¢



where F; is a (vector) stochastic variable which represents the fitness associated to the individuals
in the population after the application of the Tarpeian method.

The distribution Pr{F; = f;} of F; depends on the fitness and size of the individuals in the
population and the parameter p;. In principle, we could determine the explicit expression for such
a distribution and then compute

ElAw] = ZE[AHt|Ft = f]Pr{Fy = fi}. (8)
fe

However, working out a closed form for this equation is difficult. The reason is that the fitness
values f; appear at the denominator of the selection probabilities p;(¢) via the average fitness f;
in addition to appearing at the numerators.

To overcome the difficulty and obtain results which allow the application of the theory to the
problem of optimally choosing the parameters of the Tarpeian method, we will use the following
approximation:

Blaw] = BlEwIF = £ = £ | SN0 & BORL )

Later in the paper we will get an idea as to the degree of error introduced by the approximation.
For now, however, let us see if we can find a closed form for this approximation.
Let us start from computing E|[f:]:

B[S o(0£(0)]
4
= Y GOE[f 0]+ S(OE[f(0)]

E[fi]

<p £>p
= ;W)f(é) +;¢(£>[pt X fiow + (1= p1) x f(0)]
= iqb(f)f(f) - gas(@f(f) + ; S0P X fiow + (1= pe) x f(L)]
= f+ ZZWW% :?zow +(1 —pt;x £(0) = f(0)]
= 7 +§¢(6>[pt X fiow = pi X f(0)]
= f- pég SO (O) = fiow)
= oo Y 8GO - fiow)
= [—po> (EJZ* Jiow) (10)

where ¢ = 37, u #(¢) is the proportion of above-average-size programs and f~ is the average
fitness of such programs.



Let us now compute the expected covariance between ¢ and f;:

Thus

E[Cov(¢, f1)] = E{Zqﬁ )= ) (f:(6) = fo)
= Y60~ WEIfi(0) - f2)]

14

= Y o) — w)(E[f:(0)] — E[f])

4

= Zfb(@@ = W(Ef(O] = [+ peds(f> = fiow))
¢

- Z o0 (€ — ) (E[fe(6)] — f)

+ pids(f> = fiow) qu

G AGIE))

4

= Y o) — wELO] - )

+ :iaﬁ(f)(f — W) (ELf:(0)] = )

= gww —w () =)

+ efww — W)Pefrow + (1 =pe) f(£) = ]

= gww (&) = ]) - g SO = ) (f() = f)

+ > SO = w)pefiow + (1 —pl:)f(f) — /]

= lg;v(z, )

+ ;WW — W)[pefiow + (1= p) f(0) = F = f(O) + )
E[Cov(t, fi)] = Cov(t,f)=piy_ () F0) = fiow).

£>p

(11)



If u~ is the average size of the programs that are longer than u, we can write

DO = w)(f(O) = fiow)

>p

= Y 6O ps — pt ) (FO) ~ fiow)

>
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where Covs (4, f) is the covariance between program size and fitness within the programs which
are of above-average size. Thus, we finally obtain

E[Cov(l, f)] = Cov(l, f) = pid> [Covs (4, f) + (n> — 1) (f> — fiow)] - (12)
Substituting Equations (12) and (10) into Equation (9) we obtain

C f, - C E, - fs — ow
E[Aﬂzt] ~ OV( f) pt¢>_[ OV>( 'f) + (/’[’> /’L)(f> fl )} ) (13)
f =09 (f> = fiow)
With this explicit formulation of the expected size changes, following the same strategy as in
the covariant parsimony pressure method (see Section 2), we can find out for what value of p; we
get E[Apt] = 0. By setting the Lh.s. of Equation (13) to 0 and solving for p;, we obtain:

Cov(¥, f) _
¢ [COV>(£ )+ (s —w)(f> — flow)] -

This equation allows one to determine how often the Tarpeian method should be applied to
modify the fitness of above-average-size programs as a function of a small set of descriptors of the
current state of the population and of the parameter fi,,,.

We should note that for some values of fj,,, the method is unable to control bloat. For
such values, one would need to set p; > 1 which is clearly impossible (since p; is a probability).
Naturally, we can find out what such values of fi,, are by setting p; = 1 in Equation (14) and
solving for fj,, obtaining

pe = (14)

~ r COV(K, f) B COV> (67 f)¢>
flou) - f> .
¢ (1> — )

2

(15)

However, since we normally don’t particularly care about the specific value of fi,,,, as long as the
method gets the job done, the obvious and safe choice fi4, = 0 is perhaps the most practical one.
What if we wanted u(t) to follow, in expectation, a particular function ~(t), e.g., the ramp
~(t) = p(0) + b x ¢ or a sinusoidal function? The theory helps us in this case as well.
What we want is that E[u;] = v(g), where g is the generation number. Note that Elu;] =
E[Apt] + p. So, adding p to both sides of Equation (13) we obtain:

W) = Cov(¢, f) — Pt¢>f[0f;’t;(j(;>) ;l )_N)(f>—flow)}+u. (16)




Trials
Size / ft i ft i ft i ft i ft ft
5 9 0 0 0 0 0 9 0 9 0 0
2 1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2 2
7 8 0 0 8 0 8 0 0 0 8 0
[E[A] | 1.35] 200 2.00 164 200 1.64 025 200 025 164 200
Average F[Ap] = —0.46

Table 1: Size and fitness of the programs in a small sample population and ten repetitions of the
application of the Tarpeian method with optimal p; to the population.

Solving again for p; yields:

Cov(t, f) = [1(9) = Wlf = ped>(F> = fiow)]
o> [COV> 4 f)+ (p> —p)(f> — flo’w)}

Pt =

(17)

Note that, in the absence of sampling noise (i.e., for an infinite population), requiring that
E[Ap] = 0 at each generation implies p(g) = ©(0) for all g > 0. However, in any finite population
the parsimony pressure method can only achieve Ay = 0 in expectation, so there can be some
random drift in p(g) w.r.t. its starting value of p(0). If tighter control over the mean program size
is desired, one can use Equation (17) with the choice vy(g) = p(0), which leads to the following

formula N N
oy = QO f) = [9(0) = T~ i (F>  fiow)
¢> [COV> (Ea f) + (M> - M)(f> - flow)}
Note the similarities and differences between this and Equation (14). In the presence of any drift

moving p away from p(0), this equation will actively strengthen the size control pressure to push
the mean program size back to its initial value.

(18)

4 Example and Numerical Corroboration

As an example, let us consider the small population in the first two columns of Table 1 and let
us apply Equation (3) to it. We have that Cov({, f) = 6.75 and f = 5. So, in the absence of
bloat control we will have an expected increase in program size of E[Apu] = 1.35 at the next
generation. This is to be expected given the strong correlation between fitness and size in our
sample population.

Let us now compute p; using Equation (14). Since in our population p = 4, we have that
¢~ = 0.5, the programs of size 5 and 7 being of above-average size. Their average size is s = 6
and their average fitness is fs = 8.5. Finally, the covariance between their size and their fitness
is Covs (¢, f) = —0.5. Using these values and the covariance between size and fitness which we
computed previously, and taking the safe value fi,, = 0, we obtain p; = 0.818182.

Let us now imagine that we adopt this particular value of p; and let us recompute the fitness of
the members of our population based on the application of the Tarpeian method (with f,, = 0).
Since the method is stochastic we will do it multiple times, so as to get an idea of its expected
behaviour. The results of these trials are shown in columns 3-12 of Table 1. Computing the
expected change in program size after the application of the Tarpeian method shows that in 5 out
of 10 cases it is negative, in 2 cases it is marginally positive and only in the remaining cases it is
comparable (in fact slightly bigger) than expected when the Tarpeian method is not used. Indeed,
on average we expect a slight contraction in the mean program size of —0.46. In other words, the
estimate for p; has exceeded the value required to achieve a zero expected change in program size.
Errors such as this have to be expected given the tiny population we have used.



Population E[Apu] without Estimated Average E[Apuy] Standard

size M Tarpeian optimal p; with Tarpeian  deviation of E[Apu]
10 15.00 0.750 -3.050 10.74
100 16.51 0.795 -0.275 3.64
1000 16.80 0.804 0.026 1.16
10000 16.83 0.805 -0.004 0.36
100000 16.83 0.805 -0.003 0.12

Table 2: Errors in E[Apu;] resulting from the approximations in the calculation of p; for different
population sizes and for a fitness function where f(¢) = ¢. Statistics were computed over 1,000
independent repetitions of the application of the Tarpeian method to a population including
programs from size 1 to M, M being the population size.

To corroborate the theory presented in the previous section and evaluate how population size
affects the accuracy of our estimate of p;, we need to perform much more trials (so as to avoid
small sample errors) with a variety of population sizes. For these tests we will create populations
with an extremely high correlation between fitness and size.

Our populations include M =10, 100, 1000, 10000, and 100,000 individuals. In each population
individual ¢ has size ¢; = Lﬁ X 100J and fitness f; = ¢;. These choices would be expected to
produce very strong bloat. Indeed, as shown in the second column of Table 2 we expect to see the
mean size of programs to increase by between 15 and 16.83 at the next generation.

We now apply the Tarpeian method with the optimal p; computed via Equation (14) on our
test populations 1000 times. The optimal p; obtained for each population size is shown in the third
column of Table 2. Each time different individuals are hit by the reduction of fitness associated
with the method. So, different expected changes in program size E[Apu;] will be produced. The
fourth and fifth columns of Table 2 show the mean and standard deviations of E[Apu;] over the
1000 repetitions of the test. As we can see from these values, in all cases bloat is entirely under
control, although, for this problem, Equation (14) consistently overestimates p; thereby leading
to slightly shrinking individuals on average. Note how rapidly the mean error becomes very small
as the population size grows towards the typical values used in realistic GP runs. The standard
deviations also rapidly drop, indicating that the method becomes almost deterministic for very
large population sizes. This is confirmed by the distributions of E[Au,] for different population
sizes shown in Figure 1.

5 Empirical Tests

To further corroborate the theory, we conducted experiments using a linear register-based GP
system. The system we used is a generational GP system. It initialises the population by repeat-
edly creating random individuals with lengths uniformly distributed between 1 and 200 primitives.
The primitives are drawn randomly and uniformly from a problem’s primitive set. The system
uses fitness proportionate selection and crossover applied with a rate of 90%. The remaining 10%
of the population is created via selection followed by point mutation (with a rate of 1 mutation
per program). Crossover creates offspring by selecting two random crossover points, one in each
parent, and taking the first part of the first parent and the second part of the second w.r.t. their
crossover points. We used populations of size 1,000 and 10,000. In each condition we performed
100 independent runs, each lasting either 50 or 100 generations.

With this system we solved a classical symbolic regression problem: the quintic polynomial.
In other words, the objective was to evolve a function which fits a polynomial of the form x + z2 +
.-+ 2% where d = 5 is the degree of the polynomial, for z in the range [—1,1]. In particular we
sampled the polynomials at the 21 equally spaced points « € {—1,—0.9,...,0.9,1.0}. Polynomials
of this type have been widely used as benchmark problems in the GP literature.

Fitness (to be maximised) was 1/(1+error) where error is the sum of the absolute differences
between the target polynomial and the output produced by the program under evaluation over



Table 3: Primitive set used in our experiments.

Instructions
R1 = RIN

R2 = RIN

R1 = R1 + R2
R2 = R1 + R2
R1 = R1 *x R2
R2 = R1 * R2
Swap R1 R2

these 21 fitness cases. The primitive set used to solve these problems is shown in Table 3. The
instructions refer to three registers: the input register RIN which is loaded with the value of x
before a fitness case is evaluated and the two registers R1 and R2 which can be used for numerical
calculations. R1 and R2 are initialised to = and 0, respectively. The output of the program is read
from R1 at the end of its execution.

Figure 2 shows the results of our runs for populations of size 1000 and 10,000 in the absence
of bloat control and when using the version of the Covariant Tarpeian method in Equation (18).
Figure 3 shows the results for a population of size 1000 when using the version of the Covari-
ant Tarpeian method in Equation (17) where ~(g) is the following triangle wave of period 50

generations:
g+12.5 g+12.5
— 0.5 .
50 50 +

It is apparent that in the absence of bloat control there is very substantial bloat, while the
Covariant Tarpeian method provides almost total control over the size dynamics.

~v(g) =100 x (0.75 + 0.5 x

6 Conclusions

There are almost as many anti-bloat recipes as there are researchers in genetic programming. Very
few, however, have a theoretical pedigree. The Tarpeian method (Poli, 2003) is one of them. In
recent years, the method has started becoming more and more widespread, probably because of
its simplicity. The method, however, like most others, requires setting one main parameter (and
one secondary one) for it to perform appropriately. Until now this parameter had to be set by
trial and error.

In this paper we integrate the theory that led to the development of the original Tarpeian
method with ideas that recently led to the covariant parsimony pressure method (Poli and McPhee,
2008) (another theoretically derived method), to obtain equations which allow one to optimally set
the parameter(s) of the method so as to achieve almost full control over the evolution of the mean
program size in runs of genetic programming. Although the complexity of the task has forced us
to rely on approximations to make progress, numerical and empirical corroboration confirm that
the quality of the approximation is good. Experiments have also confirmed the effectiveness of the
Covariant Tarpeian method.
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Figure 1: Distributions of E[Apu;] resulting from the application of the Covariant Tarpeian method
for different population sizes with our sample fitness function.
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Figure 2: Mean program size for populations of size 1000 (a) and 10,000 (b) as a function of the
generation number on the quintic polynomial symbolic regression in the absence of bloat control
and when using the version of the Covariant Tarpeian method in Equation (18).
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Figure 3: Average program size for populations of size 1000 and runs lasting 100 generations
with the quintic polynomial symbolic regression when using the version of the Covariant Tarpeian
method in Equation (17) where 7(g) is a triangle wave. The dashed line represents the mean
average program size across runs.
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