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Recovery of 3D Closed Surfaces from Sparse Data
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This paper describes a physically inspired method for the recov-
ery of the surface of 3D solid objects from sparse data. The method
is based on a model of closed elastic thin surface under the action
of radial springs which can be considered as the analogous, in
spherical coordinates, to the well-known thin plate model. The
model is a representation for whole-body surfaces which has the
degrees of freedom for representing fine details. We formulate the
surface recovery problem as the problem of minimizing a non-
quadratic energy functional. In the hypothesis of small deforma-
tions, this functional is approximated with a quadratic one which
is then discretized with the finite element method. We provide
steepest-descent-like algorithms both for the case of small deforma-
tions and for that of large ones. Then we introduce a representation
of our model in terms of its free deformation modes. This represen-
tation is extremely concise and is therefore suited for shape analysis
and recognition tasks. Finally, we report on the results of experi-
ments with synthetic and real data which show the performance
of the method  © 1994 Academic Press, Inc.

1. INTRODUCTION

In the last 10 years the problem of reconstructing and
representing three-dimensional shapes has attracted a re-
markable interest among the researchers in the fields of
computer vision and computer graphics. Many different
representations have been proposed on the basis of the
adopted primitives (volumetric, superficial; local, global),
the mathematical domain (discrete, continuous), the type
of dataset (dense, sparse; noisy, exact), etc. (see [1-3]
for detailed surveys on 3D shape representations). Here
we focus on the typical computer-vision problem of recov-
ering a three-dimensional smooth surface from a dataset
of sparse noisy points which are known to belong (or to
be close) to it.

In general, surface recovery methods are used in com-
puter vision as intermediate steps between recognition
modules and low level algorithms (shape from shading,
stereo, etc.) or devices (range scanners) which provide
(often sparse) 3D data points belonging to the visible sur-
face of the objects being imaged. Therefore, most authors
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have addressed the problem of recovering the visible part
of object surfaces only.

In this case, the surface is usually expressed by the
parametric form

X (u,v) = ue, + ve, + f(u,v)e;, ()

where e, e,, e; are the vectors of the ordinary basis of
3D space and f(u, v) is a function defined in a domain D
of the image plane («, v) (x(«, v) can be considered as the
graph of the function f(u, v)).

As earlier pointed out by Poggio [4, 5], the recovery of
a surface from a set of scattered, noisy points is an ill-
posed problem, which therefore can be solved only if
additional assumptions about the characteristics of the
solution are stated.

The most frequently used (and physically plausible)
assumption is the smoothness or the piecewise smooth-
ness of the surface. This idea has been adopted by Grim-
son [6] who mapped the problem of visual surface interpo-
lation to a variational problem. As an analytical
formulation of the smoothness constraint he proposed
minimizing the functional

o 1 2 2 2
Esutfacc - EJ’ J;) [fuu pr zfuv + fvv] du dv. (2)

where f,,, f.., and f,, are partial derivatives of f(u, v),
which, in the case of small deformations, is proportional
to the potential energy of an elastic thin plate [7]. This
idea has been successively extended by Terzopoulos (8,
9] who considered the more general functional

| >
Equtace = EJ’ J;) P(“.U){T(M.U)[f;, + z,?w + .f?;u]
+[1 = 7(u, VIf}, + f1)} du dv,

(3)

where p(u, v) and [1 — 7(u,v)] can be considered as the
cohesion and the tension, respectively, of a thin plate
under tension. (This formulation allows discontinuities
and orientation discontinuities to be present in the recov-
ered surface.) In either method the surface, which is repre-
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sented by a spline, is obtained with an iterative relaxation
algorithm suitable for a parallel implementation. (This is
not surprising since both methods can be seen as standard
regularization methods and standard-regularization meth-
ods are suitable for parallel neural implementations
[10-12].)

The methods described so far have been widely applied
(see, forexample, [13, 14]), and their convergence rate has
been improved by means of multi-grid relaxation schemes
[15], or basis transformations [16, 17]. However, these
surface representations must be considered viewer cen-
tered, since they represent the visible part of an object
only. As a consequence they result to be unsuitable for
object recognition [3]. In addition, when the dataset also
contains points belonging to the hidden part of the object
surface (this is the case, for example, of data obtained
from tomographic image sequences or of data collected
with some kinds of range scanners), these representations
cannot be adopted since the surface cannot be expressed
as a single-value function of the image-plane coordinates.

A few researchers have developed methods for closed-
surface recovery. Basically, there have been two ap-
proaches. The first is to adopt local surface representa-
tions, such as splines, expressed with a parametric form
different from (1). For example, Brevdo et al. [18] utilized
the function r = r(¢, ) in a spherical reference system
and enforced smoothness with the well-known Akima's
method [19], while Young and Hunter [20] adopted the
function A = A(£,, &), being &, and &, linear functions of
the parameters 6 and u of a prolate spheroidal coordinate
system (A, u, 6), and used a smoothness functional such
as (3). It is worth noting that in both cases the recovered
surfaces are biased, by the adopted smoothness con-
straints, towards configurations (a sphere in the former
case, a prolate spheroid in the latter one) which, in gen-
eral, do not have physical plausibility. Recently, De-
lingette et al. [21] have used a smoothness constraint for
their mesh-like representation (a spherical triangularized
surface deformed to fit the datapoints) which seems to
overcome this problem. Another method which, in princi-
ple, could be extended to recover unbiased closed sur-
faces is described by Cohen er al. in [22]. However, al-
though the previous local surface representations have,
in general, the capability of capturing small shape details,
they are usually inadequate for tasks such as shape recog-
nition and analysis.

A second approach which tries to solve this problem
is that of using global surface representations which in-
volve a small number of parameters. Superquadrics [23]
are modeling primitives (they can be thought of as general-
izations of ellipsoids) which have often been used as global
surface representations. For example, Solina and Bajcsy
[24] adopted superquadric models with parametric global
deformations (stretching, bending, tapering, and cavity).
Although this representation has the advantage of making

recognition easier than the mesh-like representations pre-
viously mentioned do, it does not have enough degrees
of freedom to represent fine surface details. Terzopoulos
and Metaxas [25] overcame this drawback by using a
superellipsoid model which can be locally deformed with
a vector displacement map. Pentland and Sclaroff (26,
27] adopted a superquadric model which can be globally
deformed with a set of free-deformation modes derived
by applying the finite element method (FEM) to a solid
quadratic cell. Although this representation has more
global degrees of freedom than the previous ones, a dis-
placement map is added to the model in order to represent
fine shape details.

In the following sections we are going to describe a
new method for the recovery of closed smooth surfaces
from noisy sparse data. The method is based on a surface
model that can be considered as a closed elastic thin
surface. Our surface representation, which is similar to
a spline in spherical coordinates, has the degrees of free-
dom for representing fine details, but it is not biased to-
wards configurations induced by the adopted parametri-
zation.

Like any other mesh-like representation it is local; how-
ever, given its physical derivation it can be described with
a small number of parameters through a free-deformation-
mode decomposition obtained by using FEM on the
assembly of surface patches which make up the model.
Although our representation has possibly less represen-
tational power than deformed superquadrics with dis-
placement maps, it has the advantage that both the overall
shape and the details of an object can be used for shape
comparison and analysis.

The paper has the following structure. First (Section
2), we describe the analytic formulation of the problem
of surface recovery in terms of the minimization of a
nonquadratic energy functional. Its approximation, dis-
cretization and minimization are reported in Sections 3-5.
Then (Section 6), we introduce a concise representation
of the recovered shapes in terms of their free deformation
modes. In Section 7 we report on experiments of shape
recovery and analysis with synthetic and real data. Fi-
nally, we draw, in Section 8, some final remarks on the
method.

2. ANALYTIC FORMULATION

In order to represent the surface of closed objects we
have adopted the spherical parametrization

X(u, v) = f(u, v)[cos(u) sin(v)e, + sin(u) sin(v)e, @)
+ cos(v)es],

where f(u, v) is a periodic, two-times differentiable func-
tion, and («, v) € D = [0, 27) x [0, 7). The parameters
u and v (see Fig. 1) can be seen as the azimuth and








































































