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Abstract—The Kolmogorov complexity (KC) of a string is Indeed, KC was extensively used in this scenario, particu-
defined as the length of the shortest program that can print |arly in the context of the no-free-lunch theorems (NFLTS).
that string and halts. This measure of complexity is often |, {hair proof for an almost no-free-lunch, Droste, Jansen and

used in optimization to indicate expected function difficulty. o
While it is often used, there are known counterexamples. This Wegener [4] used the fact that the KC of a repetitive sequence

paper investigates the applicability of KC as an estimator of IS minimal in order to modify an existing function without
problem difficulty for optimization in the black box scenario. ~ changing (almost) its KC — and therefore, its expected
In particular we address the known counterexamples (e.g., difficulty. Schumacher, Vose and Whitley [17] proved that
pseudorandom functions, the NIAH) and explore the connection the MDL is not necessarily connected with the NFLTs (i.e.

of KC to the NFLTs. We conclude that high KC implies that NFL It b f t of ibl
hardness however, while easy fithess functions have low KC a result can be proven for a set o compressible

the reverse is not necessarily true. functions). Streeter [18] proved, on the other hand, that a
NFL result cannothold for a particular class of functions
l. INTRODUCTION which has eéoundon its MDL. English [6] was able to cast

the original NFLT framework into an information framework.

Given a set of feasible solutionsX], the object of an He addressed the question of the possible information an
optimization algorithm is to find a solution; € X which  algorithm can gain by sampling the search space (see also
maximizes (or minimizes) a certain fitness functign (X —  [22]). The use of algorithmic information allowed English
Y). Complexity theory was developed in order to analyze thgr] to establish a connection between the complexity of an
relative hardness — i.e., amount of computational resourcggjorithm and its potential to solve a complex problem. At
— of different problems. Usually, computational complexitythe same time, observing the high KC of most problems, he
studies the asymptotic behavior of an algorithm w.r.t. thargued that even a complex algorithm is not expected to be
most difficult or, alternatively, easiest instance of a problenyood in the average case. Finally, Guo et al.[14] suggested

An alternative approach to computational complexity fousing KC as a backbone for a new conceptual framework of
cuses on the difficulty of a single instance — irrespectivel(sA hardness.
of the problem for which it belongs. It postulates that the Even though the notion of KC is extensively used, the con-
difficulty of a single instance can be measured independenifyction between this measure of complexity and optimization
of the problem and thus, the hardness or complexity of 8 not clear. In particular, there are known counterexam-
problem — a set of instances — is just an emergent phenomegsias which question its usability. The needle-in-a-haystack
of the hardness of its instances [15]. This notiorinstance (NIAH), for example, is a function where the fitness of all the
complexityis one of the many application dfolmogorov points but the global optimum is 0. The KC of the NIAH is
complexity (KC), which is also known as, algorithmic in- obviously small Q(log(|X|)), whereX is the search space),
formation theory, or the principle ofminimum description however, it is known to be extremely difficult. Similarly, a
length (MDL). Informally, the KC of a binary string is the trap function, or a function generated by a pseudorandom
length of the shortest program that generates it and halts. Frmber generator, have low KC but cannot be optimized
example, the strind1}”, can be represented by the codegfficiently.
"print '1' n times” and hence, it has a low KC. Since any In order to understand whether, or whether not, KC is
function (defined over a finite space) can be described byaagood conceptual way to measure functions’ difficulty we
binary string, the KC of that string is expected to capture th@ill have first to examine the reasoning that connects it with
inherent difficulty of the function. search. Informally, the logical connection between search,

This approach to complexity seems to be particularipardness and KC is the following: black box algorithms
interesting to the analysis of general purpose algorithn@mssume no a priori knowledge about the function being
(also known as metaheuristics [1], black-box algorithms amptimized. Rather, they gain knowledge about the function by
randomized search heuristics [20]). Metaheuristics are oftesampling random points and analyzing the associated fitness
used when either the problem is not well defined or whewalues. The more regularities the fithess function contains the
there is no sufficient knowledge (or resources) to construesier it is to generalize the data — and hence, the easier it is
specific algorithms [20]. Since (1) black box algorithms aré¢o locate an optimum point. Kolmogorov complexity or the
not designed for any specific problem and (2) the connectia@oncept of MDL[11] connects to this notion in a natural way.
between instances and the associated problem for whigime more regularities there are the easier it isdmpresshe
metaheuristics are applied to is often not clear, it seenti&ta, the lower the expected KC is. Since functions associated
appropriate to use the notion of KC (which is definedwith low KC are considered easier than those with high KC,
independently of a problem) when analyzing them. we can equate expected difficulty of a fitness function with



its compressibility wherep is a program that prints and halts and(p) denotes
The confusion that exists in the literature (on one handhe length of programp. This definition suffice for the
the use of KC and on the other hand, the known courpurpose of this paper — a more accurate definition is given
terexamples) relies in a flaw of the above reasoning: (1) the [13], [12].
compressibility as measured by KC does not measure theA simple or regular object has a low KC. For example,
time-complexity to detect it and therefore, cannot always be string representing a sequence consistingzofs (i.e.,
associated with regularity, as perceived by search algorithriikl1...1") can be represented Wy (x) = O(logn) bits. The
(2) The existence of regularity does not guarantee efficiestze of the program depends on the number of bits it takes to
search. The objective of this paper is to discuss these issigode the numbet. A random object, on the other hand,
and to clarify some of the limitation of KC as a measure o€an only be represented by(xz) = n 4+ O(logn). That is,
problem hardness for optimization. the shortest program to print will be: "print x” . The KC
In section Il we will define the KC of a fitness function, of an object can only be used ascanceptualmeasure of
explain the scenario of optimization and discuss the generigg difficulty, it cannot be computedhat is, it is possible to
nature of black box algorithms. Section Ill argues that foanalyze the properties of a random object, or even to prove
any practical point of view, pseudorandom fitness functionthat the majority of objects are random but given an object
are as difficult to search, for any search algorithm as truly it is not possible to prove that it is random.
random ones. In section IV we define, using KC, a notion of The notion of KC can be extended to account for functions
continuity for the fitness function. We argue that KC is nos well. Letf : X — Y be a mapping between two finite
useful for any function which is not continues in its optimaspacesX andY. Let I be a countable index set. We usas a
The relation of the NFLTs and KC is discussed in section \hotion of order inX —thatisX = {z;};c;. The Kolmogorov
We show that an inaccurate definition of the KC of a functiocomplexity of a fitness function is defined w.rit. That is,
is the reason for some of the confusion regarding KC. Thiae KC of f is the complexity of the binary representation
time-bounded variant of KC is discussed in section VI, wef the string{ f(zo), f(z1), ..., f(zn)} (See table I).
show that these variants are not relevant to our discussion.

; . . . TABLE |
We conclude with discussion and conclusions.

THE SETUP FOR CALCULATING THEKOLMOGOROV COMPLEXITY OF A

Il. PRELIMINARIES FITNESS FUNCTION THE SEARCH SPACE IS ORDEREIN SOME WAY),

. . . P . . THE KC IS MEASURED FOR THE STRING DEFINED BY TH COLUMN
In this section we clarify the main issues discussed in the & ()

paper. We begin by defining the KC of a string, we then

) . . ) T f(z) f(z) (Binary)
give the most common representation of a fitness function 0000000000000 3 011
as a binary string — the KC of the function is defined as the 0000000000000%, 4 100
KC of that string. We restrict our attention to optimization 01010101010101 6 110
problems: we assume that: (a) the function has small number
of optima points and (b) the only objective is to sample one 11111111111113 2 010

of these points. We conclude this section by giving a non-
usual definition of black-box algorithms, this will make our
discussion later in the paper, easier to follow.

Binary Representation of f(x): 011100...110...010

Using this notation, the KC of simple versus hard fitness
A. Kolmogorov Complexity functions will be define w.r.t. that string. For a random fitness
function, each co-domain of will have to be explicitly

The Kolmogoroy complex]ty[131{( : {0’1} - N 'S defined, and therefore the length of the shortest program
defined as a function from finite binary strings of arbitrary

. ) e o k() = |X| x log(]Y|) + O(1). The length of a regular
length to the natural numbers. It is defined on 'objects function can be defined as before.

represgnted by_ binary strings but can be extended to OtherAIthough this is the common way to define the KC of a
typTehs |I|}2F(3:fU?CtI0nSB_ t2. is defined as the lenath of th function in the EC community (e.g., [6]), this definition is
€ ofan opjectr, 1S defined as the length of the precise. In section V we will explain the reasons for that
shortest program the printsand halts. This program can beand suggest a different definition (based on [13])
implemented by any universal programming language (e.g., '
C++, Java), in which a universal Turing Machine can be imB. Black-Box Optimization
plemented. The choice of universal computer (programming we would like to focus our attention on functions which
language) may change the KC efonly by a fixed additive cannot be solved efficiently by random sedreh that is,
constant (which depends on the length of code it takes tnctions which contain onlgmallnumber of optima points.
simulate one universal computer by another). For this reasqf, order to make this formal, by small, we will mean
we fix our programming language to an arbitrary languag@garithmic in the size of the search space. Détdenote

(e.g., Java) and define KC w.r.t. that language. The KC of e search space, and’r! = {(@opt, f(xopt))} the set of
string « is defined as:
1if this is the case, then the function is, a priori, irrespectively of the
K(z) = miny, I(p) search algorithm, easy.



optimum points in the functiorf. |F°P| is bounded above probability 1=2. In the second alternative, Bob has
by log | X|. In section IV we will use the fact that even if to announce his guess while the coin is spinning
the set of optima points need to be encoded explicitly, its in the air. Although the outcome is determined in
effect on the KC off is marginal, i.e., it is bounded above principle by the motion of the coin, Bob does not

by O(log | X| x (log|Y] + log|X|)) (which is the number have accurate information on the motion and thus
of bits needed to encode explicitly the fithess values of the we believe that also in this case Bob wins with
optimum points). probability 1=2. The third alternative is similar to

Randomized search heuristics, as opposed to specialized the second, except that Bob has at his disposal
algorithms, do not use problem-specific knowledge. They sophisticated equipment capable of providing ac-
sample possible solutions, compute their objective values and curate information on the coin’s motion as well as
accordingly sample additional solutions. This continues until  on the environment effecting the outcome. How-
some stopping criteria (e.g., an optima was sampled) is met ever, Bob cannot process this information in time
[5], [20], [21]. Even though it is not exactly the case, it is to improve his guess. In the fourth alternative,

useful tothink of a black-box algorithm in the following way: Bob’s recording equipment is directly connected
1) Sample random points to a powerful computer programmed to solve the
2) (Estimate accordingly a model for the functigiy motion equations and output a prediction. It is
3) Estimate accordingly the position of an,, conceivable that in such a case Bob can improve
4) if found z,,, stop, else go back to step 2. substantially his guess of the outcome of the coin.”

Step 2 can probably be omitted. Most of the existing [9_] o ) ,
metaheuristics do not try explicitly to estimate a model of Having an infinitely powerful computer, using this anal-
. However, Step 3 implies that at least, implicitly they dg®9Y, KC is the only way to define randomness. However,
~ how else can they estimate the position of a new point’?‘h_en the computer is requw_ed to be_eff|C|_ent, any function
In any case, this model illustrates how the notion of k@Vhich cannot be modeled ifeasible time is as random,
can be connected to problem hardness. Throughout the paffgctively, as a truly random function. Since this definition
we will use explicitly the notion obuilding a modelof the S Not absolute (it depends on hdeasibleis defined) we
fitness function and examine whether it is helpful or notc@ll such strings pseudorandom. .
While it is possible to think about a model explicitly, it does "€ €xact definition offeasible computation times

not change the results of this paper, if instead of a modg&fll open to a debate. However, computations that are

one will consider theegularity of the function p.olynom|al-t|.me in the size of the.mput are usually con-
We assume that the number of queries (i.e., fitness evafjdered feasible —whereas others (i.e., non-polynomials) are

ations) made until a solutiom,,, € F** is found, is used considered to be intractable. Restricting ourselves to efficient

in order to evaluate the performance of the algorithm (sed90rithms, we can now define formally when two objects

[21], [5] for further discussion). (i.e., in our case fitness functions) are indistinguishable.
' Definition 1: Let X,,,Y,, be random variables distributed
[1l. PSEUDORANDOM STRING over bit-strings of length polynomial im. X,,Y, are

When the KC of a string is greater than or equal to thgomputationally indistinguishable if for every probabilistic

length of the string, we say that the string is random, it Cann@plynomialt.ime algorithmd, every positive polynomiaj(-),
be compressed. A fitness function represented by a ranagifid all sufficiently large:
string contains no regularities, no information and therefore, | Alz) = 1] — Pr Aly) = 1
cannot be solved efficiently by any search algorithm. Pre~x,[Alz) ] v¥a [ AW) I p(n)

KC, however, is not the only way to define a notion ofyhere we denote byr.~x, [A(x) = 1] the probability that
randomness. An alternative approach to randomness SUQgEsIS) = 1 when is distributed according to,,.
that a string ippseudorandonas long as nefficientobserver  This definition simply states formally that if no program in
can distinguish it from a uniformly chosen string of the sam@olynomial time (of the size of the input) can distinguish
length. Randomness according to this notion is relative, Between a sample of two distributions, effectively these
is not necessarily an inherent property of the object. It igjstributions are the same. In other words, we can say
helpful to consider the following mental experiment givenhat for example, the problems MAXSAT and Job-Shop-

by Goldreich: Scheduling (under the same representation, and given the
“Alice and Bob play head or tail in one of the same size) are the same if, given a typical instance, no
following four ways. In all of them Alice flips a algorithm can decide in polynomial time to which of the
coin high in the air, and Bob is asked to guess two problems it belongs.
its outcome before the coin hits the floor. The A pseudorandom sequence is defined w.r.t. a uniform

alternative ways differ by the knowledge Bob has  distribution. In other words, it/,, is the uniform distribution
before making his guess. In the first alternative,  taken for bit-strings of size polynomial in, X,, (defined
Bob has to announce his guess before Alice flips  similarly) is pseudorandom i/,, and X,, are indistinguish-
the coin. Clearly, in this case Bob wins with able in polynomial time. In our case (note that the expected



KC of a string generated by any of the two distributions Having formulating a model, even a precise one, of the
might be different). From any practical point of view, a fithesditness function is not enough. The model needs to be simple
function corresponding to a pseudorandom sequence is esough to predict, easily, the position of an optimum point.
hard to optimize as a random fitness function. All the equations in table Il apart from equation 3 are simple
in this sense (i.e., the optimum is either given explicitly or
can easily be inferred). Finding the optima, however, of the
The last section pointed out that, sometimes, even if g&cursive function (Eq. 3), especially {1..100}, is far from
function is highly regular (and hence have a low KC) — thig)eing trivial. In fact, calculating the function value afy
regularity cannot be inferred sufficiently fast, and hence fQgoint is far from being efficient. In order for the regularity
any practical purpose it is of no use. In this section we argu§ the function to be useful for optimization it has to be
that even if it is possible to construct a model of the functiofiormulated in a useful way. Incidently, equation 3 is known as

in an efficient way, this does not guarantee, for optimizatioghe McCarthy 91 function, it can be written in the following
problems, an efficient search. way:

IV. KOLMOGOROV CONTINUITY

. . y
Qur argument relies on the fact thgt the number of optima 91 if 0 < <101,
points, as we argued in section I, is expected to be very f(x) = _ 10 otherwise
small. Nevertheless, finding these points is the only objec- x

tive that an optimization algorithm has. KC measures th&iven the alternative representation the position of the op-
regularity of theentire function. The effect of a small finite timum is obvious. Unfortunately, more often than not, the
set of points on the complexity as measured by Kolmogorasimple formulation (if existed) is not known.

is very small — and this is the problem. First, even when The previous example considered a precise model of a
a formulation of a function is given, it is not necessarilyfitness function which does not indicate, in a simple way, the
easy to identify points with high fitness values. Second, argbsition of optima points. In practice, most chances are that
this is the reason for which we decided to choose the terthe estimated model of the function is noisy. This by itself is
Kolmogorov continuityif the set{xz,,.} which corresponds not necessarily a problem. Usually, a good model accounts
to all the optima points in the search space is finite (anfbr the majority of the observed data (especially when
small), it can be coded explicitly with a table (e.get considering some noise). The situation changes, however,
xr, = opt) and hence, on one hand, have almost no effect amhen some of the points are very important (e.g., in our case,
the KC of the function and on the other, is not bounded toptima points) whereas other (the majority) do not contribute
be structurally related to the rest of the landscape. We wifat least, not directly) to performance.

consider two cases, in the first case, the search algorithm isThe NIAH (equation 4) is a very good example. First, the
led to believe that the function is flat — and therefore, therC of this function is obviously low: it take®(log | X |) bits

are no optima points. In the second, the algorithm is letb returnn for the global optimum and O for all the other
to believe that the optimum is at one place, while it is irsolutions in the search space. Yet, it was proven by Droste
another. All of our examples are taken from table II. et al.[5], that the expected performance of any black-box
algorithm on the NIAH is(|X |+ 1)/2 — that is the expected
performance of a random search.

This happens because the global optimum of the NIAH
is not continuesw.r.t. the rest of the landscape. Any model
based on statistical estimation of the fitness functiannot
capture discontinuity. If the discontinuity occurs in the posi-
tion of the global optimum, the fithess function, irrespectively

TABLE Il
FUNCTIONS WITH LOW KC WHICH ARE DIFFICULT TO OPTIMIZE (WITH
THE EXCEPTION OF1 AND 2). WE ASSUME THATz > 0 € N AND
n = | X| 1S THE SIZE OF THE SEARCH SPACE

f@) =0 @ of its KC, smoothness or any statistical estimatiovill be

f@) = % @ difficult to optimize.

f@) = 10 if z > 100, 3) The complexity of a fitness function which is not contin-
(f(f(x+ 11)) if < 100 uous in its optima points cannot be accounted for by any

i) = " if 2= opt, @ model which is derived from statistical inference. The MDL

0 otherwise or KC is meaningless, in this case

flz) = n+l ifz= Zopt, (5) 2We refer to any statistical estimation which do not use an a priori
T otherwise knowledge regarding the position of the global optimum.
SInterestingly, in [2] we explicitly associated flat landscapes with the
random decisions an algorithm makes. We suggested a different way to

Irrespectively of|X|, the size of the search space, all theneasure the KC of a fitness function based on the way an algorithm

f . . ble Il h | KC. N hel interpret it. We focused on algorithms that use tournament selection — in the
unctions in table ave a very low - Nevertheless, equas"lmplest case, given two alternative solutions the algorithm selects the one

tions 1 and 2 which represents flat and unimodal landscapeigh the highest fitness. If the two solutions have the same fitness value,
respectively are known to be easy, whereas equation 4. fihe algorithm selects one randomly. Based on this selection mechanism,

. . . . . any two solutions with the same fitness, corresponds, potentially, to a
NIAH is hard and equation 5, a deceptive function is evefy,qom decision the algorithm makes. Considering all such decisions, a

harder. The difficulty of equation 3 is not clear. flat landscape corresponds to a string with maximal KC.



While the discontinuity of the NIAH cause the algorithm Interestingly, this takes us back to a discussion held in
to search in a random way, some functions are knowthme GA-list following the publication of the NFL results —
(constructed) to be misleading. That is, the information imainly between K.Park, D.Wolpert and H.Macready but also
the landscape causes the algorithm to sample points whiittvolving M.D.Vose and P.Vitanyi. It is not the intention
are distant from the optimum. Function 5 in table Il indicatespf this paper to summarize this discussion (although we
for any reasonable generalization, that the global optimum fgnd it very interesting) — briefly, Park used the fact that
the pointz = n. However, the actual global optimum is asreal-world problems have low KC in order to dismiss the
further away as possible from this point. practical implication of the NFLTs — the NFLTs were proven

The examples considered above have only one globebnsidering all possible problem — for which problems with
optimum, the argument we made, however, is far morlew KC are just a small fraction. Wolpert and Macready,
general. Regardless of how many optima the function has, as the other hand, (among other arguments for the NFLTSs)
long as, statistically, they are nobntinuous the search, in pointed out that the KC of a function crucially depends
the good case, will be random. Having no exact formulatiorgn the chosen representation. On principle, it is possible to
neither for the fithess function nor for the metric space, thigansform a function with a high KC to a function with a very
notion of continuity is hard to be defined. Nevertheless, usingw complexity. At this point P.Vitanyi noted that this can be
the same principal of KC we suggest to define it in thelone only by hiding the complexity of the fitness function

following way: in the chosen universal Turing machine — by restricting its
Proposition 1: Let f : X — Y be a fitness functionf is  size, it will not be possible to do $o
Kolmogorov continuous w.r.tz’ if: It is this issue we would like to clarify. As mentioned in
the beginning of section II, the choice of universal Turing
n o . )y if x=a, machine (or programming language) does not affect (up to
1(@) = argminyey K (g(m) | f(z) otherwise. an additive constant) the KC of a string. That is, given the
The intuition is simple, if the fitness value of a certainstring:
point does not follow the regularity of the function it will S, = ”11111111111111110000000000000”

have to be explicitly represented — and hence, there exists
another value which will minimize the KC of the function. The length of a program written in C, BASIC or JAVA will
Consider for example, the NIAH (equation 4) w.it= z,,; ~ be approximately the same (very short). Similarly, the length
— for f(z,,) = 0, the function can be represented withof the following random (handmade) string, irrespectively of
code in constant length (i.elreturn 0”), and hence it is the programming language will be relatively long.
not qontinuous. Note that if .ther_e is no regularity in the S, = "10110101001101101010101101100”
function, any value, at any point (if we neglect the length of
the code required to represent the actual value) is optim#s long as we keep our reference point fixed (i.e., we
Interestingly, this definition implies that a random fitnesgneasure the KC of ainary string), indeed, as P.Vitanyi
function is continuous at any point. However, it is continuousgioted, the complexity of the string is amtrinsic property.
in an empty sense — we suggest tliahere is regularity in However, if we consideall possible representations of the
the function, a notion of continuity can be defined, sincéearch space, and consequently all possible representation of
random fitness function does not meet that condition (i.éhe same fitness function — we receive (for= {0,1}) the
there is no regularity), it is true. In any case, to our purposéet of all possible binary strings with the lengthi| and a
the KC is a good indicator to the difficulty of random fitnesditness distribution defined by. In the most general case one
functions. can represent (using the EA terminology) qaenotypdi.e.,
Vereshchagin and Vitanyi [19] define explicitly the relation@ Solution) with anygenotypeof his choice. It is convenient to
of the regularity or structure of a sequence to the randofigpresent this encoding with a permutation X — X over
noise that might effect it. This strongly relates (though irthe search spack, wherer(z;) gives the solution associated
a different context) to the notion of Kolmogorov continuityWith z;. Since we are free to choose any we can easily
defined above. transform any random function on the phenotypic level (e.g.,
S;) to a very regular function on the genotypic one (es),
V. KC AND THE NFL Effectively this is equivalent to changing the KC of the string
— it is just a matter of choosing the right representation. Note

The K°'”‘°9,°f°" complexity of a fitness fun.ction, 4Sthat the sharpen NFLT due to Schumacher et al.[17] states
commonly defined, has no reference to the ne|ghborho%(ésemia”y the same idea

structure of the search space. Most of the search operatorsyy in what sense do whide information? In order to

defined for the black box scenario, on the other hand, reli%rify this issue we need to pay more attention to the way
on the neighborhood structure. In fact, this is perhaps the

main assumption that all metaheuristics have in common —*The debate goes on, however, at this point we would like to conclude. We
for real-world problems, close solutions have similar ﬁtnesﬁ_elieve that this informal discussion clarifies many of the issues concerning

. . . oth the NFLTs and the use of Kolmogorov complexity. We refer the
How can KC, even theoretically, be associated with th@ierested reader to the GAlist, volume 9, issue 10 as a starting point

expected difficulty of a function? (http:/Awww.aic.nrl.navy.mil/galist/digests/von10).



we choose to encode the fitness function into a binary stringlack box scenario depends on the correlation between the
Formally, assuming that : X — Y whereX andY are both fithess function and the neighborhood structure. How can a
finite, the KC of f is defined: program capture the regularity of a function without knowing
. the distance function? KC is not abdmbw a string can be
K(f) = miny eqoay-{l(py) : Vo € X py(x) = f(z)} compresses, it is about thheoretical existencfga short
wherep; is a program that can receive an inpuand return representation. So, there exist a program that use the the
the valuef(x). That is, the program emulates the behaviodistance functionl in order to compress the data. Since most
of the function, it does not output a string corresponding tof the distance functions are compressible (at least the ones
the fitness values of all the solutions in the search spaagsed in practice) this does not affect the KC of the program.
Now, let us assume that the search spacean be ordered KC is a good conceptual way (for optimization) to study
in a natural wayX = {z;} (i.e, any compressible way, the general behavior of search algorithms. However, the
e.g., lexicographic) and that the permutatiordenotes the problem arises when one tries to approximate the KC of
particular order in which we want to output the fithess valuea particular function using, for example the LEMPEL-ZIV
then, given that program;, we can define the following compression algorithm. Generic compressing algorithms will
short procedure that prints the values in the requested ordant be able to capture the regularities of a problem unless
. . the binary representation of the function is carefully chosen.
for i =1 to |X{ print(p (w(z:))) As we've seen in section Il, the complexity of a function
Going from the first definition to the second seems to be trivis measured w.r.t. a particularbitrary order of the search
ial, however, it is in the definition of where the complexity space — and hence, it cannot capture the regularities of the
of the original problem can be hidden. Remember that, dinunction. Unless the order of the search space is carefully
principal, it is possible to transform, choosing the righthosen, we do not believe that it will have any meaningful
representationyr, a random representation of the functionconnection to the complexity of the function.
(e.g, S)) to a regular one (e.g.$,). However, in order to  So, howshouldwe order the search space so the complex-
do so,w will have to be a random function (otherwise, byity of the function will be properly represented? Well, the
using 7~ we can emulateS; using a short code which is regularity of the function, at least in the black-box scenario,
in contradiction toS; being random). The short procedure,is usually, by construction, captured only given the distance
irrespectively of the trug<(f) will have the maximum KC. function, or the metric space. There is no simple order of
If, however,r is compressible, then the procedure is constatihe search space which can capture the regularity of all
and hence its effect on the KC of the function is constant agpresentation.
well. To conclude, as long as the representation is not chosen
A. Representation and Approximation of KC — all thg func;tions have the.same a priori Kolmogorov
complexity — simply because different choices with regard to
Interestingly, the previous result suggests that the choice g§fe order of the search space can change a random function
any (real-world) representation is irrelevant to the expectag g highly smooth one. However, once a representation is
performance. In particular, any real-world representation ighosen, it is possible to distinguish between compressible
short, and hence, can effect the KC of a function by no mo#gnctions to incompressible ones. In any case, only a random

than an additive constant. (i.e., incompressible) permutation of the search space can
However, it is well known that the choice of representatlomransform a random function to a regular one.

plays a major role in the design of efficient metaheuristics.
In particular, metaheuristics work well on neighborhood VI. TIME BOUNDED KC
structures in which close solutions have close fitness valuesThere are many variants to the basic notion of KC (the
[16]. Since for each problem one can choose differeffine used in this paper). The time-bounded variants are
neighborhood structures, this is the best (a priori, knowrd)f particular importance to computational complexity [8].
criteria to select the neighborhood structure for the problerhhey explicitly define a short program with a particular
at hand. bound on its runtime. Instance complexity, for example, was
So, while KC is invariant tacompressiblerepresentation introduced by Orponen et al.[15] — it defines the complexity
the performance of metaheuristics is definitely not. It i9f a stringz w.rt. a setA and time bound: as the size
important to understand that KC is a very indirect way t®f the smallest program that runs in tintén), decides
encode the regularities of a fitness function. In particulagorrectly whether is in A, and makes no mistakes on other
our intuition as to what a regular string is (e.g., the stringtrings (it allows to output the symbal for "don’t know”).
"0101...01" is regular because it contains a continues repe-
tition of "01") fails when trying to capture the regularity of ic’(z: A) =
more complicat_es e>_<ample_s — the _binary representation of a (1) For all y, U(p,y) runs in timet(|y|),
function as defined in section Il being one them.
In particular, we argued that the complexity of a function min, [P| (2) Forally, if Up,y) =1 theny € 4,
should be effected by the choice of the neighborhood struc- (3) For ally, if U(p,y) =0 theny € 4,
ture — or distance function. The regularity of a problem in the (4) U(p,z) #L



The notion of instance complexity is very powerful, in parinherently intractable. In particular, the existence of random-
ticular it is possible to characterize the different complexithumber generators depends on the existence of One-Way
classes w.r.t. the complexity of their instances. Moreovefunctions — functions which are easy to calculate but hard
the notion of instance complexity, or more generally, timeto invert.

bounded KC, seems to resolve all the problems introduced Definition 2: A function f : {0,1}* — {0,1}* is called

in this paper (i.e., there is no conceptual problem, to the beshe-way if the following two conditions hold:

of our knowledge, with theime-boundedKC as a measure 1) easy to compute: the functiofi is computable in

of function dlﬁlCUlty) po]ynomia]-time_
However, these variants do not relate to the direct proper- 2y hard to invert: for every probabilistic polynomial-time
ties of a function, instead, they simpstatethat a problem machine, M, every positive polynomiai(-), and all

(function in our case) is easy if it is easy (i.e., there existan  gyfficiently largen’s

efficient small algorithm that solves it). This is done without

suggesting any particular property of the function that makes Pr [MQ™, f(z)) € f—l(f(x))] <

it easy. While a function with high KC is expected, always, p(n)

to be difficult to optimize, a compressible function is not wherez is uniformly distributed in{0, 1}™.

necessarily easy. The problem with the time-bounded KC ignfortunately, it is not known whether one-way functions

that it does not explain why. exist — in fact this will prove thatP # AP5. However,
This is, perhaps, the reason for which most of the workimost the entire field of cryptography is based on this

connected with KC and optimization consider only the origconjecture [10] and so we do expect it to suffice to our

inal definition. In particular, only this definition enables, forpurpose.

example, to construct easy functions or to use LEMPEL-ZIV Section IV shows that even the existence of a short (de_

compression to measure expected difficulty. To concludgsctable) description might not be enough. First, we argued

time bounded KC does not explore the relation betweeghat the description must allow to efficiently estimate the

Compressibility and hardness, and hence is not relevant ﬁ@sition of an optimum solution — we gave the recursive

the investigation presented in this paper. function as a counterexample. The second and main part of

VIl. DISCUSSION this sgction is about the limitation Qf any stati;tical meth.od

to estimate the regularity of a function. We defined a notion

Kolm_ogorov complt_axny IS an 'mport?‘“‘ co_ncept W'thof continuity in the function and argued that as long as the
many important applications. For a brief review on the

: . . ._optima points are not continues, it is not possible to estimate
particular importance of KC to Computational Complexnythe efficiency of the search. We gave two examples.

tsee [8]. I_n thte Etk? Cor?mlljln'tﬁhlt 'ds.ﬁlflsel? mfaunlfy ast. a V\iay The NIAH is a known example to a hard function with a
0 approximate (theoretically) the difficulty of a function. Nshort description length. The discontinuity of theedlew.r.t.

this paper we investigated the applicability of KC for that, .° "¢ e landscape explains this contradiction: the KC

case. or MDL) is not applicable for this case. This clarifies the

We started with the logical connection between Compres%ésults obtained by Schumacher et al.[17] which illustrated

ibility — defined by KC — and the expected difficulty to Opti't at the NFL results are "independent from whether or not
mize a fitness function. The connection is straightforward, [{: set of functions (over which a No Free Lunch result

is. assumed that_ rglgular functions are easier to optimize, an Ids) is compressible”. Even though this is true, the kind of
since compreSS|b|I|ty (aIthugh na dlﬁereqt way)' rneasureé;ompressible set of functions for which a NFL result holds
how regular a function is, it can be associated, in a Sens’lg’expected t0 be difficult to optimize.

with its expected difficulty. . . : N .
: o The same reasoning (i.e., discontinuity in the optimum)
This proposition, naturally, has two consequences — func, lies for trap or deceptive functions as well. However
tions with high KC, contain no structure, no regularity an hpep exem Iify%dditional Fi)m ortant princiole KC' measures'
therefore are expected to be difficult to optimize. Function y P P b pie.

on the other hand with low KC are expected to be easg.ow random a function is — that is, the worst possible

i R ; erformance, according to this measure is that of random
The first proposition is indisputable, however, while eas
. cer ; -~Search. The NFLTs [21] prove, however, that for any problem
functions have low KC, difficult functions do not necessarily : . :
: on which an algorithm performs well (i.e., better than random
have high KC. . o
search) there is a problem on which it performs badly (worse

In section Ill we argued that a fitness function genert-ean random search). Deceptive functions are well known ex-

ated by a pseudorandom number generator has a low K L .
L - arhples for realistic search algorithms. Indeed, we can equate
however, it is expected to be hard to optimize. It can be Lo ; : I :
rgtgularlty with bias, and if the optimum is discontinuous, that

argued that pseudorandom numbers are not proven to exls,'do not follow the regularity of the function, the algorithm

Indeed, pseudo-random numbers generators generate randony .
IS expected to perform worse than random search. This can

"looking fike” long sequence of bits from a short SCQUENCR - Jpen only for veryregular functions, that is, functions
of a real random sequence. The existence of pseudorandonpp y yeg ’ '

strings is based on the conjecture tﬁ%a# N'P. This in tu_rn 5Note that it is not known whetheP # NP implies the existence of
suggests that there are computational problems which ange-way functions

b



with low KC. Thus we argue that low KC is a condition for [6]
performance which igifferent whether better or worse, than
random search.

In section V we argued that by choosing a different[7]
representation, we can transform a highly complex, random
function to a very easy, regular one. We then showed that this
is a consequence of an inaccurate definition. We suggested
a new definition for the KC of a function and linking it to
the previous definition, we argued that the complexity of theg,
representation has to be taken into account as well. We con-
cluded that section by pointing out that any approximation ofl®!
the KC by general compressing algorithms is not likely to bg g,
of any use when the fitness function is encoded as suggesﬁc}
in Il

Finally, in section VI we considered the time-bounded;y)
variants of KC. While these variants do not suffer from
the same problems of KC, they do not address particul r3]
properties of a fitness function that makes it either hard or
easy to optimize. For this reason they are not relevant to oii#]
discussion. [15]

VIIl. CONCLUSION [16]

In this paper we investigated the applicability of KC[17]
as an estimator of problem difficulty for optimization in
the black box scenario. High KC implies hardness. How-
ever, while easy fithess functions have low KC the reverse
is not necessarily true: (1) Pseudorandomness exemplifies
one of the fundamental limitations of KC in relation toq
optimization: it is not related to time. (2) We defined a
notion of Kolmogorov-continuity, we showed that as long!®l
as the optima points of a function are not continuous, KC
is not expected to be accurate. We gave the NIAH as aro)
example. (3) All the functions on which an algorithm is
expect to performworse than random searchave low
KC. KC measureghe level of randomnessf the function,
irrespectively of the expected difficulty. Other than that, the
relation of KC to the NFLTs was explored, a new definition*?!
of KC of fitness functions was given (based on [13]), and
finally, we suggested to avoid any approximation (by general
compressing algorithms) of the KC of fitness functions.

[21]
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