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Abstract

Neural networks with step activation function
canbeveryefficientwaysof performingnonlin-
ear mappings. However, no standardlearning
algorithmexists for training this kind of neural
networks. In this work weuseGeneticProgram-
ming (GP)to discover supervisedlearningalgo-
rithmswhichcantrainneuralnetworkswith step
activationfunction.Thanksto GP, anew learning
algorithm hasbeendiscoveredwhich hasbeen
shown to providegoodperformance.

1 INTRODUCTION

Supervisedlearning algorithmsare by far the most fre-
quently usedmethodsto train artificial neural networks
[4]. The StandardBackPropagation(SBP)algorithmrep-
resentsa computationallyeffectivemethodfor thetraining
of multilayer networks which hasbeenappliedto a num-
ber of learningtasksin science,engineering,financeand
otherdisciplines.TheSBPlearningalgorithmhasindeed
emergedasthestandardalgorithmfor thetrainingof multi-
layernetworks,againstwhichotherlearningalgorithmsare
oftenbenchmarked[10, 24]. In thepastfew yearsanumber
of improvementsto SBPhave beenproposedin the litera-
ture (see[21] for a survey). We will review the SBPrule
andmentionsomeof theseimprovementsin Section2.

A majordrawbackof SBPis that it cannot train networks
using step activation functions. This kind of networks
are very importantfor several reasons.Firstly, they can
beimplementedvery efficiently in softwareandhardware.
Secondly, they canperformcomplex non-linearmappings.
Lastly, butperhapsmoreimportantly, historicallythey have
beenthefirst non-linearneuralnetworksto bestudied.Af-
ter their introductionthanksto McCulloch andPitts [11],
they were studiedfor a numberof years. However, the
studyof suchnetworks(andof all neuralnetworksin gen-

eral)wasnearlyabandonedin theSeventiesdueto Minsky
andPapert’s bookon perceptrons[12], which clearly indi-
catedthe limitations of single-layerneuralnetworks with
stepactivationfunction. Theselimitationsweredueto the
fact at the time learningalgorithmswere available only
for single-layernetworks. For exampleRosenblatt’s algo-
rithm [19] could train singlelayer networks with stepac-
tivationfunction. Thefield of neuralnetworksreexpanded
in theEightiesandNinetiesthanksto thework of Hopfield
[6] andto thediscovery of theBackpropagationalgorithm
[20]. However, no-onehasbeenableto overcometheorigi-
nal limitation of networkswith stepactivationfunction: the
lackof a learningalgorithmfor multi-layernets.

Findingnew learningrulesis a very difficult task. Indeed,
a critical analysisof thehugeliteratureon this topicshows
thatonly afew reallynovelalgorithmswhichdemonstrated
muchbetterperformancethanSBPhave beenproducedin
the last 10 years[1, 7]. This slow progresshasled some
researchersto useoptimisationalgorithmsto explore the
spaceof the possiblelearning rules. Given the limited
knowledgeof sucha space,the toolsof choicehave been
evolutionaryalgorithms[23] which,althoughnotoptimum
for somedomains,offer the broadestpossibleapplicabil-
ity. Veryoftenthestrategy adoptedhasbeento useGenetic
Algorithms (GAs) [5] to find the optimumparametersfor
prefixedclassesof learningrules.Thefew resultsobtained
to datearepromising.We recallthemin Section3.

GAs requirefixing theclassof rulesthatcanbeexplored.
This biasesthesearchandpreventsthealgorithmfrom ex-
ploring themuchlargerspaceof possiblerules.So,in line
with somework by Benjio [1], also summarisedin Sec-
tion 3, we decidedto useGP [9] asthis allows the direct
evolutionof symboliclearningruleswith their coefficients
(if any) ratherthanthesimplerevolutionof parametersfor
a fixed learningrule. This paperdescribestheapplication
of GPto thediscoveryof learningrulesfor boththeoutput
andthehiddenlayersof neuralnetworkswith stepactiva-
tion function.



We describeour approachin Section4. Our earlierwork
on theevolutionof learningrulesfor neuralnetworkswith
continuousactivationfunctionsis summarisedin thesame
section. Section5 reports the experimentalresultsob-
tainedon threeclassesof standardbenchmarkproblems:
the parity, the encoder-decoder, and the characterrecog-
nition problems.We discusstheseresultsanddraw some
conclusionsin Section6.

2 BACKPROPAGATION ALGORITHM
AND RECENT IMPROVEMENTS

A multilayerperceptronis a fully connectedfeed-forward
neuralnetwork in which anarbitraryinput vectoris prop-
agatedforwardthroughthenetwork, causinganactivation
vectorto beproducedin theoutputlayer[4]. Thenetwork
behaveslike a function which mapsthe input vectoronto
an outputvector. This function is determinedby thecon-
nectionweightsof thenet.Theobjectiveof SBPis to tune
the weightsof the network so that the network performs
thedesiredinput/outputmapping.In thissectionwebriefly
recall the basicconceptsof multilayer feed-forward neu-
ral networks,theSBPandsomeof its improvements.The
readershouldreferto [21, 18] for moredetails.

Let ���� bethe
�����

neuronin the 	 ��� layer(the input layer is
the 
 ��� layerandtheoutputlayer is the � ��� layer). Let � �
bethenumberof neuronsin the 	 ��� layer. Theweightof the
connectionbetweenneuron�
�� andneuron� ������ is denoted
by � �� � . Let ��� ��� ��� ��������� �
� � bethesetof inputpatternsthat
thenetwork is supposedto learnandlet ��! �"� !#� ��������� !#�$� be
thecorrespondingtargetoutputpatterns.Thepairs( �&% ,!'% )(*),+ �������.- arecalledtrainingpatterns.Each � % is an �0/ -
dimensionalvector with components� � % . Each ! % is an�01 -dimensionalvectorwith components! � % .
Theoutput 2"3� % of a neuron� 3 � in theinput layer, whenpat-
tern �4% is presented,coincideswith its net input �657!83� % , i.e.

with � � % . For theotherlayers,thenet input �657! ������ % of neu-

ron � ������ (whentheinputpattern�4% is presentedto thenet-
work) is usuallycomputedasfollows:

�657! ���9�� % );:=<>�.? � � �� � 2 �� %A@CB ������ �
where 2 �� % , is the outputof the neuron �
�� (usually 2 �� % )DFE �657! �� %HG with

D
a non-linearactivation-function)and B ������

is thebiasof neuron� ������ . For thesake of a homogeneous
representation,B � is interpretedastheweightof a connec-
tion to a ’biasunit’ with a constantoutput1.

Theerror I 1� % for neuron� 1� of theoutputlayerfor thetrain-
ing pair ( �&% ,!'% ) is computedas

I 1� % ) ! � % @ 2 1� % �
TheSBPrule usestheseerrorsto adjusttheweights(usu-
ally initialisedrandomly)in suchawaythattheerrorgrad-
ually reduce.

Thenetwork performancecanbeassessedusingtheTotal
Sumof Squared(TSS)errorsgivenby thefollowing func-
tion:

J ) +K �>% ? � :=L> � ? � I 1� % � �
Thetrainingprocessstopswhentheerror

J
is reducedto

anacceptablelevel, or whennofurtherimprovementis ob-
tained.

In thebatchedvariantof theSBPtheupdatingof � �� � in theM ��� learningstep(often called an ”epoch”) is performed
accordinglyto thefollowing equations:

� �� � E MONQP G ) � �� � E M G NSR � �� � E M G
R � �� � E M G )UT&V ���FW� % E M G 2 �� % E M G

whereV ������ % E M G refersto theerrorsignalatneuron
�

in layer	 NU+ for pattern( at epoch M , which is theproductof the
first derivative of the activation function

DYX
and the errorI ������ % E M G , and T is a parametercalledlearningrate.

Theoutputof neuronswith stepactivationfunctionis:

2 �� % ) DFE �657! �� % G )[Z + if �657! �� %]\ 
 �_^ ,
 otherwise.

Sincethis is not differentiablein 0 and its derivative is 0
elsewhere,theSBPalgorithmcannotbeusedto train net-
workswith stepactivationfunction.

Many methodsof speedinguptheSBPalgorithmhavebeen
proposed[18, 21, 22, 14]. Rpropis oneof thefastestvari-
ationof theSBPalgorithm[18, 21, 22]. Rpropstandsfor
’Resilient backpropagation’.It is a local adaptive learn-
ing scheme,performingsupervisedbatchlearningin mul-
tilayer perceptrons.For a detaileddiscussionsee[18]. Al-
thoughRpropis considerablyfasterthanSBP, it still suffers
from many problems[3] and,like SBP, it cannottrain net-
workswith stepactivationfunction.

3 PREVIOUS WORK

A considerableamountof workhasbeendoneontheevolu-
tion of theweightsand/orthetopologyof neuralnetworks.



Seefor example[8, 15]. However only a relatively small
amountof workhasbeenreportedontheevolutionof learn-
ing rulesfor neuralnetworks. Given the topologyof the
network, GAs have beenusedto find optimum learning
rules. For example,Montana[13] usedGAs for training
feedforwardnetworksandcreateda new methodof train-
ing which is similar to SBP. Chalmers[2] appliedGAs to
discover supervisedlearningrules for single-layerneural
networks. He discussedtherole of differentkindsof con-
nectionistsystemsandverifiedtheoptimality of theDelta
rule, a simpler variant of SBP applicableto single-layer
neuralnetworks [20]. Theauthornoticedthatdiscovering
morecomplex learningruleslike theSBPusingGAsis not
easybecauseeitheroneusesahighly complex geneticcod-
ing, or oneusesa simplercodingwhich allows SBPasa
possibility. In thefirst casethesearchspaceis huge,in the
secondcasewebiasthesearchusingourown prejudices.

All the methodsmentionedabove are limited as they
choosea fixednumberof parametersanda rigid form for
the learningrule. GP hasbeenappliedsuccessfullyto a
large numberof difficult problemslike automaticdesign,
patternrecognition,roboticscontrol, synthesisof neural
networks,symbolicregression,musicandpicturegenera-
tion, etc.GPmaybeagoodwayof gettingaroundthelim-
itationsinherentto fixedgeneticcodingwhich GAs suffer
from. However, only oneattemptto useGPto inducenew
learningrulesfor neuralnetworkshasbeenreportedbefore
ourown work.

Bengio [1] usedGP to find learningrules for neuralnet-
works with sigmoidactivation function. Bengiousedthe
outputof theinput neuron2 �� % , theerrorof theoutputneu-

ron I ������ % andthefirst derivativeof theactivationfunctionof
the outputneuronasterminalsandalgebraicoperatorsas
functionsfor GP. Bengiouseda verystrongsearchbiasto-
wardsa certainclassof SBP-like learningrulesasonly the
ingredientsto rediscovertheSBPalgorithmwereused.GP
founda betterlearningrule comparedto the rulesdiscov-
eredby simulatedannealingandGAs. However, the new
learningrulesufferedfrom thesameproblemsasSBP, was
only testedonaveryspecificproblemandcannottrainnet-
workswith stepactivation function. We will describeour
approachto discoveringlearningrulesbasedon GPin the
next section.

4 EVOLUTION OF NEURAL NETWORK
LEARNING RULES WITH GP

Ourwork is anextensionof Bengio’swork with theobjec-
tiveto explorealargerspaceof rulesusingdifferentparam-
etersanddifferentrulesfor the hiddenandoutput layers.
We alsowant to train networksusingstepactivationfunc-
tion. Our objective is to obtain rules which are general,

like SBP, fast,stable,andwhichcanwork in differentcon-
ditions.Wewantto discoverlearningrulesof thefollowing
form:R � �� � )a`cb E � �� � � 2 �� % � ! � % � 2 ���9�� % G for theoutputlayer,b E � �� � � 2 �� % � 2 ������ % � J ������ % G for thehiddenlayers,

where2 �� % is theoutputof neuron� �� whenpattern( is pre-

sentedto the network and
J ������ % )ed � � ������ � V ��� �� % . So, in

our approachwe usedtwo differentlearningrulesonefor
the output layer andonefor the hiddenlayerslike in the
SBPlearningrule. In our previous research[17, 16], GP
wassuccessfulin discovering a numberof learningrules
for theoutputandhiddenlayersof feed-forwardneuralnet-
workswith sigmoidactivationfunctions.Amongthemwe
foundonewhich wasbetterthanSBPin all problemscon-
sidered.This paperextendsthat work by applyingGP to
evolve rulesfor both the outputandhiddenlayersof net-
workswith stepactivationfunction.

Thetasksthatthenetworksaresupposedto learnwith each
learningrulein thepopulationaredescribedin thenext sec-
tion togetherwith the functionsandthe terminalsusedby
GP.

5 EXPERIMENTAL RESULTS

5.1 EXPERIMENTAL SETUP

We consideredfive problemsfrom the following three
classeswhichhavebeenwidelyusedin theliterature:a)the
’exclusive or’ (XOR) problemandits moregeneralform,
theN-inputparityproblemwith 3 and4 inputs,b) thefam-
ily of the N-M-N encoderproblemswhich force the net-
work to generaliseandto mapinput patternsinto similar
outputactivations[16], c) the characterrecognitionprob-
lemwith 7 inputsrepresentingthestateof a7-segmentlight
emitting diode(LED) displayand4 outputswhich repre-
sentthedigits1 to 9 binaryencoded[1].

For theXOR problem,we useda three-layernetwork con-
sistingof 2 input, 2 hidden,and1 outputneurons.For the
3-inputparityproblem,weusedathree-layernetwork con-
sistingof 3 input, 3 hidden,and1 outputneurons.For the
4-inputparityproblem,weusedathree-layernetwork con-
sisting of 4 input, 4 hidden,and 1 output neurons. The
weightswererandomlyinitialisedwithin the range[-1,1].
For the Encoderproblemswe useda three-layernetwork
consistingof 10 input, 5 hidden,and10 outputneurons.
For the characterrecognitionproblemswe useda three-
layernetwork consistingof 7 input, 10 hidden,and4 out-
putneurons.Theweightswererandomlyinitialisedwithin
therange[0,1].

The fitnessof eachlearningrule was computedafter ap-
plying therule to theXOR problemfor 1000iterations20



times.Eachtime thenetwork wasinitialisedwith different
randomweights. If the rule wasableto train the network
(i.e., thenetwork wascapableof reproducingcorrectlyall
thepatternsin thetrainingset)in at least1 case,thefitness
of the rule was the numberof times (out of 20) the rule
successfullytrainedthenetwork. If therule wasunableto
train the network in all cases,thenthe fitnessof the rule
was

D )gf E J �ihkj @ J G , where
J

is theaverageTSSerror
over the20 cases(thevalueof

J
is measuredat themaxi-

mumnumberof learningepochs),
J �ihkj is aconstantsuch

that
Dml 
 , and f is factorsuchthat

Don + . Whena rule
wassuccessfulontheXOR problemin atleast19cases,we
alsotestedtherule on the3-inputparityproblem(initialis-
ing thenetwork20timeswith differentrandomweightsand
applyingtherule for 5000epochs)to seeif therule would
generalise.The resultsof thesetestswerenot usedin the
fitnessfunction, but were usedto later selectgood rules
which deservedfurtheroff-line testingon all theproblems
considered(for the 4-input parity, the encoder, andchar-
acterrecognitionproblemswe used10000,500, and500
epochs,respectively).

GP was run for 30-100 generationswith a population
size of 2000-5000and a crossover probability 0.9. Af-
ter applyingcrossover, subtreemutationwasappliedwith
a probability of 0.01 to all the population. In these
experiments,GP was allowed to evolve learning rules
for both the output and the hidden layers as in the
SBP but for networks with stepactivation function. We
used the function set � N � @ �Hp � , and the terminal set��� �� � � 2 �� % � ! � % � 2 ������ % � 
 �_^&� 
 � + � for theoutputlayerwhile for

thehiddenlayersweused��� �� � � 2 �� % � 2 ���9�� % � J ������ % � 
 �_^&� 
 � + � .
We usedthe “full” initialisationmethodwith a maximum
depthof 3 or 5, and tournamentselectionwith a tourna-
mentsizeof 4. Theexperimentswereperformedusingour
own neuralnetwork andGPsimulators.Thesimulatorsare
written in POP11andrunonaDigital Alphamachinewith
233MHz processorandon two SunUltraSPARC 5 and10
runningat 270and300MHz, respectively. In thesecondi-
tionsa GPrun takestendaysof CPUtimeonaverage.

5.2 RESULTS

In the experimentsGP discoveredseveral New Learning
Rules(NLRs). Thefollowing aresameof these(afterman-
ualsimplification):qsrutAv� )QTxw 
 � + 2 �� % I ������ % @ 
 � 
=
H
 ^�y��qsrutAz� )oTxw 
 � +=+ 2 ������ % @ E 
 � + @ J ������ % G E 2 �� % 2 ������ % @ 2 �� % G y��qsr{t|v� )UTYw 
 � + 2 �� % I ������ % @ 
 � 
=
 + y'�q}rutAz� )QTxw 
 � +=+ @ E 
 � 
 + @ J ������ % G E 2 �� % 2 ������ % @ 2 �� % G y��
and qsrutAv~ )QTxw 
 � + I ������ % E 2 �� %�@ 
 � ^ G E 2 �� %A@ 
 � + G y��

qsrut z~ )oTxw E 2 �� % @ 
 �_^ + G��E.E 2 ������ % J ���9�� % G N E 2 �� % @ 
 � + G E J ������ % N 
 � + G.G y��
where I ������ % ) E ! � % @ 2 ������ % G andthesuperscripts� and �
referto theoutputandhiddenlayer, respectively.

By testingthemon thefive problemsmentionedabove we
obtainedtheresultsin Table1 whichindicatethereliability
and efficiency of

qsr{t � , qsrut � and

q}rut ~ in different
conditions.

In thesetestseachalgorithmwasrun with the bestsetof
parameterswhichwedeterminedempirically. Thetablere-
ports,for eachalgorithm,thelearningrate T , theminimum,
maximumandmeannumberof epochs(theperiodduring
which every patternof the training set is presentedonce)
which the algorithmneedsto convergein 20 independent
attemptsto train thenetwork, thenumberof successes(i.e.
timesin which the learningalgorithmsucceededin train-
ing the network), and the rangeof learningrateswithin
whichthealgorithmconvergeswith aprobabilityof at least
50%. If the network hadnot convergedwithin the maxi-
mum numberof epochs,the run wasdeclaredunsuccess-
ful. It shouldbenotedthat

q}rut � is thebestrule discov-
eredin our runssinceit works for the XOR, 3-parity, 4-
parity, Encoder, andCharacterRecognitionproblemscon-
verging in 100%of the cases.It shouldbe notedthat for
theXOR problemtheminimumandmaximumnumberof
epochsrequiredby

qsr{t � to converge is 3 and 42, re-
spectively. This comparesvery favourablywith the min-
imumandmaximumnumberof epochsrequiredto trainan
equivalentnetwork with sigmoidactivationfunctionusing
SBP(101 and870, respectively) or SBPwith Rprop (12
and56, respectively)[16]. Indeedthe averagenumberof
epochsnecessaryfor convergencewith the

qsr{t � is 15.8
which compareswell with the resultsreportedin [16] for
this problemusingSBPwith Rpropwhich requiredon av-
erage25.9 epochsto converge. Similar performanceim-
provementswereobtainedfor the otherproblems. Also,
therangeof learningrateswithin which

qsrut � converges
is quite large for mostproblemsindicatingthat the rule is
verystable.Thelearningrule is alsoverysimple.

By looking at all the learningrules,we canseethat each
oneincludestheterm T 2 �� % I ���9�� % in theoutputlearningrule.
This term is the Delta learningrule. So, the experiments
with GPsuggestedthata goodlearningrule for theoutput
layer of networks with stepactivation functionshouldin-
cludetheDeltalearningrule. Table2 analysesthestrategy
usedby

q}rut � to train thehiddenlayers.

Thestrategy is simpleto understandconsideringthatin our
teststhevariables2 �� % representthe inputsto thenetwork.
Let us considerwhat happensto the connectionbetween
neuron� in theinput layerandneuron

�
in thehiddenlayer.



Table1: Performanceof thenew learningrulesdiscovered
by GP.

XOR(2-input parity)
LearningEpochs Successful

Algorithm T Min Max Mean Runs Range
qsr{t � 2.35 3 42 15.8 20 [0.25-10]
qsr{t � 2.35 5 35 15.3 20 [0.15-10]
qsr{t ~ 2.35 4 76 28.5 20 [0.15-10]

3-input parity
LearningEpochs Successful

Algorithm T Min Max Mean Runs Range
qsr{t � 0.95 25 364 147.5 20 [0.15-2.25]
qsr{t � 0.95 16 266 105.4 20 [0.25-2.25]
qsr{t ~ 0.08 26 401 167.6 20 [0.25-1.55]

4-input parity
LearningEpochs Successful

Algorithm T Min Max Mean Runs Range
qsr{t � 0.42 132 3535 1285.1 20 [0.3-0.5]
qsr{t � 0.3 353 100002234.8 5 –
qsr{t ~ – 100001000010000 0 [0.005-1]

Encoder
LearningEpochs Successful

Algorithm T Min Max Mean Runs Range
qsr{t � 0.52 42 305 171.8 20 [0.34-0.82]
qsr{t � 0.52 17 391 179.9 20 [0.34-0.82]
qsr{t ~ 0.505 40 288 123.4 20 [0.45-0.68]

Character recognition
LearningEpochs Successful

Algorithm T Min Max Mean Runs Range
qsr{t � 0.2 67 398 194.5 20 [0.1-0.36]
qsr{t � 0.2 25 475 190.7 20 [0.1-0.3]
qsr{t ~ 0.28 244 500 387.5 16 [0.28-0.6]

If neuron
�

is active, theweightwill beincreasedwhatever
thestateof the input neuron.This meansthat the learning
rule tries to increasetheprobabilityof thehiddenneurons
to beactive,becauseonly if thehiddenneuronsareactive
theerroronneuronsin theoutputlayercanbereduced(by
appropriatelysettingtheweightsof theoutputlayer).This
in turn causesa reductionof theerrorsin thehiddenlayer.
However, this strategy of activatingtheneuronsin thehid-
denlayermustbeusedcarefully, sincetheneuronsin the
hiddenlayer have to transmitinformation from the input
layer so that the outputneuronscanmake the right deci-
sions. So, they cannotalwaysbeon. This is achievedby
theremainingtwo cases,i.e. whenneuron

�
is inactive.

If no input is present( 2 �� % ) 
 ) andthestateof thehidden

neuronis 0 ( 2 ������ % ) 
 ) thereis no reasonto changethe
connection.In fact, even if thereis an error on neuron

�
,

this couldbechanged(in futureepochs)only by changing
thestateof neuron

�
, whichcannotbedonesince2 �� % ) 
 .

Table2: Analysisof

qsr{t � .2 �� % 2 ������ % qsr{t z�
0 0 0
0 1 0.11 T
1 0 T E J ������ % @ 
 � + G
1 1 0.11T

Themostimportantcase,is whenthehiddenneuronis in-
active but the input neuronis active. In this case,the rule
considerstheerrorsignalonthehiddenneuron

J ���9�� % . If the
error is smallerthan0.1 (i.e. it is negative or only weakly
positive), then the strengthof the connectionwill be de-
creased.This is to reducethe probability that the hidden
neuronbecomeactive. This preventsthe hiddenneurons
from beingalwaysactive thusallowing thetransmissionof
informationthroughthenetwork. However, if theerror is
positive andlarge,thenit is betterto helpthis hiddenneu-
rontobecomeactive,sincethisis theonlywayin whichthe
erroron theoutputlayercanbereduced.Theinformation
to theoutputneuronswill have to be transmittedby some
otherhiddenneuron.

6 CONCLUSIONS AND FUTURE WORK

In this paperwe have appliedGPto find supervisedlearn-
ing rules for the output and hiddenlayersof multi-layer
neuralnetworks usingstepactivation functions. No rules
exist in the literate to train this kind of neuralnetworks.
GP hasdiscovereda usefulway of usingthe Delta learn-
ing rule (originally developedfor single-layerneuralnet-
works) for the output layer. Also, GP hasdiscoveredan
effective learningrule for the hidden layers. Thesetwo
learningrulestogetherhave performedwell on a number
of problems.Whethertheserulesaregeneralremainsto be
seen.

This study indicates that there are efficient supervised
learning algorithmsfor multilayer neural networks with
stepactivationfunctionandthatGPcando betterthanhu-
mansatdiscoveringthem.

If therulediscoveredby GPto trainmulti-layerneuralnets
with stepactivationfunction is general,thenGPwill have
donewhatneuralnetwork researchershave beenunableto
do in the last40 years:it will have continuedtheresearch
of thefathersof thefield of neuralnetworks,reestablishing
theusefulnessandreputationof neuralnetworkswith step
activationfunction.
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