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Abstract. Thispaperpresentsanew approachtotheevolutionof neuralnetworks.
A linearchromosomecombinedwith a grid-basedrepresentationof thenetwork
and a new crossover operatorallow the evolution of the architectureand the
weightssimultaneously. There is no needfor a separateweight optimization
procedureandnetworks with morethanonetype of activation function canbe
evolved. This paperdescribesthe representation,the crossover operator, and
reportson resultsof the applicationof the methodto evolve a neuralcontroller
for thepole-balancingproblem.

1 Intr oduction

Thereliable,generalpurpose,automaticdesignof neuralnetworks(NNs)isstill alargely
unsolved problem.Recently, new promisingapproachesbasedon evolutionaryalgo-
rithms,suchasevolutionaryprogramming(EP) [1] andgeneticalgorithms(GAs) [2],
have beenappliedto thedevelopmentof artificial neuralnetworks.Approachesbased
onEPrely exclusively onmutationandoperateon theneuralnetwork directly [3, 4, 5].
Althoughit hasbeenadvocatedthatEPis amoresuitableapproachto thedevelopment
of neuralnetworks [3], we think that crossover is an inportantmechanismprovided
by GAs for the exploitation of informationon different regionsof the searchspace.
Methodsbasedon geneticalgorithmsusuallyrepresentthe structureandthe weights
of NNs as a string of bits or as a combinationof bits and real numbers[6, 7], and
perform the crossover operationas if the network were a linear structure.However,
neuralnetworks cannotnaturallybe representedasbinary vectors.They areoriented
graphs,whosenodesareneuronsandwhosearcsaresynapticconnections.Therefore,
it is arguablethatany efficient approachto evolve NNs shoulduseoperatorsbasedon
thisstructure.

Somerecentworkbasedongeneticprogramming(GP) [8] isafirststepin thisdirec-
tion. For example,in [8, 9] neuralnetworkshavebeenrepresentedasparsetreeswhich
arerecombinedusinga crossover operatorwhich swapssubtreesrepresentingsubnet-
works.However, thegraph-like structureof neuralnetworksis not ideally represented
directly with parsetreeseither. Indeed,analternativeapproachbasedon GP, known as
cellularencoding[10], hasrecognizedthisandusedanindirectnetwork representation
in which parsetreesrepresentruleswhichgrow a completenetwork from a tiny neural
embryo.Althoughverycompact,thisrepresentationenforcesaconsiderablebiasonthe
network architecturesthatcanbeachieved.

Recently, a new form of GP, PDGP[11], in which programsare representedas
graphsinsteadof parsetrees,hasbeenappliedto theevolutionof neuralnetworks [12].



Themethodallows theuseof morethanoneactivationfunctionin theneuralnetwork
but it doesnot includeany operatorsspecializedin handlingthe connectionweights.
Nonethelesstheresultswereencouragingandledusto believethataproperrepresenta-
tion, with specializedoperatorsactingonmeaningfulbuilding blocks,couldbeusedto
efficiently evolveneuralnetworks.Indeed,in [13] we improvedandspecializedPDGP
by introducingadualrepresentation,wherea lineardescriptionof thenetwork wasdy-
namicallyassociatedto a two-dimensionalgrid. Severalspecializedgeneticoperators,
someusingthe linear description,othersusingthe grid, allowed the evolution of the
topologyandtheweightsof moderatelycomplex neuralnetworksveryefficiently.

In this paper, we proposea new combinedcrossover operatorwhich allows the
determinationof the architecture,the activation function,andthe weightsof a neural
network concurrentlyandveryefficiently. In thefollowing sections,our representation
andoperatoraredescribed,andthe resultsof the applicationof this paradigmto the
developmentof a neuralcontrollerfor thepole-balancingproblemarepresented.

2 Representation

In PDGP, insteadof theusualparsetreerepresentationusedin GP, agraphrepresentation
is used,wherethe functionsandterminalsareallocatedin a two-dimensionalgrid of
fixedsizeandshape.Thegrid is particularlyusefulto solve problemswhosesolutions
aregraphswith a naturallayeredstructure,like neuralnetworks.

However, thisrepresentationcanmakeinefficientuseof theavailablememoryif the
grid hasthesameshapefor all individualsin thepopulation.In fact,in this casethere
is no needto representthegrid explicitly in eachindividual.Also, in somecases,it is
importantto beableto abstractfrom the physicalarrangementof neuronsinto layers
andto only considerthetopologicalpropertiesof thenet.To do this, it is morenatural
to usea lineargenotype.

Theselimitations led us to proposea dual representation[13], in which a linear
chromosomeis converted,when needed,into the grid-basedPDGP representation.
Thedual representationincludesevery detail necessaryto build andusethenetwork:
connectivity, weightsandtheactivationfunctionof eachneuron.A chromosomeis an
orderedlist of nodes(seeFigure1a).An index indicatesthepositionof thenodesin the
chromosome.All chromosomeshave thesamenumberof nodes.

Like in standardgeneticprogramming,the nodesareof two kinds: functionsand
terminals.Thefunctionsrepresenttheneuronsof theneuralnetwork, andtheterminals
arethevariablescontainingtheinput to thenetwork (seeFigure1b).

Whenthenodeis a neuron,it includestheactivationfunctionandthebias,aswell
asthe indexesof othernodessendingsignalsto theneuronandtheweightsnecessary
for thecomputationof its output.Multiple connectionsfrom thesamenodeareallowed.
Nodesareevaluatedaccordingto theirorderin thechromosome.

Whennecessary(seesection3), the linear representationjust describedis trans-
formed into the two-dimensionalrepresentationusedin PDGP. A descriptiontable
definesthenumberof layersandthenumberof nodesperlayerof thetwo-dimensional
representation(seeFigures1cand1d).Thenodesof thelinearchromosomearemapped
onto this representationaccordingto the descriptiontable. The connectionsof the
network areindicatedby links betweennodesin the two-dimensionalrepresentation.
Thedescriptiontableis a characteristicof thepopulationandit is not includedin the
genotype.Thetwo-dimensionalrepresentationmayhaveany numberof layers,eachof
differentsize.This featuremaybeusedto constrainthegeometryof thenetwork (e.g.
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Fig.1. (a) Chromosomeand nodedescription.(b) Exampleof a chromosome.(c) The table
describingthenumberof nodesperlayerof thenetwork. (d) Thetwo-dimensionalrepresentation
resultingfrom themappingof thenodesof thechromosomein (b), accordingto thedescription
tablein (c) (notetheintronin theinternallayer).(e)Resultingneuralnetwork aftereliminationof
intronsandtransferof connectionfrom terminalsin theinternallayerto correspondingterminals
in thefirst layer(node5 is thesameterminalasnode2).

to obtain encoder/decodernets)andcan alsobe usedto guidespecializedcrossover
operators[13].

Thenodesin thefirst layerareterminals,whereasthenodesin thelastlayerrepresent
theoutputneuronsof thenetwork. Thenumberof input andoutputnodesdependson
the problemto be solved.The remainingnodes,called internal nodes, constitutethe
internallayer(s),andthey maybeeitherneuronsor terminals.

Althoughthesizeof thechromosomeis fixedfor theentirepopulation,theneural
networksrepresentedmayhavedifferentsizes.Thishappensbecauseterminalsmaybe
presentasinternalnodesfrom the beginning,or maybe introducedby crossover and
mutation(this is discussedin section3). They areremovedfrom thenetwork duringthe
decodingphase,which is performedbeforeeachindividual is evaluated.Connections
fromtheremovedterminalsarereplacedwith connectionsfromcorrespondingterminals
in theinput layer(seeFigures1dand1e).It mustbealsopointedoutthatmostmethods
work with a singlepool of hiddenneuronswithout structuringthem into more than
onelayer. For mostapplicationsthis is sufficient. However, if necessary, our method
providesanaturalwayof structuringthehiddenneuronsinto morethanonelayer.

Our modelallows the useof morethanoneactivation function,so that a suitable
combinationof activationfunctionscanbeevolvedto solve a particularproblem(this
is discussedin thenext section).



3 Crossover

Thecrossoveroperatorproposedin thispaperworksby randomlyselectinga nodea in
thefirst parentandanodeb in thesecondparent(seeFigure2a),andby replacingnode
a in acopy of thefirst parent(theoffspring).Dependingonthetypesof nodea andnode
b, thereplacementof nodea is carriedoutasfollows:

Both nodesareterminals This is thesimplestcase,nodeb replacesnodea, andthere
is nochangeeitherin thetopologyor in theweightsof thenetwork.

Nodeb is a terminal and nodea is a function In thiscase,nodeb alsoreplacesnode
a, but thecomplexity of thenetwork is reduced,becauseaneuronis removedfrom
thenetwork.

Nodeb is a function and nodea is a terminal In this situation,the crossover opera-
tion increasesthecomplexity of thenetwork. A temporarynode,c, is createdasa
copy of nodeb. Beforenodec replacesnodea in theoffspring,eachof its connec-
tionsis analyzedandpossiblymodified,dependingonwhetherthey areconnections
from terminalsor functions:

– If the connectionis from a function, the index of the connectednodeis not
modified.

– If theconnectionis from a terminal,the index is modifiedto point to another
node,asif theconnectionhadbeenrigidly translatedfromnodeb tonodea. For
example,theconnectionbetweennode10 andnodeb in Figures2aand2b is
transformedinto aconnectionbetweennode8 andnodec in Figures2cand2d.
In somecases,translatingtheconnectionrigidly might leadto point to annon-
existentnodeoutsidethelimits of thelayer. In thiscase,theindex of connected
nodeis modifiedasif theconnectionhadbeenwrappedaroundthe layer. For
instance,the connectionbetweennode7 andnodeb in Figures2a and2b is
transformedinto aconnectionbetweennode1 andnodec in Figures2cand2d.
If therigid translationof theconnectionrequiresthepresenceof anodebelow
theinput layer, theconnectionis deleted.

Sometimes,aconnectionin nodec, modifiedor not,generatesfeedbackloopsin the
offspring.In thiscase,asweareinterestedin feedforwardnetworks,theconnection
is deleted.For example,theconnectionbetweennode13 andnodeb in Figure2b
wasdeletedwhennodec wascreated.
This procedurefor connectioninheritanceaimsat preservingasmuchaspossible
theinformationpresentin theconnectionsandweights.

Both nodesarefunctions This is themostimportantcase.By combiningthedescrip-
tion of two functions,thetopologyandtheweightsof thenetwork canbechanged.
After creatingnodec asdescribedabove,its descriptionandthedescriptionof node
a arecombinedby selectingtwo randomcrossoverpoints,onein eachnode,andby
replacingtheconnectionsto theright of thecrossoverpoint in nodea with thoseto
theright of thecrossoverpoint in nodec. This createsa new nodeto replacenode
a in theoffspring.SeeFigure3.
This processcaneasilycreatemultiple connectionsbetweenthesametwo nodes.
Thesearevery importantbecausetheir neteffect is a fine tuningof theconnection
strengthbetweentwo nodes.However, as this may reducethe efficiency of the
search,we only allow a prefixed maximumnumberof multiple connections.If
morethantheallowedmaximumnumberof multipleconnectionsarecreated,some
of themaredeletedbeforethereplacementof nodea in theoffspring.



Modificationof theactivationfunctionandbiasof anodeis notperformedwith our
crossoveroperator.However, thiscanbeindirectlyaccomplishedbyreplacingafunction
with a terminal,whichcanlaterbereplacedwith a functionwith differentfeatures.
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4 Experimental results

To assesstheperformanceof themethodproposed,it wasappliedto thepole-balancing
problem.Thisproblemis awell-studiedbenchmarkfor controlmethods[7, 14, 15]. The
taskconsistsof balancinga polehingedin thecenterof a moving cart,by applyinga
forceto thecartexclusively. Thepole is only allowedto move in a verticalplaneand
thecartmovesin aone-dimensionaltrack.

The only forcesacting on the systemarea control force appliedto the cart and
gravity. Thecontrollermustprovide a sequenceof left andright pushesto thecart, in
orderto keepthesystemwithin specifiedlimits. Differentstrategiesmustbecompared
exclusivelyontheirnetresult:failureorsuccess.Thereisnowayof knowing in advance
which individualactionwill contributeto a successfulor unsuccessfulcontrolstrategy
in theend.

Thestateof thecart-polesystemisdefinedbyfourvariablesrepresentingtheposition
andvelocityof thecart,andtheangleof thepoleto theverticalandits angularvelocity.
Theequationsof motionwerenumericallyintegratedto givethenew stateof thesystem
at eachtime step(we usedEuler’s methodwith a time stepof 0.02s).A failuresignal
wastriggeredwhentheangleof thepoleor thepositionof thecartexceededspecified
limits. Thelimit for thecartpositionwas � 2.4m,andthelimit for theangleof thepole
variedaccordingto theexperiment(detailsaregivenfurtheron).

At eachgeneration,individualsin thepopulationwereevaluatedby thenumberof
time stepsin which they wereableto keepthepolebalancedandthecart in thetrack.
At eachtime step,theneuralnetwork receivedasinput the four statevariablesof the
cart-polesystemandreturnedasoutputtheforceto beappliedto thecart.Beforebeing
introducedasinput to thenetwork, thestatevariableswerenormalizedusingthesame
normalizationfactorsreportedin [14].

In all experimentsa populationof 100 individualswasevolvedfor a maximumof
100 generationsusingtwo differenttopologies:4-10-1and4-5-5-1.The weightsand
biaseswererandomlyinitializedwithin therange[-1.0,+1.0]andthehyperbolictangent
wasusedasactivationfunction.

In afirstsetof experiments,weusedthecontrolapproachreportedin [14, 15], where
cellularencodinghasbeenappliedto thepole-balancingproblem.Two differentcontrol
actionswereinvestigated:a bang-banganda continuouscontrolforce.In thefirst case,
theforce � canonly taketwo discretevalues:+10or -10.In thesecondcase,it cantake
any valuein therange[-10.0,+10.0].

Thefitnessof anindividualis givenby thenumberof timestepsin whichthesystem
is controlledoverdifferentinitial states.Weusedthesameinitial statesreportedin [14].
A solutionis a network which cancontrol the systemover all initial statesfor 1,000
timesteps.Thelimit for theangleof thepolewassetat36degrees.

Table1 shows theresultsof 50 independentruns.Column1 indicatestheshapeof
the two-dimensionalrepresentationused.Column2 representstheaveragenumberof
generationstoobtainasolution.Column3and4show thenumberof hiddenneurons(all
internallayersincluded)andthenumberof connectionsof theneuralnetwork, respec-
tively. Column5 shows thecomputationaleffort, i.e. thenumberof fitnessevaluations
necessaryto obtaina solutionwith 99%probability[8].

Therewasno noticeabledifferencebetweenthe4-10-1andthe4-5-5-1topologies,
althoughtheeffort to obtainasolutionwasslightly smallerwith thefirst one.A typical
solutionfoundwith thebang-bangcontrolactionis shown in Figure4.

In orderto compareour resultswith thosereportedin [14, 15], a generalizationtest
wasperformedfor all solutionsfound,by countingthe numberof successfulcontrol



runsof thecart-polesystemfor 1,000timesteps.Eachsolutionwasrequiredto control
the systemfrom 625 differentinitial states,definedby eachnormalizedstatevariable
assumingthevalues:� 0.9, � 0.5and0.

Theresultsaresummarizedin Tables1aandb. Thesecondcolumnrepresentsthe
numberof fitnessevaluationstoachieveasolution.Columns3,4 and5 show thenumber
of successfulcontrolrunsof thebestsolution(B), of all solutions(M), andof theworst
solution (W), respectively. Column 6 representsthe standarddeviation (SD) of the
generalizationtest.

In bothcasesour methodconsiderablyoutperformedcellularencodingin termsof
numberof fitnessevaluationstoachieveasolution.Theresultsareevenmoreimpressive
if oneconsidersthesizeof thepopulationsusedin thecellularencodingexperiments:
2048in [14] and4096in [15]. In [14], thenumberof individualsin thepopulationis
almostof the samesizeasthe numberof fitnessevaluationsto achieve a solutionfor
thebang-bangcase,whichmeansthatagoodapproximationwasalreadypresentin the
initial population.In [15], the sizeof the populationis considerablygreaterthanthe
numberof evaluationsto achieve a solutionin the bang-bangcase,which meansthat
thesolutionwasalreadypresentin theinitial population.It maybealsopointedout that
with bothcontrolactions,thenumberof fitnessevaluationsto achieve a solutionwith
ourapproachareof thesameorderof magnitude.Thissuggeststhatourmethodscales
upbetterthancellularencodingwith thedifficulty of theproblem.

Thegeneralizationpowerof thesolutionsweobtainedis superiorto thosereported
in [15], but inferior to thosereportedin [14]. However, we believe that by increasing
the sizeof the population,andby allowing the populationto evolve to the maximum
numberof generations(in thecurrentexperiments,theevolution hasbeeninterrupted
assoonasasolutionhasbeenfound),bettergeneralizationcouldbeachieved.

Table 1. Summaryof resultsobtainedin the first setof experiments.Valuesrepresentaverage
over 50randomruns.

Topology Gen Neurons Connections Effort
min/avg/max min/avg/max

4-10-1(bang-bang) 4 0/1.0/5 4/8.0/26 1,100
4-5-5-1(bang-bang) 4 0/1.3/4 4/9.0/22 1,300
4-10-1(continuous) 7 0/1.0/3 3/7.7/16 2,600
4-5-5-1(continuous) 8 0/1.4/6 4/10.0/34 2,700

Table 2. Resultsobtainedwith our methodandwith cellular encoding.(a) Using a bang-bang
controlaction.(b) Usingacontinuouscontrolaction.

Learningstage Successfulruns
Method Eval B M W SD

Cellular[14] 2,234N/A 430N/A N/A
Cellular[15] 1,400N/A 250N/A N/A
4-10-1 367 377321 189 45
4-5-5-1 392 381339 228 33

Learningstage Successfulruns
Method Eval B M W SD

Cellular[14] 19,011N/A 386N/A N/A
Cellular[15] 21,000N/A 225N/A N/A
4-10-1 600 379325 229 36
4-5-5-1 690 368328 212 30

(a) (b)
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In a secondsetof experiments,we usedthe approachsuggestedby Whitley et al.
[7], wherethe cart is initially in the centerof the trackwith zerovelocity, thepole is
vertically alignedwith zeroangularvelocity, andan individual is consideredto be a
solutionto theproblemif it cankeepthesystemwithin thepredefinedlimits for 120,000
timesteps.

A bang-bangcontrolactionbasedon a probabilisticinterpretationof theoutputof
thenetwork wasused,in which anoutputof 0.75doesnot meannecessarilya pushto
theright, but ratherthatthis actionhasa probabilityof occurrenceof 75%.As pointed
outin [7] andaswealsoobservedin ourexperiments,thisprocedureallowsthenetwork
to exploremoreof thestatespace.

In ordertocompareourresultswith thosereportedin [7], wecarriedoutexperiments
with a failuresignalat two differentlimits for theangleof thepole:12and35degrees.
Theresultsareshown in Table3.

As in thefirst setof experiments,the4-10-1topologywasslightly betterthanthe
4-5-5-1onein termsof effort andnumberof generationsto find a solution.A typical
solutionfoundfor the12degreescaseis shown in Figure5.

Table 3. Summaryof resultsobtainedin thesecondsetof experiments.In thefirst column,the
specifiedmaximumangleof thepole is indicatedin brackets.Valuesrepresentaverageover 50
randomruns.

Topology Gen Neurons Connections Effort
min/avg/max min/avg/max

4-10-1(12) 5 0/1.0/3 4/7.9/16 2,000
4-5-5-1(12) 7 0/1.0/3 4/7.8/19 2,600
4-10-1(35) 4 0/0.8/4 4/7.0/14 1,100
4-5-5-1(35) 4 0/1.1/4 4/8.5/22 1,600



Table4. Resultsobtainedwith ourmethodandthosereportedby Whitley etal. [8]. (a)12� case.
(b) 35� case.

Learningstage successfulruns
Method Eval B M W SD

Whitley etal. 4,097446 297 24 89
4-10-1 489 524 372 156 90
4-5-5-1 584 508 345 141 94

Learningstage successfulruns
Method Eval B M W SD

Whitley etal. 4,206430 304 92 92
4-10-1 359 539 426 235 80
4-5-5-1 353 529 432 204 77
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Fig.5. (a) Two-dimensionalrepresentationof a typical solutionfoundusinga 4-10-1topology.
(b) Correspondingneuralnetwork.

To verify the generalizationpower of the solutionsfound in the secondset of
experiments,eachof themwasrequiredto balancethesystemstartingfrom asetof 625
randomstates(selectedwithin the normalizationfactorsrange)for 1,000time steps.
Theresultsof theseexperimentsaresummarizedin Tables4aandb.

Our resultsaresubstantiallybetterthanthosereportedin [7] in termsof number
of fitnessevaluationsto achieve a solution.The resultsare even more impressive if
oneconsidersthatWhitley andcollaboratorsdid not evolve thearchitecture,only the
weights.Thegeneralizationpowerof thesolutionsweattainedis alsobetter.

5 Summary

In this paper, a new approachto the automaticdesignof neuralnetworks hasbeen
presented,whichmakesnaturaluseof theirgraphstructure.Theapproachis basedona
dualrepresentationandanew crossoveroperator. Themethodwasappliedto thedesign
of feedforwardnetworksin acontroltaskshowing promisingresults.In futureresearch,
we intendto extendthepowerof therepresentation,andto applyit to a wider rangeof
practicalproblems.
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