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Abstract

In recenttheoreticaland experimentalwork on schematan geneticprogrammingwve have proposeda new
simplerform of cross@er in which the samecrosseer pointis selectedn both parentprograms.We call this
operatolone-pointtrosswerbecausef its similarity with thecorrespondingperatoiin geneticalgorithms.One
point crosseer presentyvery interestingpropertiefrom the theorypoint of view. In this papemwe describehis
form of crosseer aswell asa new variantcalledstrict one-pointcrossaer highlightingtheir usefultheoretical
andpracticalfeatures.We alsopresentexperimentalevidencewhich shaws that one-pointcrosseer compares
favourablywith standarctrosseer.

1 Introduction

GeneticProgramming GP) hasbeenappliedsuccessfullyto a large numberof difficult problemslik e automatic
design patternrecognitionyoboticcontrol,synthesiof neuralarchitecturessymbolicregressionimageanalysis,
naturallanguageprocessinggetc. [6, 7, 5, 8, 1, 14, 16, 15, 13]. However, only a relatively small numberof
theoreticaresultsareavailablewhichtry andexplainwhy andhow it works(see[10, page17-519ffor alist of
references).

Holland's schemaheorem(see[4] and[3]) is oftenusedto explain why geneticalgorithms(GAs) work. For
binary GAs, a schemds a string of symbolstaken from the alphabet{0,1,#. The characte# is a “don’t care”
symbol, so that a schemacanrepresenseveral bit strings. Oneway of creatinga theoryfor GP is to definea
concepbf schemdor parsetreesandto extendthe GA schemaheorem.

Unfortunately until very recentlythe efforts in this directionhave givenlimited results.In the lastfew years
alternatve definitionsof scheméhave beenproposed6, 12, 20]. All thesedefinitionsarebasedntheideathata
schemads composedf oneor moretreesor fragmentsof treesandthateachschemaepresentsil the programs
in which suchtreesor treefragmentsare present.Thesenotionsof scheméahave led to sometheoreticalresults
which, however, have alimited explanatorypower. Thereis a simpleexplanationfor this.

A schemads a subspac®f the spaceof possiblesolutions,ideally representedising someconcisenotation
(ratherthanenumeratingall the solutionsit contains). A populationof stringsor programssamplesmary sub-
spacedn parallel. A schematheoremis an attemptto explain which subspacesvill be sampledat the next
generationSo,thecrucialfeaturefor schematao beusefulin explaininghow GP searchess thattheir definition
mustmalke the effects of selection,cross@er and mutationcomprehensibland relatively easycalculate. The
problemwith the definitionsof scheméor GP mentionedabove is notthatthey arenot clearor concisejt is that
they make the effectson schemataf the geneticoperatorsisedin GPtoo difficult to evaluatemathematically

In recentwork [18] we havereconsideredll thisandproposeanew definitionof schemdor GPwhichis very
closeto theoriginal concepiof scheman GAs. We definea schemaasa treecomposeaf functionsfrom the set
Fu{=} andterminalsirom theset7 U{=}, whereF and7 arethefunctionsetandtheterminalsetusedin aGP
run. Thesymbol= is a“don’t care” symbolwhich standdor a singleterminalor function. Thereforea schema
H representprogramshaving the sameshapeas H andthe samelabelsfor the non= nodes.For example,the
schema AND (= x y) =) representshe programs(AND (OR x y) z), (AND (AND x y) Xx), etc.
butnot(OR (AND x y) z) or(AND (AND x y) (OR x z)).

While this definitionis simplerthan others,it is still very difficult to modelmathematicallythe effectson
schemataf standarccrosseer. This promptedus to find a more naturalform of crosseer for GP which was



mathematicallyin tunewith our definition of schema.The similarity betweerour GP schematandthe original
GA schematasuggestedb usa new form of crosseerfor GP, which we calledone-pointcrossaver, in whichthe
samecrossa@er pointis selectedn bothparentgseeSection2). Thisis very similarto one-pointcrosseerfor bit
stringswherea commoncrossa@er pointis selectedn both parentsandthe offspring are producedby swapping
the bits on the right or the left of the cross@er point. We alsochosea simpleform of mutation,point mutation
in which afunctionin thetreeis substitutedvith anotherfunctionwith the samearity or aterminalis substituted
with anotherterminal[11].

With thesegeneticoperatorsve wereableto derive very naturallya schemaheory[18] which hasa consid-
erableexplanatorypower (seeAppendixA). Indeed the predictionsof thetheoryhave beenlatercorroboratedy
anexperimentabtudy[17] onthe creation propagatioranddisruptionof GPschematdn smallpopulationsusing
the XOR problem. In this paperwe experimentallystudythe performancef our geneticoperatorandcompare
themto standardsP on larger parity problems.

The paperis organisedasfollows. In Section2 we describeone-pointcross@er aswell asa new variant
calledstrict one-pointcrosswer andwe discusgheir properties.In Section3, we presenexperimentakvidence
which shows that both forms of one-pointcrosseer comparefavourablywith standarccross@er onthe even-3,
4 and5 parity problems Finally, we drav someconclusionsandwe give indicationsof futurework in Section4.
AppendixA summarisesur schemaheorenfor GRP

2 One-Point Crossover

One-pointcrosseer works by selectinga commoncrosseer pointin (copiesof) the parentprogramsandthen
swappingthe correspondingubtreedik e standarccrosswoer. If the parentshadalwaysthe samesizeandshape,
thisoperatiorcouldbeperformedn asinglestage by selectingary link asthecrossweerpoint. However, in order
to accountfor the possiblestructuraldiversity of thetwo parentspne-pointcrosseer requireswo phases:

(a) firstthetwo parenttreesaretraversedto identify the partswith the sameshapej.e. with the samearity in
thenodesencounteredraversingthetreesfrom therootnode then

(b) arandomcross@er pointis selectedvith a uniform probabilityamongthelinks belongingto the common
partsidentifiedin step(a).

Figurel illustratesthe behaiour of onepointcrosseer. It is worth notinghow the offspringproducednheritthe
commonstructure(emphasiseavith thick lines) of the upperpartof the parents.(One-pointcrosseer hassome
similarity to the strongcontet preservingcross@er operatomproposedn [2] but context preservingcrosseer is
lessrestrictive thanone-pointcrosseer asto which links canbe selectedascross@er points.)

One-pointrosswerhasaveryimportantproperty:it makesthe calculationsiecessaryo modelthedisruption
of GPschematdeasible.This meanghatit is possibleto studyin detailits effectson differentkinds of schemata
andto obtainaschemaheorem.Thistellsushow the GP searctproceeddy predictingwhich areasof thesearch
spacehave a high probabilityof beingsampledy the programsn a generatiorgiventheprogramsn the previous
one. AppendixA summarisesur GP schemaheorem.More onit canbe foundin [18] and[17]. Herewe want
only to recallthe mostimportantpredictedandobseredeffect of one-pointcross@er: unlike standarctrosseer,
in the absencef mutation,one-pointcrosseer makesthe populationcorverge quite quickly like a standardGA
(in somecaseswith helpfrom geneticdrift). Thereasorfor thisis probablythatuntil alarge-enougtproportion
of the populationhas exactly the samestructurein the upperpartsof the tree, the probability of selectinga
crosswer pointin the lower partswill bevery small. This effectively meanghatuntil a commonupperstructure
is found,one-pointcrosseris actuallysearchinga muchsmallerspaceof (approximatelyfixed-sizestructures.
Therefore,GP behaeslike a GA searchingor a partial solution (i.e. a goodupperpart)in a relatively small
searchspace.This meanghatthe algorithmcorvergesanda commonupperpartis quickly found,which cannot
later be modifiedunlessmutationis present.At that point the searchconcentratesn slightly lower levelsin the
treewith a similarbehaviour, until level afterlevel the entirepopulationhascompletelycorverged. So,one-point
crosswertransformsalarge searchin the original spacecontainingprogramswith differentsizesandshapesnto
asequencef smallerquick searchen spacecontainingstructure®of fixedsizeandshape.

1Ohviously the lower partsof the treesmoved aroundby crosseer influencethe fitnessof the fixed-sizeupperparts, but they are not
modifiedby crosseer atthis stage.
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Figurel: One-pointcross@er (potentialcross@erlocationsareshavn in bold).

An importantconsequencef the corvergencepropertyof GPwith one-pointcrosseeris thatthatlikein GAs
mutationbecomes very importantoperatoito preventprematurecornvergenceandto maintaindiversity.

In additionto thetheory-relateghropertiesnentionedabore, one-pointcrosseeroffersanotheweryimportant
propertyfrom thepracticepointof view: it doesnotincreasehedepthof theoffspringbeyondthatof their parents,
andthereforebeyond the maximumdepthof the initial randompopulation. This is canbe very usefulto avoid
thetypical undesirableyrownth of programsize(bloating)obsenedin GPruns(seefor example[9]), which slows
down the searchor solutionsand,in somecasesgcanleadto overfitting. One-pointcross@er doesthis without
the needof arny extra machinery(e.g. parsimoly termsin the fitnessfunction). Similarly, one-pointcross@er
will notproduceoffspringwhosedepthis smallerthanthatof the shallovestbranchin their parentsandtherefore
thanthe smallestof the individualsin the initial population. This meanghatthe searchperformedby GP with
one-pointcross@er and point mutationis limited to a subspacef programsdefinedby the initial population.
Therefore the initialisation methodand parameterghosenfor the creationof the initial populationcanmodify
significantlythe behaiour of the algorithm. For example,if oneusesthe“full” initialisation method[6] which
producedalancedreeswith afixeddepth,thenthesearchwill belimited to programswith afixedsizeandshape.
If onthe contrarythe “rampedhalf-and-half initialisation methodis used[6], which producedreesof variable
shapeandsizewith depthsrangingfrom 0 to the prefixed maximuminitial treedepthD, thenthe entirespaceof
programswith maximumdepthD will besearchedat leastif the populationis big enough)?

An interestingvariantof one-pointcross@er, which we call strict one-pointcrosswer, behaesexactly like
one-pointcrosseer exceptthatthe crosseer point canbe locatedonly in the partsof the two treeswhich have
exactly the samestructure(i.e. the samefunctionsin the nodesencounteredraversingthe treesfrom the root
node).Thelinks eligible ascrosser pointsin strictone-pointcrosseer area subsebf thoseeligible in standard
one-pointcross@er. Figure 2 illustratesthe behaiour of strict one-pointcrosseer. In this casethe offspring
producednheritboththe structureandthe nodegemphasisewith thick lines) of the upperpartof the parents.

Strict one-pointcross@er hasthe samepropertiesasone-pointcross@er but it moreenepeticallyforcesthe
populationto corverge. This canbe understooatonsideringhatuntil alarge-enougtproportionof thepopulation
hasexactly the samenodesin the upperpartsof the tree,the searchwill not be ableto proceedo lower levels.
Strictone-pointcrosseertransformghe original searchinto a sequencef quick searche space®f structures
of fixedsizeandshapewhich areevensmallerthanthoseusedby one-pointcrosseer.

2The“rampedhalf-and-half initialisationmethodusedin [6] enforceda minimumdepthof 2. In ourwork we usea minimumdepthof 0.
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Figure2: Strictone-pointcrosseer (potentialcross@erlocationsareshavn in bold).

In the caseof strictone-pointcross@erthesearctseemso proceedsery similarly to the searchperformedoy
a GA with DynamicParameteiEncoding(DPE) [19], a techniquefor overcomingthe precision/speedilemma
whenencodingeal-\aluedparameterwith binarystrings.In DPEtheresolutionof theencodingof oneparameter
is increasedat run time whenthe most significantbit of suchparametehas(nearly) cornvergedin the whole
population. A differenceis thatin GP with strict one-pointcrosseer the searchzoomsinto the subtreef a
convergednodeautomaticallywithout the needfor maintainingglobal corvergencestatistics.

Thecorvergencepropertyof thetwo formsof one-pointtross@erhasbeenobsenedin realrunswith the XOR
problem[17]. Figure3 shaws the diversityin the population(averagedover 10 independentuns)asa function
of the generatiomumberfor standarccross@er andfor the two typesof one-pointcrosseer in the absencef
mutation(the experimentalconditionsareasin [17]). It is quite clearthat standardcross@er doesnot leadto
cornvergencewhile one-pointcrosseer does.

3 Experimental Results

The behaiour of the two forms of one-pointcross@er introducedin the previous sectionhasbeenstudiedand
comparedo standarccross@erin over 3,000runson the evens parity problemswith n=3, 4 and5, which have
beenextensiely studiedin the GP literature[6, 7].

An even+ parity problemconsistf finding a combinatiorof functionsfrom theset7/={OR, AND, NOR,
NAND} andterminalsfrom theset7={x1, x2, x3, ..., xn} whichreturnstr ue if anevennumberof
then inputsxi istrue andf al se otherwise. The fithessfunction for this classof problemsis simply the
numberof entriesof thetruth tableof the even- parity functioncorrectlyrepresentetly eachprogram.

Giventheimportanceof theinitial populationandthe expectedneedfor mutationto maintaindiversitywhen
using one-pointcross@er, we decidedto testthe performanceof GP with differentinitial depthsand different
point mutationprobabilities. In theseexperimentswe useda crossaer probability of 0.7, tournamenselection
with tournamentsize 7, no depthor size limit (for standardcrosseer only), andthe “ramped-half-and-half
initialisationmethod.The populationsizewas1,000,themaximumnumberof generationsvas50. In thetestswe
usedthefollowing mutationprobabilitiesper node: p,,,=0, 1/256,1/128,1/64,1/32,1/16. For the even-3parity
problemwe usedinitial depthsD = 4 andD = 6, while for theeven-4parity problemwe usedD = 6 andD = 8.
For eachcombinationof parametersve tried standarccross@er, one-pointcrosser, strict one-pointcrossaer
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Figure3: Plotof thenumberof differentprogramsn a populationof 50 individualsvs. generatiomumberfor the
XOR problem. The data(averagedover 10 runswith differentrandomseedsfor standardcrossaer, one-point
crossw@erandstrict one-pointcrosseer with maximuminitial depthD=2 andD =3 areshow.

andmutationonly (whenapplicable).We repeate®0 runsusingdifferentrandomseeddor eachcombinationof
parameterandoperators.

To assestheperformancef thevariousoperatorsve usedthecomputationaéffort £ usedin theGPliterature
(E is the minimum numberof fithessevaluationsnecessaryo get a correctprogram,in multiple runs, with
probability 99%). We also measuredhe averagesize of the solutionsfound. On the evens parity problems
Koza[6, 7] obtainedheresultsshavn in Tablel (we reportthemfor aneasiercomparisorwith our experiments).
Table2 describesheresultsof our experiments?

Theexperimentshawv thatthe maximumsizeof theinitial populationa parametefargely ignoredby the GP
literature,hasa considerableffect on the computationakffort requiredto solve the problem.Thisis particularly
true for the experimentswith the two forms of one-pointcross@er andwith point mutationonly, astheseoper
atorscannotexpandthe searchspacedeterminecdy the initial population.For example,the effort for one-point
crosseerto find solutionsto the even-3parity problembecomesearly13timessmallerif the maximumdepthis
increasedrom 4 to 6.

As expectedfrom our schemaheoryandthe previous experimentswith the XOR problem,the experiments
suggesthatbothformsof one-pointcrosseer suffer from prematureorvergencean theabsencef mutation.For
example,no solutionswhereobtainedto the even-4parity problemin the 80 runsusingeitherform of one-point
Crossoetr.

The situationchangesonsiderablyif point mutationis present.Indeed,if the maximumdepthof the initial
populationis appropriateandthe right amountof point mutationis presenbne-pointcrosseer cando up to 10
timesbetterthanstandardsP without ADFs on the even-3parity problemandup to 3 timesbetteron the even-4
parity problem.This happendecausgoint mutationcancounteracthe excessie cornvergencetendeng of one-
point crosseer. As shovn by Table 3, this positive effect cannotbe obtainedby simply reducingthe selectve
pressuraisingtournamenselectionwith tournamensize?2.

Interestingly point mutationimprovesperformanceconsiderablyalsowhenstandardcrossaer is used. For
example,the even-4 parity problembecomes timeseasierwith mutationratesassmallas1 nodeout of 256.
Giventhatstandardrosseeris verydisruptiveanddoesnotallow thecorvergenceof thepopulationjt is arguable

3Kozaenforcesa program-deptiimit D=16 (consideringhe root nodeasdepth0), while we do not, usesa crosseer probability of 90%
ratherthan70%,andselectscrosseer pointswith non-uniformprobability



that point mutationin this casehelpssettlinginto the narrov minima of the fithessfunction which needto be
reachedvith smallchangesThesearevery unlikely producedy standarccrosseer alone.

Pointmutationperformsvery well on theseproblemsevenin the absencef crosswer, andin somecasest
outperform3GPwith crosseer (althoughtheseresultsneedto be corroboratedvith largernumbersof runs).

In all caseghereseemto be an optimal mutationprobability somavherebetweenl/128 and 1/32 which is
problemanddepthdependentBy computingthe productof the averagesize of the solutionsobtainedwith the
bestmutationrate andthe mutationrate for eachcombinationof D andn, it is possibleto infer thatthe ideal
mutationprobability p,,, is very closeto 2 divided by the size of the tree. We checled this hypothesison the
even-3,4 and5 parity problemsusinga mutationschemen which exactly two randomnodesaremutatedn each
individual, i.e. in which the mutationprobability is variable. The resultsof theseexperimentgaveragesof 20
runs)areshovn in Table4.

Theseesultsseenmto suggesthatavariablemutationprobabilityis in generalvery beneficialjn particularfor
strict one-pointcrosseer. Indeed,with variablemutationprobability strict one-pointcrosseer outperformsall
othersettinggriedin our experimentsandrequiresa computationaéffort upto 10timessmallerthanfor standard
GPwithout ADFs. For the even-4parity problemthe computationakffort is evensmallerthanfor standardsP
with ADFs.

Giventheconsiderableffectof themaximuminitial depthin all thecombinationsandsettingsof theoperators
usedn ourexperimentswe decidedo checktheeffectsof theinitialisationmethodtoo. Table5 shavstheresults
obtainedusingthe “full” initialisation methodon the even-3parity problem. Despitethe factthatall treeshave
exactly the sameshape(all the functionsin the function set have the samearity) andthat the searchis much
more constrainedthe effectsof startingfrom a populationof largerindividualsarestriking: in nearlyall cases
theresultsaresignificantlybetterthanthosein Tablel. In particularfor D=6, nearlyary choiceof operatorsaand
mutationratesleadsto speed-up®f 10 to 15 timeswith respecto standardGPR, the bestresultsbeingobtained
with variablemutationrates.

4 Conclusions

In thispapewe have describedwo formsof crossaer, one-pointtcrosseerandthenew strictone-pointcrosseer,
which, thanksto constrainton the selectionof crosswer points,transmitto the offspringmary of the common
featuresf their parents.

Theseforms of cross@er have several interestingproperties. From the theory point of view they allow the
derivationof amoreexplanatoryschemaheoremnin whichtheeffectsof crosseeronschemataremathematically
modelled. From the practicepoint of view, one-pointcrosseer eliminatesthe bloating problemdirectly and
naturallyandforcethe populationto corvergelike in standardGAs.

In thepapemwe have presentedhefirst experimentakvidencewhich shavsthatone-pointcrosseercompares
favourablywith standarccrosseer aslong astheinitial populationhasthe correctdepthand prematurecorver-
genceis preventedby using point mutation. Interestingly in our studypoint mutationseemed very beneficial
operatoralsowhenusedwith standardcrosseer, in particularwhenthe mutationprobabilitywassize-dependent.
Surprisingly pointmutationdid very well onthe even+ parity problemsevenin theabsencef crosseer. Future
researchwill be necessaryo confirmtheseresultsfor otherclasse®f problems.
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Tablel: Computationaéffort E andaveragesolutionsize(in parenthesidpr standardsPwith andwithout ADFs

Even-34 and5 Parity Problem(Koza's Results)

PopulationSize Even-3 Even-4 Even-5

4,000,n0 ADFs 80,000(N/A) | 1,276,00QN/A) | 7,840,00QN/A)
4,000,with ADFs N/A 80,000(N/A) 152,000(N/A)
16,000,n0 ADFs 96,000(45) 384,000(113) | 6,528,00Q300)
16,000,with ADFs || 64,000(48) 176,000(60) 464,000(157)

reportedby Kozain [6, 7].

Even-3Parity Problem

| Depth| pn || NormalCrosseer | 1-ptCrosseer | Strict1-ptCrosswer | MutationOnly |

4 0 52,000 (45) 308,000(24) No Solution N/A

4 | 1/256| 39,000 (63) 264,000(27) 810,000(31) 810,000(31)
4 | 1/128| 48,000 (38) 110,000(27) 1,320,000(31) 396,000(31)
4| 1/64 32,000 (46) 170,000(26) 315,000(29) 399,000(29)
4 | 132 31,000 (42) 128,000(27) 105,000(30) 147,000(31)
4 | 1716 54,000 (54) 96,000(26) 133,000(28) 86,000(30)
6 0 24,000 (86) 24,000(64) 270,000(88) N/A

6 | 1/256| 16,000 (88) 27,000(77) 42,000(77) 54,000(92)
6 | 1/128] 15,000(101) 18,000(72) 28,000(75) 44,000(86)
6 | 1/64 8,000 (98) 10,000(81) 8,000(87) 25,000(79)
6 | 1/32 16,000(100) 14,000(77) 9,000(87) 21,000(92)
6 | 1/16 19,000 (82) 42,000(67) 26,000(67) 28,000(80)

Even-4Parity Problem

| Depth| pn | NormalCrosseer | 1-ptCrosseer | Strict1-ptCrosswer | MutationOnly |

6 0 1,276,000148) No Solution No Solution N/A

6 1/256 238,000215) | 638,000(109) 725,000(119) 880,000(111)
6 1/128 216,000(168) 507,000 (98) 357,000(112) 220,000(122)
6 1/64 195,000(154) | 224,000(114) 136,000(105) 198,000(116)
6 1/32 611,000(193) 598,000 (91) 360,000(111) 510,000(83)
6 1/16 No Solution No Solution No Solution No Solution

8 0 812,000(271) No Solution No Solution N/A

8 1/256 126,000(396) | 189,000(296) 196,000(313) 319,000(370)
8 1/128 120,000(382) | 140,000(296) 129,000(302) 144,000(359)
8 1/64 170,000377) | 144,000(287) 154,000(275) 105,000(210)
8 1/32 1,131,000188) | 329,000(112) 500,000(127) 385,000(151)
8 1/16 No Solution No Solution No Solution No Solution

Table2: Computationakffort 2 andaveragesolutionsize(in parenthesisqsa function of the geneticoperators

used the mutationprobabilityandthe maximumdepthof theinitial programs.




Even-4Parity Problem(TournamensSize= 2)

| Depth| pn || NormalCrosseer | 1-ptCrosswer | Strict1-ptCrosseer | MutationOnly |

6 0 697,000(181) No Solution No Solution N/A
6 1/128 No Solution 4,320,000Q(105) 2,024,000(87) No Solution
8 0 1,392,000439) | 3,330,000199) No Solution N/A
8 1/128 || 1,363,00Q0361) | 3,780,00Q115) 1,421,00Q0265) No Solution

Table3: Computationakffort £ andaveragesolutionsizeasa function of the geneticoperatoraised,with and
without point mutation,for two differentmaximumdepthsof the initial programswhenthe tournamensizeis
reducedo 2.

Even-3Parity Problem(Variable Mutation Probability)

| Depth| pn | NormalCrossweer | 1-ptCrossweer | Strict1-ptCrosseer | MutationOnly |
4 | 2/Size|| 48,000 (61) 44,000(28) 51,000 (30) 64,000 (31)
6 | 2/Size|| 12,000(105) 11,000(92) 8,000(101) 8,000(106)
Even-4Parity Problem(Variable Mutation Probability)
| Depth| pn || NormalCrosseer | 1-ptCrosseer | Strict1-ptCrossw@er | MutationOnly |
6 | 2/Size|| 156,000(283) | 210,000(121) 99,000(119) 144,000(127)
8 | 2/Size|| 108,000(518) | 168,000(334) 78,000(353) 196,000(328)
Even-5Parity Problem(Variable Mutation Probability)
| Depth| pn || NormalCrosswer | 1-ptCrossweer | Strict1-ptCrosseer | MutationOnly |
8 2/Size Not tested Not tested 1,232,000489) Not tested
9 2/Size Not tested Not tested 730,000(660) Not tested

Table4: Computationakffort £ andaveragesolutionsize(in parenthesisqsa function of the geneticoperators

usedandthe maximumdepthof theinitial programsn the presenc®f variablepoint-mutatiornprobability:

Even-3Parity Problem(“Full” Initialisation)

| Depth| pn || NormalCrosswer | 1-ptCrosseer | Strict1-ptCrosseer | MutationOnly |
4 0 28,000 (45) 80,000 (31) 220,000(31) N/A
4 | 1/256 19,000 (42) 70,000 (31) 78,000 (31) 572,000 (31)
4 | 1128 16,000 (41) 48,000 (31) 121,000 (31) 147,000 (31)
] 1/64 14,000 (43) 63,000 (31) 36,000 (31) 84,000 (31)
4 | 132 18,000 (40) 48,000 (31) 22,000 (31) 31,000 (31)
] 1/16 33,000 (52) 39,000 (31) 30,000 (31) 26,000 (31)

[ 4 [ 2/Size]] 34,000 (66) 40,000(31) | 54,000(31) | 42,000(31)
6 0 7,000(129) 18,000(127) 30,000(127) N/A
6 | 1/256 || 10,000(131) 6,000(127) 7,000(127) 12,000(127)
6 | 1128 8,000(134) 6,000(127) 6,000(127) 8,000(127)
6 1/64 6,000(133) 6,000(127) 5,000(127) 7,000(127)
6 1/32 8,000(127) 6,000(127) 6,000(127) 5,000(127)
6 1/16 10,000(128) 8,000(127) 9,000(127) 7,000(127)

[ 6 [ 2/Size]] 5,000(140) 7000(127) | 5000(127) | 5,000(127)

Table5: Computationakffort E andaveragesolutionsizeasa function of the geneticoperatorsusedandthe

maximumdepthof theinitial programsvhenthe“full” initialisationmethodis used.




A SchemaTheorem for Genetic Programmingwith One-point Crossover
and Point M utation

In orderto understandhe importanceof one-pointcrosseer from the theory point of view it is necessaryo
introducesomeadditionaldefinitions(see[18] and[17] for amoredetailson our schemaheory). The numberof
non-= symbolsin a schemaH is calledthe order O(H) of the schemawhile the total numberof nodesin the
schemads calledthelength N (H) of the schema.The numberof links in the minimum subtreencludingall the
non-= symbolswithin a schemaH is calledthe defininglength L(H) of the schema.For example,the schema
(AND (= y =) x) hasorder3 anddefininglength3.

OurGPschemaheorenyprovidesthefollowing lower boundfor theexpectechumberof individualssampling
aschemaH atgeneratiort + 1 for GPwith one-pointcrosse@er andpoint mutation:

Efm(H,t+1)] > m(H,0)! %’;) (1 = p)O x
{1 — Pec [pdiﬁ(t) (1 — m(G(H)]\’/;)fJ(cf)G(H)’t)) +
L) m(G(H),Of(GH),t) — m(H, O (H, t)} }
™ (E) — 1) 30

wherem(H, t) is the numberinstancef the schemaH in the populationat generatiort, f(H,t) is the mean
fitnessof the instancesof H, f(t) is the meanfitnessof the programsin the population,p, is the crossoer

probability, E[-] is the expected-alueoperator p,,, is the mutationprobability (per node),G(H) is the zero-th
orderschemawith the samestructureof H whereall the definingnodesin H have beenreplacedwith “don’t

care”symbols,M is the numberof individualsin the population pq;s (¢) is the conditionalprobabilitythat H is

disruptedby cross@erwhenthe secondoarenthasa differentshape(i.e. doesnotsampleG(H)). Thezero-order
schematd7(H)'s representlifferentgroupsof programsall with the sameshapeandsize. For this reasorwe call

themhypespaceof programs.We denotenon-zero-ordeschematavith the term hyperplanesasthey canbe

seermassub-spacesf the space®f programddentifiedby differentG(H)'s.

Our schematheoremis more complicatedthanthe correspondingrersionfor GAs [3, 4, 21]. This is due
to the factthatin GP the treesundegoing optimisationhave variablesize andshape. This is accountedor by
the presenceof the termsm(G(H),t) and f(G(H),t), which summarisehe characteristicof the programs
belongingto the samehyperspacén which H is a hyperplane However, boththe theoreticalanalysispresented
in [18] andthe experimentalwork in [17] suggesthat after a first phasein which GP really behaesdifferently
from a standardGA, the numberof hyperspaces considerablyreducedand GP behaeslike a GA, i.e. the GP
schemaheoremasymptoticallytendsto the GA schemaheorem.
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