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—GeneticProgramming is a methodof program discovery con-

sisting of a specialkind of geneticalgorithm capableof operating on non-
linear chromosomes(parsetr ees)representingprogramsandan interpreter
which can run the programsbeing optimised. This paper describesPDGP
(Parallel Distributed Genetic Programming), a new form of geneticpro-
gramming which is suitable for the development of fine-grained parallel
programs. PDGP is basedon a graph-like representationfor parallel pro-
grams which is manipulated by crossover and mutation operators which
guaranteethe syntactic correctnessof the offspring. The paper describes
theseoperators and reports somepreliminary results obtained with this
paradigm.

I . INTRODUCTION

GeneticProgramming(GP)is anextensionof GeneticAlgo-
rithms (GAs) in which the structuresthat make up the popu-
lation to beoptimisedarenotfixed-lengthcharacterstringsthat
encodepossiblesolutionsto aproblem,but programs that,when
executed,are thecandidatesolutionsto theproblem[11; 12].

Programsareexpressedin GP asparsetrees,ratherthanas
lines of code. For example,the simpleexpressionmax(x *
y, 3 + x * y) wouldberepresentedasshown in Figure1.
The basicsearchalgorithmusedin GP is a classicalGA with
mutationand crossover specificallydesignedto handleparse
trees.

Thesetof possibleinternal(non-leaf)nodesusedin GPparse
treesis calledfunction set, ������������������������� � . All functions
of � havearity (thenumberof arguments)greaterthanone.The
setof terminal(leaf) nodesin theparsetreesis calledterminal
set !"�#��$%�����������&$'�)( � . Table1 shows sometypical functions
andterminalsusedin GP.

Thisformof GPhasbeenappliedsuccessfullyto alargenum-
berof difficult problemslikeautomateddesign,patternrecogni-
tion, robotcontrol,symbolicregression,musicgeneration,im-
agecompression,imageanalysis,etc.[11; 12;9; 10;1; 17].

Whenappropriateterminals,functionsand/orinterpretersare
defined,standardGPcangobeyondtheproductionof sequential
tree-likeprograms.For exampleusingcellularencodingGPcan
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Fig. 1. Parse-treerepresentationof theexpressionmax(x * y, 3 + x * y).

beusedto develop(grow) structures,like neuralnets[5; 6] or
electroniccircuits[14; 13],whichcanbethoughtof asperform-
ing someform of parallel computation. Also, in conjunction
with aninterpreterimplementingaparallelvirtual-machine,GP
canbeusedto developcertainkindsof parallelprograms[3] or
to translatesequentialprogramsinto parallel ones[19]. (The
developmentof parallelprogramsshouldnot beconfusedwith
theparallelimplementationsof GP, whichareessentiallymeth-
odsof speeding-upthegeneticsearchof standardtree-like pro-
grams[2; 4; 16;8; 18]. Thesemethodsareusuallybasedon the
useof multipleprocessors,eachonehandlingaseparatepopula-
tion, asubsetof fitnessevaluationsor a subsetof fitnesscases.)

ThispaperdescribesPDGP(ParallelDistributedGeneticPro-
gramming),a new form of geneticprogrammingwhich is suit-
ablefor thedevelopmentof fine-grainedormedium-grainedpar-
allel programs.PDGPis basedon a graph-like representation
for parallelprogramsandgeneticoperatorswhichguaranteethe
syntacticcorrectnessof theoffspring. In thefollowing sections
the representationand operatorsusedin PDGPare described
andsomepreliminaryresultsobtainedwith this paradigmare
reported.

I I . REPRESENTATION

Taking inspiration from the parallel distributed processing
performedin neuralnets,werepresentfine-grainedparallelpro-
gramsas graphswith labellednodesand orientedlinks. The
nodesarethefunctionsandterminalsusedin theprogramwhile
thelinks determinewhichargumentsareusedby eachfunction-
nodewhenit is next evaluated.Figure2 shows anexampleof

Functions
Kind Examples
Arithmetic +, *, /
Mathematical sin,cos,exp
Boolean AND, OR,NOT
Conditional IF-THEN-ELSE,IFLTE
Looping FOR,REPEAT

Terminals
Kind Examples
Variables x, y
Constantvalues 3, 0.45
0-arity functions rand,go left
Randomconstants random

Table1. Typical functionsandterminalsusedin geneticprogramming.
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Fig. 2. Graph-like representationof theexpressionmax(x * y, 3 + x * y).

a paralleldistributedprogramrepresentedasa graph.Thepro-
gram implementsthe samefunction as the oneshown in Fig-
ure1, i.e. max(x * y, 3 + x * y). Its executionshould
beimaginedasa “wave of computations”startingfrom theter-
minalsandpropagatingupwardsalongthegraph.

Thistiny-scaleexampleshowsthatgraph-likerepresentations
of programscanbemorecompact(in termof numberof nodes)
andmoreefficient (the sub-expressionx * y is be computed
only onceinsteadof twice) thantree-likerepresentations.How-
ever, the direct handlingof graphswithin a geneticalgorithm
presentssomeproblems.

Severaldirectrepresentationsfor graphsexist in graphtheory.
For eachof themonecouldimagineoperatorsthatselecta ran-
domsub-graphin oneparentandthenswapit with a “properly”
selectedsub-graphin theotherparentor a “properly” generated
randomsub-graph(by “proper” sub-graphwemeanasub-graph
with thecorrectnumberof inputandoutputlinks). However, as
shown by theconsiderablework donein thefield of neuralnet-
works,it is noteasyto producegoodgeneticoperatorsfor direct
graphencodings.In particularit is hardto producea crossover
operatorsuchthat: a) whenparentssharea commoncharacter-
istic their offspring inherit sucha characteristic,b) whenpar-
entshavedifferentcharacteristictheiroffspringcaninheritboth
suchcharacteristics,c) every offspring is a valid solution, d)
crossover is efficient.

Indirect graphrepresentations,like cellular encoding[5; 6;
14;13]oredgeencoding[15], donotsuffer fromthisproblemas
thestandardGPoperatorscanbeusedon them.However, such
representationsrequireanadditionalgenotype-to-phenotypede-
codingstepbeforethe interpretationof the graphsbeingopti-
misedcanstart,asthe searchis not performedin the spaceof
possiblegraphs,but in the spaceof sequentialprogramsthat
producegraphs. When the fitnessfunction involvescomplex
calculationswith many fitnesscasesthedecodingstepcanhave
a limited relative effect on theevaluationof eachindividual in
termsof computationalcost.However, themeta-encodingof the
graphsseemsto make thesearchmorecostlyby increasingthe
total numberof individualsthatmustbe evaluated(seefor ex-
amplethecomparisonbetweencellularanddirectencodingsof
neuralnetsin [7]).

PDGPusesa directrepresentationof graphswhich,although
not general,allows thedefinitionof crossover operatorswhich
respectall thecriteria listedabove (in particularefficiency and
offspringvalidity).

The representationis basedon the idea of assigningeach
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Fig. 3. Grid-basedrepresentationof graphsrepresentingprogramsin PDGP.
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Fig. 4. Grid-like representationof theexpressionmax(x * y, 3 + x * y).

nodein thegraphto a physicallocationin a multi-dimensional
(evenlyspaced)grid with apre-fixed(regularor irregular)shape
and limiting the connectionsbetweennodesto be upwards.
Also, connectionscan only be establishedbetweennodesbe-
longing to adjacentrows, like the connectionsin a standard
feed-forward multi-layer neuralnetwork. This representation
for paralleldistributedprogramsis illustratedin Figure3,where
we assumedthattheprogramhasa singleoutputat coordinates
(0,0)(they axisis pointingdownwards)andthatthegrid is two-
dimensionalandincludes*,+-*�.0/ cells.�

By addingthe identity function (i.e. a wire or pass-through
node)to the functionset,any paralleldistributedprogram(i.e.
any directedacyclic graph)canbe rearrangedso that it canbe
describedwith this grid-like graphrepresentation.For exam-
ple, theprogramshown in Figure2 canbetransformedinto the
layerednetwork in Figure4.

In this representationit is possibleto describeany program
by listing the following parametersfor eachnode: 1) label,2)
the coordinatesof the node,3) the horizontaldisplacementof
thenodesin theprevious layer (if any) whosevalueis usedas
argumentsto computethevalueof thenode. For example,the
programin Figure4 couldbedescribedby thefollowing list:

1
In this work we have adoptedtheconventionthat thefirst row of thegrid includesas

many cellsasthenumberof outputsof theprogram.
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Fig. 5. Intron-augmentedrepresentationof programsin PDGP.

max (0,0) +1 +3
I (0,1) 0
+ (3,1) -2 0
* (1,2) -1 +1
3 (3,2)
x (0,3)
y (2,3)

The representationdescribedabove will allow us to define
very efficient formsof crossoverandmutation.However, in or-
derto studyall thepossibilitiesofferedby a our network-based
representationof programs,we decidedto expandthe repre-
sentationto explicitly include introns (“unexpressed”partsof
code).In particularweassumedthatoncethesizeandshapeof
thegrid is fixed,a functionor a terminalis associatedto every
nodein the grid, i.e. alsoto the nodesthat arenot directly or
indirectlyconnectedwith theoutput.For example,theprogram
shown in Figure3 could have an expandedrepresentationlike
theonein Figure5.

It shouldbenotedthatinactivenodescanreceiveasinput the
resultscomputedby both active andinactive nodes. It should
bealsonotedthatby usinganarraywith thesametopologyas
thegrid, it is possibleto omit thecoordinatesfrom therepresen-
tationof eachnodeandstorein eachcell of thearrayonly the
labelandtheinput connections.This canleadto moreefficient
implementationsof the geneticoperatorsdescribedin the next
section.

I I I . GENETIC OPERATORS

With the representationsdescribedin the previous section,
several kinds of crossover, mutationand initialisation strategy
canbedefined.

A. Random Program Generation

In standardGP, it is possibleto obtain balancedor unbal-
ancedrandominitial treeswith the“full” methodandthe“grow”
method,respectively. Similarly, in PDGPit is possibleto ob-
tain “balanced”or “unbalanced”randomgraphsdependingon
whetherwe allow terminalsto beat a pre-fixedmaximumdis-
tancefrom the outputnode(s)only or whetherthey canoccur
anywherein theinitial programs.

In PDGPthegenerationof randomprogramscanproceedin
severalways,dependingwhetherintronsareusedor not. If in-
tronsareused,thenthegrid canbefilled with randomfunctions
and terminals. When functionsare inserted,a corresponding
numberof randominput-linksarealsogenerated.Alternatively,
it is possibleto build randomgraphsrecursively (like in stan-
dardGP) startingfrom the outputnodesandselectingrandom
functions(with theirinput links) or terminalsdependingonkind
of graphswe want to build (balancedor not) andon the depth
reachedwith recursion.

B. Crossover

Thefirst crossoveroperator, whichwecall Sub-graph Active-
Active Node (SAAN) crossover, worksasfollows:

1. A random active node is selected in the
first parent.

2. The sub-graph including all the active
nodes which are used to compute the
output value of the selected node is
extracted and its hight 2 and width 3
is determined.

3. An active node in the second parent is
selected such that its 4 coordinate is
compatible with the hight 2 of the
sub-graph, i,e. 4�576
8:9;4=<>2 .

4. The sub-graph is inserted in the second
parent to generate the offspring. If
the coordinate ? of the insertion node
in the second parent is not compatible
with the width of the sub-graph, the
sub-graph is wrapped around.

An exampleof SAAN crossover is shown in Figure6.
Theideabehindthis form of crossover is thatconnectedsub-

graphsarefunctionalunitswhoseoutputis usedby otherfunc-
tional units. Therefore,by replacinga sub-graphwith another
sub-graph,we tendto exploredifferentwaysof combiningthe
functionalunitsdiscoveredduringevolution. So,sub-graphsact
asbuilding blocks. It shouldbenotedthat in SAAN crossover
inactive nodesplay no role (for this reasonthey arenot shown
in thefigure).

Severaldifferentformsof crossover canbedefinedby mod-
ifying SAAN crossover. Hereis a list of theoperatorswe have
tried (morecouldbedefined):
@ Sub-Sub-graph Active-Active Node (SSAAN) Crossover

usesan incompletesub-graphwhich includesonly partof
the active nodesusedto computethe outputvalueof the
crossover point selectedin the first parent. This form of
crossoverrequiresthepresenceof intronsto avoid thegen-
erationof invalid programs(in whichsomefunctionshave
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Fig. 6. Sub-graphactive-nodecrossover (inactive nodesarenotshown).

notenougharguments).@ Sub-graph Inactive-Active Node (SIAN) Crossover selects
thefirst crossover point amongboth theactive andthe in-
activenodes.@ Sub-sub-graph Inactive-Active Node (SSIAN) Crossover is
like SIAN crossover but uses(possibly)incompletesub-
graphs.@ Sub-graph Active-Inactive Node (SAIN) Crossover selects
the secondcrossover point amongboth theactive andthe
inactivenodes.@ Sub-graph Inactive-Inactive Node (SIIN) Crossover selects
bothcrossoverpointsamongall nodes(activeor inactive).

C. Mutation

ThestandardGPtechniqueof definingmutationastheswap-
pingof arandomlyselectedsub-treein anindividualwith anew
randomlygeneratedtreecanbe naturallyappliedin PDGPas
well. In thecurrentimplementationof PDGPweusea lesseffi-
cientmutationoperatorwhich is howeverequivalentto this (we
definemutationas the crossover of an individual with a ran-
domly generatednew individual,which is thendiscarded).We
call this form of mutation,global mutation.

We have alsousedanotherform of mutation,which we call
link mutation, which makeslocal modificationsto the connec-
tion topologyof thegraph.Link mutationselectsarandomfunc-
tion nodeandthenarandominput link of suchanodeandalters
theoffsetassociatedto the link, i.e. it changesa connectionin
the graph. Otherforms of mutationcaneasilybedefined(e.g.
nodemutation).

Fig. 7. Paralleldistributedprogramimplementingtheeven-3parity function.

IV. EXPERIMENTAL RESULTS

In this sectionwe reporton somepreliminaryexperimental
resultsobtainedbyapplyingPDGPto theeven-3parityproblem.
The problemconsistsof finding the Booleanfunction of three
arguments,x1, x2, andx3, whoseoutputis 1 if anevennumber
of argumentsis setto 1, 0 otherwise.

It shouldbe noted that this is a relatively simple problem
which hasbeenusedextensively to test standardGP and that
canbe solved in a relatively short time. Thesetwo properties
have allowed us to studythe behaviour of PDGPin thousands
of runsandto make a comparisonwith the resultsof standard
GPreportedin theliterature.

In all our experimentswe usedthe function set � = � AND,
OR,NAND, NOR, I � (whereI is the identity function)andthe
terminalset ! = � x1, x2, x3 � . ThepopulationsizewasP=1,000
individuals,themaximum,numberof generationwasG=50,and
thecrossoverprobabilitywas0.7. TheGA usedtournamentse-
lectionwith tournamentsize7.

Figure7 showsatypicalsolutionto theeven-3parityproblem
obtainedin onerun of PDGP. Theparametersof the run were:
grid with 4 columnsand8 rows, “grow” initialisationmethod,
link mutationwith probability 0.02 andSIAN crossover. The
figureshows the actualoutputproducedby our Pop-11imple-
mentationof PDGP. A Figure8 shows theexpandedrepresenta-
tion of theprogramwhichcontainsalsosomeintrons.(It should
benotedthatin bothfigurestheoutputnode,which,having co-
ordinates(0,0),shouldbein thetop-left corner, is actuallycen-
tredhorizontallyfor displayingpurposes.)

In orderto assessthebehaviour of PDGPon thisproblemwe
testedit with differentchoicesof parametersandoperators,per-
forming20runsfor eachsetting(with differentinitialisationsof
therandomnumbergenerator),140experimentsin total (2,800
runs). Theparameterswe varied(in all possiblecombinations)
were:1) theprobabilityof mutationBDCFEG$ (0, 0.02and0.04),2)

H
Pop-11is an AI languagewith featuressimilar to Lisp, which is quitewidespreadin

theUK whereit wasoriginally developed.



Fig. 8. Complete(intron-augmented)representationof theprogramin Figure7.

theinitialisationprocedure(“full” vs. “grow”), 3) thecrossover
operator(SAAN vs. SIAN), 4) the mutationoperator(link vs.
global)and5) thenumberof rowsandcolumnsin thegrid ( IJ+7K ,
IL+FI , *,+MI , *,+-* , N,+MI , N,+M* and N,+MN ).

One of the criteria we usedto assessthe performanceof
PDGPwasthecomputationaleffort E usedin theGPliterature
(E is thenumberof fitnessevaluationsnecessaryto getacorrect
program,in multiple runs,with probability99%). As theeffort
of evaluatingeachindividual (at leaston a sequentialmachine)
dependson thenumberof nodesit includes,we alsousedasa
criterion the total numberof nodesN to be evaluatedin order
to geta solutionwith 99%probability. As in theseexperiments
we usedintronswhich, for simplicity of implementation,were
evaluatedevenif they did notcontributeto theoutputof thepro-
gram,theparameterN wasevaluatedasE timesthenumberof
nodesin thegrid.

Thebestresultsin termsof fitnessevaluationswereobtained
using a grid with 8 rows and 8 columnswith global muta-
tion (pmut=0.02),“full” initialisation, SAAN crossover. With
thesesettingsE=25,000andN=1,625,000.This comparesex-
tremely favourablywith the resultsdescribedby Koza in [11;
12] in termsof fitnessevaluations(KozaobtainedE=96,000for
P=16,000andE=80,000for P=4,000).Thisresultis particularly
interestingconsideringthesmallsizeof thepopulationsusedin
thiswork (P=1,000).

It shouldbenotedthatthislevelof performanceis notastatis-
tical accident.For example,15 experimentsout of 140showed
valuesof O"PRQ�ST�%SUS�S . It is interestingto notethat in mostof
suchexperimentsPDGPwasusing8 rows and6 or 8 columns.
This seemsto suggestthat (relatively) large grids make the
searcheasier. This would seemlogical consideringthatPDGP
tendto behave moreandmorelike standardGP, i.e. to develop
trees,asthesizeof thegrid increasesandthat crossover using
sub-graphscanbemoredisruptivethancrossoverusingtrees.

However, if we take the bestresultsin termsof total num-
ber of nodesto be evaluatedthe picturechangesdramatically.
The bestresult, N=702,000with E=78,000,was obtainedus-

ing a IV+WK grid (this is confirmedby thefactthat theninebest
experimentshadall thesamegrid configuration).Theresultis
surprisingastheeffort X of findingmoreconstrained(i.e. more
parsimonious)solutionsis a fractionof thatof finding lesscon-
strained(tree-like)ones.

In comparative termsin this experimentPDGPhassolved
the even-3parity problemwith approximatelythe samenum-
berof fitnessevaluationsasstandardGPwhile producingsolu-
tionswith 9 or fewer nodes.As theaveragecomplexity of the
solutionsdescribedin [12] was44.6nodes,this seemsto be a
considerablesaving.

V. CONCLUSIONS

In thispaperwehavepresentedPDGP, anew form of genetic
programmingwhich is suitablefor the automaticdiscovery of
parallelnetwork-likeprograms.

The grid-like representationof programsusedin PDGPal-
lowedus to developefficient formsof crossover andmutation.
By changingthesize,shapeanddimensionalityof thegrid, this
representationallowsa fine controlon thesizeandshapeof the
programsbeingdeveloped.For exampleit is possibleto control
thedegreeof parallelismby changingthenumberof columns.

Theparallelprogramsdevelopedby PDGParefine-grained,
but therepresentationusedis alsosuitablefor thedevelopment
of medium-grainedparallelprogramsvia the useof Automati-
callyDefinedFunctions(theresults,notreported,of preliminary
experimentswith ADFsarequitepromising).

In thispaperwehaveusedaverysimpleform of programin-
terpretationsimilar to thepropagationof activation in theneu-
ronsof feed-forwardneuralnets.This is quitesuitablefor pro-
gramswhich do not include functionsor terminalswith side-
effects. If this is thecase,our grid-basedrepresentationof pro-
gramscanbedirectly mappedinto thenodesof somekindsof
fine-grainedparallelmachines.This could leadto a very effi-
cientevaluationof fitnesscasesasPDGPprogramscouldpro-
duceanew resultateveryclock tick. PDGPprograms(possibly
developedwith someadditionalconstraints)couldalsobeused
to definethefunctionsof field programmablegatearrays.This,
for example,could leadto new waysof doing researchin the
field of evolvablehardware.

Somepreliminarywork (not reportedhere)hasbeendoneto
addresstheproblemsgeneratedby theuseof terminalsandfunc-
tionswith sideeffects.At themoment,themostpromisingidea
seemsto be the useof two implementationsfor eachdifferent
kind of node(macro,functionor terminal)in conjunctionwith
a top-down flow of controlsignalsanda bottom-upflow of re-
sults. In the first implementationa node,if not yet evaluated,
requeststhe evaluationof its arguments,waitsuntil the results
areavailable,computesandstoresits valueandreturnsit. If
thenodehadbeenevaluatedalready, thestoredvalueis returned
immediatelyandno computationis performed. In the second
implementationa nodewouldalwaysrequestthere-evaluations
of its arguments.

The resultsshown by PDGPon the even-3 parity problem
arepromising. However, in generalno final conclusionshould
bedrawn from theperformanceobtainedby amachinelearning
paradigmona singleproblem.Moreresearchwill benecessary
to understandif PDGPreally outperformsstandardGP and if



a set of parameterswhich work for large classesof problems
exists.

Finally, it shouldbenotedthatPDGPhasquiteabroadappli-
cability which goesbeyondprogramming.PDGPcanbe seen
asa paradigmto optimisedirectedacyclic graphswhich need
not be interpretedasprograms:they canbe interpretedasde-
signs,semanticnets,neuralnetwork topologies(links can be
labelledwith weights),etc. It is alsopossibleto imagineways
in whichsomeof theconstraints(likeacyclicity) imposedonthe
graphsproducedby PDGPcouldberemovedwithout reducing
thesearchefficiency significantly.
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