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Abstract

In this paperwe first review the main resultsin
thetheoryof schematan GeneticProgramming
(GP) and summarisea nev GP schematheory
which is basedon a new definition of schema.
Thenwe studythe creation propagatioranddis-
ruptionof this new form of schematén realruns,
for standardcrosseer, one-pointcross@er and
selectiononly. Finally, we discusstheseresults
in thelight our GPschemaheorem.

1 Introduction

Genetic Programming(GP) has been applied success-
fully to alarge numberof difficult problems[K0za,1992
K. E.Kinnear Jr., 1994 AngelineandKinneat Jr., 1994.
Howeverarelatively smallnumberof theoreticalesultsare
availableto try andexplainwhy andhow it works.

SinceJohnHolland’s seminalwork in the mid seventies
and his well known schemaheorem(see[Holland, 1992
and[Goldbeg, 1989), schematareoftenusedto explain
why GAswork (althoughtheirusefulnessiasbeenrecently
criticised,e.g.in [Altenberg, 1999). In particularit is be-
lievedthat GAs solve problemsby hierarchicallycompos-
ing relatively fit, shortschemat#o form completesolutions
(Building Block Hypothesiy Sotheobviousway of creat-
ing a theoryfor GP is to definea conceptof schemafor
parsetreesandto extendHolland’'s schemaheorem.

One of the difficulties in obtainingtheoreticalresultsus-
ing the idea of schemais that the definition of schema
for GP is much less straightforvard than for GAs and
alternatve definitions have been proposed[Koza,1992

O’Reilly andOppacher1995 Whigham,1995. Thesede-
fine schemataas composeddf one or multiple fragments
of atree. Thesedefinitionsallow a schemao be present
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multiple times within the sameprogram. This, together
with the variability of the size and shapeof the programs
matchingthe sameschemaleadsto considerableompli-
cationsin the computatiorof schema-disruptioprobabil-
ities. Nonethelesswo of thesedefinitionshave beenused
in schemaheoremdor GR, which we will review in Sec-
tion 2.

In recentwork [Poli andLangdon, 19974 we have pro-
poseda new simplerdefinition of schemé&or GPwhichis
muchcloserto theoriginalconcepof scheman GAs. This
conceptof schemasuggestea simplerform of crosseer
for GP, which we call one-pointcrosseer becauseof its
similarity with the correspondingsA operator As sum-
marisedn Section3, thisallowedusto derive asimpleand
naturalschemaheoremfor GP

Although theoreticalresultson schemataare very impor-
tant, it is well known that schematheoremsonly model
the disruptive effectsof crosseer. Indeed,the actualim-
portanceof the constructve effects of crosseer is basi-
cally unknownn as, to date,no experimentalstudy on GP
schematdasbeenreported.

In this paper the creation, propagationand disruption
of GP schematan real (althoughsmall) populationsare
experimentallystudiedfor standardcrosseer, one-point
crosswer and selectiononly. We presentthe results of
theseexperimentsin Section4, we discussthemin Sec-
tion 5 andwe drawv someconclusionsn Section6.

2 PreviousWork on GP Schemata

The first attemptto producea schematheory for GP
was made by Koza [Koza,1992 pages116-119],who
producedan informal argumentshaving that Holland’s
schematheoremwould apply to GP aswell. The argu-
mentwasbasedntheideaof definingaschemasthesub-
spaceof all treeswhich contain,assubtreesa predefined
setof completesubtrees.Accordingto Koza’ definition,
a schemaH is representedsa setof S-expressionse.g.



H={(+ 1 x), (* x y)} representsll the programs
including at leastoneoccurrencef (+ 1 x) andoneof
(* xy).

Kozaswork waslaterformalisedandrefinedinto aschema
theoremfor GP in [O’Reilly andOppacher1995. A
schemavasdefinedasanunorderectollection(a multiset)
of subtreesandtree fragments. Tree fragmentsare trees
with at leastone leaf thatis a “don’t care” symbol (‘#’)
which can be matchedby ary subtree. For examplethe
schemaH={(+ # X), (* xvy), (* x vy)}repre-
sentsall the programsncluding at leastoneoccurrencef
thetreefragment( + # x) andat leasttwo occurrences

of(* x vy).

This definition of schemaallowed the introductionof the
concepbf orderanddefininglengthfor GPschemataThe
orderof a schemads the numberof non-#nodesin the ex-
pression®r fragmentscontainedn the schemathe defin-
ing lengthis the numberof links includedin the expres-
sionsandtreefragmentsn theschemalusthelinks which
connectthemtogether Unfortunately the defininglength
of a schemas not constantbut varieswith the programs
samplingit andthe probabilityof disruptionPy(H, h, t) of
a schemaH dueto cross@er dependson the shapeand
sizeof thetreeh matchingthe schema.O’Reilly andOp-
pacherovercamethis problemby consideringthe maxi-
mum of sucha probability, P;(H,t) = max Py(H, h,t)
whichcouldleadto severelyunderestimatingf thenumber
of occurrencesf the givenscheman the next generation.
Theresultingschemaheoremis

Blm(H, t+1)] > m(H, ) L L2

f@)

wherem(H, t) is thenumberinstance®f theschemaH in
thepopulationatgeneration, f(H, t) isthemearfitnessof
theinstancesf H, f(t) isthemeanfitnessof theprograms
in the population,p, is the cross@er probability and E[]
is theexpected-alueoperator O'Reilly andOppachedis-
cussedhe usefulnesf this resultandarguedthat, given
theintrinsic variability of P;(H, t) from generatiorio gen-
eration,no hypothesisanbe madeonthereal propagation
anduseof building blocksin GPand thereforegxperimen-
tal studiesare necessaryo corroboratetheoreticalresults
onschemata.

(1 _pcPd(H7 t))7 (1)

In the framawork of his GP systembasedon contet free
grammars(CFG-GP)Whigham produceda very general
conceptof schemafor contet-free grammarsandthe re-
latedschemaheorem/Whigham,1995. In CFG-GPpro-
gramsaretheresultof applyinga setof rewrite rulesto a
startingsymbol. The procesof creationof a programcan
berepresentediith a derivationtreewhoseinternalnodes
arerewrite rulesandwhoseterminalsarethefunctionsand
terminalsusedin the program.In CFG-GPtheindividuals

in the populationare derivation treesand the searchpro-
ceedsusing cross@er and mutationoperatorsspecialised
to producevalid derivationtrees.

Whigham definesa schemaas a partial deriation tree
rootedin somenon-terminalnode,i.e. asa collection of
rewrite rulesorganisedinto a single derivationtree. The
terminals of a schemacan be both terminal and non-
terminal symbolsof a grammar Thereforea schemacan
actuallyrepresenall the programghatcanbe obtainedby
adding other rules to its leaves until only terminal sym-
bols are presentand by usingit asa componenfor other
derivation trees. This definition of schemaeadsto sim-
ple equationdor the probability of disruptionof schemata
undercross@er and mutation. Unfortunately againthese
probabilitiesvary with the size of the completederiva-
tion tree (i.e. of the program)containingthe schemaand
a schemacanoccurmultiple timesin the samederivation
tree. Whighamovercametheseproblemsby considering
the averagedisruptionprobability and the averagefitness
of eachschema.

3 New GP Schema Theory

As highlightedin [Radcliffe, 1997]], aschemas asubspace
of the spaceof possiblesolutions,usuallyrepresentedis-
ing someconcisenotation(ratherthanenumeratingll the
solutionsit contains).Schematare mathematicatoolsto
describewhich areasof the searchspacearesamplecby a
population. For schematdo be usefulin explaining how
GP searchegheir definition must make the effects of se-
lection, cross@er and mutationcomprehensibl@andrela-
tively easycalculate.The problemwith earlierdefinitions
of schemdor GPis thatthey make theeffectson schemata
of thegeneticoperatoraisedin GPtoo difficult to evaluate
mathematically

Recently we have proposeda simpler definition of
schema for GP and a form of cross@er which
have allowed us to derive a new GP schematheo-
rem [Poli andLangdon,19974. We definea sthemaas
a tree composedf functionsfrom the setF U {=} and
terminalsfrom the set7 U {=}, whereF and7 arethe
function setand the terminal setusedin a GP run. The
symbol=is a“don’t care” symbolwhich standgfor a sin-
gle terminalor function. In line with the original defini-
tion of schemdor GAs, a schemaH representprograms
having the sameshapeas H andthe samelabelsfor the
non= nodes.Forexample,if F={+, -}and7={x, y}
the schemaH=(+ (- = y) =) would representthe
four programs(+ (- x y) x), (+ (- xy) y),
(+ (- yy x)and(+ (- y y) y). Ourdefini-
tion of schemais in somesenselower-level than those
adoptedyy others,asa smallernumberof treescanberep-
resentedby schematavith thesamenumberof “don’t care”



symbolsandit is possibleto represenbneof theirschemata
by usinga collectionof ours.

The numberof non= symbolsis calledthe order O(H)
of a schemaH, while the total numberof nodesin the
schemais called the length N(H) of the schema. The
numberof links in the minimum subtreeincluding all the
non= symbolswithin a schemaH is called the defin-
ing length L(H) of the schema.For examplethe schema
(+ (- = =) x) hasorder 3 and defining length 2.
Thesedefinitionsareindependentf the shapeandsize of
theprogramsn theactualpopulation.

In orderto derive a GP schemaheoremfor our schemata
we used very simple forms of mutation and crosseer,
namelypoint mutationandone-pointcrosseer. Point mu-
tation is the substitutionof a functionin the treewith an-
otherfunction with the samearity or the substitutionof a
terminalwith anothetterminal. One-pointcrosswer works
by selectinga commoncrosseer point in the parentpro-
gramsandthen swappingthe correspondingubtreedike
standardcrosswer. In orderto accountfor the possible
structuraldiversity of thetwo parentspne-pointcrosseer
startsanalysingthe two treesfrom theroot nodesandcon-
sideringfor the selectionof the crossaer point only the
partsof the two treeswhich have the sametopology (i.e.
thesamearity in thenodesencounterettaversingthetrees
from therootnode)[Poli andLangdon,19973.

The new schematheoremprovides the following lower
bound for the expectednumberof individuals sampling
a schemaH at generationt + 1 for GP with one-point
cross@erandpointmutation:

E[m(H,t +1)] > m(H,t) L8 (1 = pr) O x
: m(G(H).t) f(G(H) )
{]- — De [pdlﬁ(t) (1 - Mf_(t) ) +
L(H) m(G(H),t)f(G(H)_,t)—m(H,t)f(H,t)]
(N(E)-1) MF(?)

)
where p,,, is the mutation probability (per node), G(H)
is the zero-thorder schemawith the samestructureof H
whereall thedefiningnodesin H have beenreplacedwith
“don’t care” symbols, M is the numberof individualsin
the population,p4ig(t) is the conditionalprobability that
H is disruptedby crosseer whenthe secondparenthas
a different shape(i.e. doesnot sampleG(H)), and the
other symbolshave the samemeaningas in Equationl
(see[Poli andLangdon, 19973 for the proof). The zero-
orderschemataz (H)'s representifferentgroupsof pro-
gramsall with the sameshapeandsize. For thisreasorwe
call themhypespaceof programs.We denotenon-zero-
orderschematavith thetermhyperplanes

Equation 2 is more complicatedthan the correspond-
ing version for GAs [Goldbeg,1989 Holland,1992
Whitley, 1993 becausén GPthetreesundegoingoptimi-

sationhave variablesizeandshape.This is accountedor
by the presencef thetermsm(G(H), t) and f(G(H), t),
which summarisethe characteristicof the programsbe-
longingto thesamehyperspace which H is ahyperplane.

In [Poli andLangdon, 19973 we analysedEquation2 in
detailanddiscussedhelik ely interactiondetweerhyper
spaceandhyperplanesndthe expectediime-dependence
of the probability pais (#) during a run. In particularwe
conjecturedhat, given the diversity in the initial popula-
tion, in generalpgiz would be quite closeto 1 and the
probability of schemadisruptionwould be quite high at
the beginningof arun. Schemalisruptionandcreationby
crosseer would thenheavily counteracthe effectsof se-
lection,exceptfor schematavith above averagefitnessand
shortdefining-lengthwhoseshapeG(H) is alsoof above
averagefitnessandis sharedoy anabove averagenumber
of programs.

We alsoconjecturedhat,in the absencef mutation,after
a while the populationwould startcorverging, like a tra-
ditional GA, andthe diversity of shapesand sizeswould
decrease.During this secondphase the competitionbe-
tweenschematéelongingto the samehyperspaceavould
becomamoreandmoreimportantandthe GPschemaheo-
remwould asymptoticallytendto the standardsA schema
theorem. Therefore,during this phaseall schematawith
above averagefitnessandshortdefining-lengthwould tend
to have alow disruptionprobability.

In[O’Reilly andOppacher199] seriouddoubtshavebeen
caston the correctnes®f the Building Block Hypothesis
(BBH) for standardGP. However, our analysisof Equa-
tion 2 led us to suggesthatit cannotbe ruled out in GP
with one-pointcrosseer.

4 Experimental Results

Thenumberof differentschemataontainedn asinglepro-
gramof length NV is 2V, which is large evenfor shortpro-
grams.Thereforegvenasmallpopulationof GPprograms
samplesucha hugenumberof schematahatit is not prac-
tical to follow in detailtheir creation,propagatioranddis-
ruptionduringarun. However, it is possibleto do soif one
limits the depthof the programsbeingevolvedto threeor
four levels. For this reasonn the experimentseportedin
this paperwe decidedto imposethesedepthlimits andto
consideronly a very simple problem,the XOR problem,
which canbesolvedby smallprograms.

In theexperimentsve usedthefunctionset7={AND, OR,
NAND, NOR} and the terminal set 7={x1, x2}. With
thesechoices by limiting the maximumallowed depthto
2 (theroot nodeis at level 0) we were ableto follow the
evolution of all the schematan a populationof 50 individ-
ualsfor 50 generationsWe werealsoableto studysubsets



of the schematgresentin populationsof programswith
maximumdepth3.

The population was initialised using the
“grow” methodKo0za,1993. Thefitnessof asolutionwas
the numberof entriesin the XOR truth-tableit correctly
predicted.In thefollowing subsectionsve describghere-
sultsobtainedwith selectiononly andwith differentforms
of crosswer (with p. = 0.35). Mutationwasnotused.

4.1 Schema Propagation Under Selection Only

In afirst seriesof experimentswe studiedthe effects of
selectionon the propagatiorof singleschematandon the
numberof hyperplaneandhyperspaceampledy thepro-
gramsin the populationin 10 GP runswith differentran-
domseedsin all the experimentave did not stoptheruns
when 100% correctsolutionswerefound. In eachrun all
schematdn the populationwere recordedtogetherwith:
theaveragditnessof thepopulationin eachgenerationthe
averagditnessof eachscheman eachgenerationthenum-
ber of programssamplingthe scheman eachgeneration,
andtheorder, lengthanddefininglengthof the schema.

Figure 1 shows the average population fithess, the di-
versity and the number of schematain a typical run.
Diversity has been assessedboth in terms of different
programsand in terms of different hyperspace®f pro-
grams(G(H)'s). The initial populationcontainedfour
different hyperspaces(z, representedy the schema=,
G2:(: (: = :) (: = :)), G3:(: (: = :) :)
and G4=(= = (= = =)), and 46 different programs.
Dueto the biasesf the“grow” method thesehyperspaces
includedquite differentnumbersof programs.For exam-
ple G; wassampledby 6 programswhile G5 included40
programs. Of the four hyperspace&/s wasthe onewith
the highestfitnessandafter 10 generationgt wasthe only
oneto survive. At thatpointit still containedour different
typesof individualsall with the samefitness.Sofrom that
pointin time fitnessproportionateselectiorwasnot acting
ary more.Nonethelesshe diversityin the populationkept
slowly decreasingvenafter generatioril0. Thisis dueto
the stochastimatureof the selectionprocessvhich makes
thenumberof instance®f eachindividualvary with akind
of Brownianmotionwhich canleadto extinction or to take
overthewholepopulation(geneticdrift) [Ridley, 1993.

In the run shaowvn in Figure 1 there were initially 2,892
schemata:an averageof 62.9 per program. This rela-
tively smallnumberis the effect of the depthlimit we im-
posedwhich preventsary programfrom having morethan
7 nodesand, therefore,more than 128 schemata.Before
generatiorl0thenumberof schemataecreasesearlyex-
ponentiallyasdoesthe numberof differentindividuals.
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Figure 1: Averagepopulationfitness,diversity and num-
berof schematan a typical run of the XOR problemwith

selectioronly (maximumprogramdepth?2).

20

I nstances

10 |-

0 gy B

-10

-20 L

N

1]
b~
1]

P L~
1

:‘:)‘(::

L
5 20 30

Gener ati ons

50

40

30

20

I nstances

10

o &

-10

-20

50

40

30

20

I nstances

10

o L Voo k| T mo

H=(AND (MR = 9) (= = 9))

L L
0 5 10 15 20 25 30 35 40 45 50
Gener ati ons

Figure 2: Effect of selectiononly on the programssam-
pling four differentschematan a typical run (maximum
programdepth?2).

-10

-20




According to the schematheorem,when selectiononly
is acting, schematawith belov average fitness should
tend to disappearfrom the population while above-
average schematashould be sampledmore frequently
This effect was indeed obsered in the run men-
tioned above at the level of both hyperplanesand hy-
perspaces. Figure 2 shavs the expected value of
m(H,t + 1) predictedby the schematheoremand its
actual value for the hyperspaceG,, and for two of
its hyperplane¢f;=(AND (= = x1) (= = x1)) and
H,=(AND (NOR = =) (= = =)).! In this run the
competitionbetweenthe few hyperspacegresentin the
populationseemto end beforegeneticdrift becomeghe
only driving force. This doesnot happento relatively
higherorder schemata. For example, both H; and H,,
which areapproximatelyof the sameabove-areragequal-
ity, tendto spreadn the populationduringthefirst 9 gener
ations.However, they areinitially sampledy asmallnum-
ber of programs. Therefore,whenthe selectve pressure
stopsworking at generatior, neitherof them hastaken
over the population(m(H,9) = 15 andm(H2,9) = 9)
andH; is drivento extinctionby geneticdrift very quickly.

Figure 3 shaws the populationfitness, the diversity and
the numberof schemataveragedover 10 differentruns.
Theseresultssuggesthat selectionis lesseffective on hy-
perspaceshanon programs.Indeed,the rateat which O-
orderschematghyperspacesjlisappeais lower thanfor
maximum-orderschemataprograms). This can be ex-

plainedby consideringthat the averagedeviation of the
fitnessof high-orderschematae.g. programs)from the
populationfitnessis in generalbiggerthanfor low-order
schemata.Therefore,(positive or negative) selectionwill

be strongeron averagefor high-orderschemataand pro-
grams.

In thisrespecthe situationdoesnot changesignificantlyif

we changethe depthlimit to 3. Figure4 shows the pop-
ulation fitnessas well asthe hyperspacend programdi-

versity averagedover 10 differentruns. In this case,the
averagenumberof differentinitial hyperspaces 15, only
approximately timessmallerthanthe numberof different
programsThereforetheaveragedeviation of thefitnessof
hyperspacesom the populationfitnessis in generalarger
andselectionis consequentlgtrongerthanin the previous
case.

In summary these experimentssuggestthat there is a
good agreementbetweenthe predictionsof the schema
theoremand the obsered number of instancesof ary
schemata. However, we have not obsened the expo-

'The differencesbetweenthe obsered and measuredzalues
of m(H,t + 1) aredueto the stochasticnatureof the roulette
wheel algorithm implementing fitness proportionateselection.
The apparentshift betweenthe plots of E[m(H2,t + 1)] and
m(Ha,t + 1) is dueto thefactthat f (H2,t) = f(t) fort > 4.
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nential schemagrowth/decayoften claimedto happenin

GAs [Goldbeg, 1989. The experimentsalso shav that
whensmallpopulationsaareusedgeneticdrift playsanim-

portantrole at all stages. This becomegrominentwhen
the selectve pressuredecreasesi.e. when nearly all the
programsn the populationhave the samefitness. Finally
the experimentssuggesthatthe diversity of morespecific
schematde.g. programs)ecreasemorequickly thanthe
diversity of low-orderones(e.g. hyperspaces)This hap-
pensbecausehigh-orderschematehave a wider rangeof

fitnessesThis effectis notexplicit in theschemaheorem.

4.2 Effect of Standard Crossover

In asecondsetof experimentsve consideredhe effect of
normalcrosse@er on the creation,propagatioranddisrup-
tion of schemataAgain we repeated.0 differentrunsfor
eachprogramdepthlimit, usingthe sameinitial popula-
tionsasin therunsstudiedin the previoussection.In these
runs,the offspring violating the depthlimit wererejected
andcrosseerwasrepeatedintil the correctnumberof off-
springhadbeencreated.
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Figure5: Averagepopulationfitness,diversity and num-
berof schematan a typical run of the XOR problemwith

normalcross@er (maximumprogramdepth2).

Figure5 shavstheaveragepopulationfitness thediversity
andthe numberof schematan a typical run. The initial
populationin this run wasthe sameasfor the run studied
in the previous section. Ohviously the situationdepicted
in this figure is quite differentfrom the oneillustratedin
Figure 1. In a shortinitial phaselasting4 or 5 genera-
tions the standarddeviation of the fithessof programsis
large. Thereforeprogramsaresubjecto arelatively strong
selectionpressure.As in the selection-onlycase,hyper
spacearenot asstronglyeffected.As soonasthe popula-
tion fitnessstartssaturatingheeffectsof cross@erbecome
prevalent. Theseeffectsare the constantcreationof new
individualsandthe destructionof old ones. They prevent
the populationfrom corverging andmaintaina high num-
ber of differentschematan the population. Towardsthe
endof therun, thereareapproximatelysix timesasmary
schematasin the selection-onlycase.Standarctrosseer
preventsthe competitionbetweerhyperspaceom finish-
ing ashyperspaceareconstantlyrepopulated.

The situationdoesnot changesignificantly if we look at
the averagesshavn in Figure6, of populationfitness,di-
versity and numberof schematan 10 differentruns. The
sameis true for populationsof programswith maximum
depth3, asshavn in Figure7. The only differencein this
cases thatthenumberof hyperspaceis largerandsoeach
is sampledby fewer membersof the population. There-
fore, hyperspacearesubjectto a strongerinitial selectve
pressure.

4.3 Effect of One-point Crossover

One-pointcrosseer behaes quite differently from stan-
dardcrosseer. Figure8 shavstheresultsobtainedwith the
samaeinitial populationasbefore.Lik e in the caseof selec-
tion only the competitionbetweenschematandsandthe
populationcorverges.The competitionbetweerow-order
schematdinishesrelatively morequickly thanthe compe-
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ber of schematan 10 GP runs of the XOR problemwith
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GPrunsof the XOR problemwith normalcross@er (max-
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tition betweerhigherorderonese.g.programsFor exam-
ple,whenafinal shapds selectedn generatiorb, thereare
still 10 differentkinds of programs. After generationl9
the populationhascornvergedandno new individual canbe
createdwithout mutation).

This behaiour of one-pointcrosseeris confirmedby the
plots of the populationfitness, diversity and number of

schemataveragedver 10 differentruns(Figure9). These
plotsshav thatthe averagenumberof differentindividuals
perhyperspaceendsto varyveryslowly duringarun. This

impliesthatwhenthe competitionbetweerhyperspaces

over (not later than generationl9), the one betweenthe
programssamplingthemis still active. This maytake quite
afew moregenerationso finish, but it alwaysdoesit and
thepopulationalwayscorverges.

A carefulcomparisorof theplotsin Figures9 and3 reveals
that, on average,the rate at which the diversity of high-
orderschemat@hangess reducecby one-pointcrosseer.
Thisis dueto the continuouscreationof new schemata.
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pointcross@er (maximumprogramdepth?2).

As shavnin Figure10, the diversity of programsdoesnot
changesignificantlywhenthe maximumalloweddepthfor
programsds setto 3. However, like for the selectiononly
case the plot of the diversity of hyperspacewith depth3
lies betweerthe plots of the diversity of hyperspacewith
depth2 andthe diversityof programs.

5 Discussion

Whenthesizeof the populationsusedis smallgeneticdrift

canbe a majorcomponenin schemgpropagatiorandex-

tinction. This certainly happenedn our experimentsas
soonasthe selectve pressuralecreasedyothwhenselec-
tion only was presentand when one-pointcross@er was
used. Geneticdrift could not becomea major driving

forcein runswith standardcrosseer, becausef the rel-

atively largeschemalisruption/creatioprobabilityassoci-
atedwith it.

Althoughin thefirst few generation®f runswith standard
crosseerselectionwvasaprimarydriving force,thedisrup-
tion andinnovation power of standarccross@er remained
very strongthroughoutthe entirerunsandthe population
never corverged. This contributedto maintaininga certain
selectve pressuresvenin late generationsasthe average
populationfitnessnever reachedts maximum.

Therelatively largerandomoscillationsof thetotalnumber
of schematabsenedin all runswith standardcrosseer

(e.g.in Figure5) seemto suggesthat, however large, the

probabilityof schemalisruptionP,(H,t) in Equationl is

not constantbut may vary significantlyfrom one genera-
tion to the next andshouldbe consideredh stochasticrari-

ableas suggestedn [O’Reilly andOppacher1995. Our

experimentalsosuggesthattheprobabilitiesof disruption
P,(H,t)'sfor schemataf differentorderarecorrelated.

One-pointcrosseer allows the convergenceof the popula-
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tion. So,on averagewe mustassumehatits schemadis-
ruption probability is smallerthanfor standardcrossweer.
However, if we comparethe total numberof schemata
in the first few generationsof the runs with one-point
crosswer and the runs with standardcrosseer, we can
seethat initially one-pointcrosswer is as disruptive as
standad crosswer. This corroborate®ur conjecturethat
schemalisruptionwould be quite high at the beginning of
runswith one-pointcrosseer.

The experimentsalsocorroborateour conjecturehatwith
one-pointcrossaer, afterthis first highly-disruptive phase
in which differenthyperspacesompete the competition
betweenschemataelongingto the samehyperspacéde-
comeghe mostimportanteffect.

In the experimentswith maximumdepth?2, after genera-
tion 19 only onehyperspacevaspresentn all runs. This
meanghatthe differentprogramsn suchhyperspacéad
all the samesize and shapeand that GP with one-point
crossw@er was actually working like a GA with a non-
standardcrosseer. This corroborateur conjecturethat
the GP schematheoremasympoaticallytendsto the GA



schemaheorem.

This behaiour suggestshat, while the BBH seemgeally
in troublewhenstandarctrosseeris used,it is asrelevant
to GPwith one-pointcrosseerasit is for traditional GAs.

6 Conclusions

In this paperwe have first reviewedthe main resultsavail-

ableto dateon the theory of schematdor GP and sum-
mariseda new schematheory we have recently devel-
oped[Poli andLangdon,19974. The theoryis basedon
a new simplerdefinition of the conceptof schemé&or GP
which is very closeto the original conceptof schemain

GAs. Onthe basisof this theory we madesereralconjec-
tureson the behaioursof GPwith one-pointcrosseer.

The motivation for the experimentsdescribedn this pa-
perwasto verify empirically the predictionsmadeby us
and by others. The experiments althoughlimited by the
combinatoricsof processingand storing schematahave
shavn the substantialcorrectnesof our and other the-
orists’ conjectures. Standardcrosseer is very innova-
tive and disruptive, and strongly counteractsselection.
This preventsthe populationfrom converging. One-point
crosseer is very disruptive at the beginning of a run but
becomedessandlesssogeneratioraftergeneration.This
suggestghat mutation could be a very importantopera-
tor in runswith one-pointcrosseer, asrecentlyobsened
in [Poli andLangdon,19971.

More theoreticalandexperimentawork will be neededo
investigatewhich form of cross@er is betterandin which
cases.
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