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Abstract

In this paperwe first review the main resultsin
the theoryof schematain GeneticProgramming
(GP) and summarisea new GP schematheory
which is basedon a new definition of schema.
Thenwestudythecreation,propagationanddis-
ruptionof thisnew form of schematain realruns,
for standardcrossover, one-pointcrossover and
selectiononly. Finally, we discusstheseresults
in thelight ourGPschematheorem.

1 Introduction

Genetic Programming(GP) has been applied success-
fully to a largenumberof difficult problems[Koza,1992,
K. E. Kinnear, Jr., 1994, AngelineandKinnear, Jr., 1996].
Howeverarelativelysmallnumberof theoreticalresultsare
availableto try andexplainwhy andhow it works.

SinceJohnHolland’s seminalwork in the mid seventies
andhis well known schematheorem(see[Holland,1992]
and[Goldberg,1989]), schemataareoftenusedto explain
whyGAswork (althoughtheirusefulnesshasbeenrecently
criticised,e.g.in [Altenberg,1995]). In particularit is be-
lievedthatGAs solve problemsby hierarchicallycompos-
ing relativelyfit, shortschematato form completesolutions
(BuildingBlock Hypothesis). Sotheobviousway of creat-
ing a theory for GP is to definea conceptof schemafor
parsetreesandto extendHolland’sschematheorem.

Oneof the difficulties in obtainingtheoreticalresultsus-
ing the idea of schemais that the definition of schema
for GP is much less straightforward than for GAs and
alternative definitions have been proposed[Koza,1992,
O’Reilly andOppacher, 1995, Whigham,1995]. Thesede-
fine schemataas composedof oneor multiple fragments
of a tree. Thesedefinitionsallow a schemato be present�
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multiple times within the sameprogram. This, together
with the variability of the sizeandshapeof the programs
matchingthe sameschema,leadsto considerablecompli-
cationsin thecomputationof schema-disruptionprobabil-
ities. Nonethelesstwo of thesedefinitionshave beenused
in schematheoremsfor GP, which we will review in Sec-
tion 2.

In recentwork [Poli andLangdon,1997a] we have pro-
poseda new simplerdefinitionof schemafor GPwhich is
muchcloserto theoriginalconceptof schemain GAs. This
conceptof schemasuggesteda simplerform of crossover
for GP, which we call one-pointcrossover becauseof its
similarity with the correspondingGA operator. As sum-
marisedin Section3, thisallowedusto deriveasimpleand
naturalschematheoremfor GP.

Although theoreticalresultson schemataarevery impor-
tant, it is well known that schematheoremsonly model
the disruptive effectsof crossover. Indeed,the actualim-
portanceof the constructive effects of crossover is basi-
cally unknown as, to date,no experimentalstudy on GP
schematahasbeenreported.

In this paper the creation, propagationand disruption
of GP schematain real (althoughsmall) populationsare
experimentallystudiedfor standardcrossover, one-point
crossover and selectiononly. We presentthe resultsof
theseexperimentsin Section4, we discussthem in Sec-
tion 5 andwedraw someconclusionsin Section6.

2 Previous Work on GP Schemata

The first attempt to produce a schematheory for GP
was madeby Koza [Koza,1992, pages116–119], who
producedan informal argumentshowing that Holland’s
schematheoremwould apply to GP as well. The argu-
mentwasbasedontheideaof definingaschemaasthesub-
spaceof all treeswhich contain,assubtrees,a predefined
setof completesubtrees.Accordingto Koza’s definition,
a schema� is representedasa setof S-expressions,e.g.



� = � (+ 1 x), (* x y) � representsall the programs
includingat leastoneoccurrenceof (+ 1 x) andoneof
(* x y).

Koza’swork waslaterformalisedandrefinedinto aschema
theorem for GP in [O’Reilly andOppacher, 1995]. A
schemawasdefinedasanunorderedcollection(amultiset)
of subtreesand tree fragments. Tree fragmentsare trees
with at leastone leaf that is a “don’t care” symbol (’#’)
which can be matchedby any subtree. For examplethe
schema� = � (+ # x), (* x y), (* x y) � repre-
sentsall theprogramsincludingat leastoneoccurrenceof
the treefragment(+ # x) andat leasttwo occurrences
of (* x y).

This definition of schemaallowed the introductionof the
conceptof orderanddefininglengthfor GPschemata.The
orderof a schemais thenumberof non-#nodesin theex-
pressionsor fragmentscontainedin theschema;thedefin-
ing length is the numberof links includedin the expres-
sionsandtreefragmentsin theschemaplusthelinks which
connectthemtogether. Unfortunately, the defininglength
of a schemais not constantbut varieswith the programs
samplingit andtheprobabilityof disruption�	��
���
���
���� of
a schema� due to crossover dependson the shapeand
sizeof the tree � matchingtheschema.O’Reilly andOp-
pacherovercamethis problemby consideringthe maxi-
mum of sucha probability, � � 
���
���������������� � 
���
���
����
whichcouldleadtoseverelyunderestimatingof thenumber
of occurrencesof thegivenschemain thenext generation.
Theresultingschematheoremis
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where�.
���
���� is thenumberinstancesof theschema� in
thepopulationatgeneration� , / 
���
���� is themeanfitnessof
theinstancesof � ,

0/ 
8��� is themeanfitnessof theprograms
in the population,3 5 is the crossover probabilityand
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is theexpected-valueoperator. O’Reilly andOppacherdis-
cussedtheusefulnessof this resultandarguedthat,given
theintrinsicvariability of �	��
���
���� from generationto gen-
eration,nohypothesiscanbemadeontherealpropagation
anduseof buildingblocksin GPand,therefore,experimen-
tal studiesarenecessaryto corroboratetheoreticalresults
onschemata.

In the framework of his GP systembasedon context free
grammars(CFG-GP)Whighamproduceda very general
conceptof schemafor context-free grammarsandthe re-
latedschematheorem[Whigham,1995]. In CFG-GPpro-
gramsarethe resultof applyinga setof rewrite rulesto a
startingsymbol. Theprocessof creationof a programcan
berepresentedwith a derivationtreewhoseinternalnodes
arerewrite rulesandwhoseterminalsarethefunctionsand
terminalsusedin theprogram.In CFG-GPtheindividuals

in the populationarederivation treesand the searchpro-
ceedsusingcrossover andmutationoperatorsspecialised
to producevalid derivationtrees.

Whigham definesa schemaas a partial derivation tree
rootedin somenon-terminalnode,i.e. as a collection of
rewrite rulesorganisedinto a singlederivation tree. The
terminals of a schemacan be both terminal and non-
terminalsymbolsof a grammar. Thereforea schemacan
actuallyrepresentall theprogramsthatcanbeobtainedby
addingother rules to its leaves until only terminal sym-
bols arepresentandby usingit asa componentfor other
derivation trees. This definition of schemaleadsto sim-
ple equationsfor theprobabilityof disruptionof schemata
undercrossover andmutation. Unfortunately, againthese
probabilitiesvary with the size of the completederiva-
tion tree(i.e. of the program)containingthe schemaand
a schemacanoccurmultiple timesin the samederivation
tree. Whighamovercametheseproblemsby considering
the averagedisruptionprobability andthe averagefitness
of eachschema.

3 New GP Schema Theory

As highlightedin [Radcliffe, 1991], aschemais asubspace
of the spaceof possiblesolutions,usuallyrepresentedus-
ing someconcisenotation(ratherthanenumeratingall the
solutionsit contains).Schemataaremathematicaltools to
describewhich areasof thesearchspacearesampledby a
population. For schematato be useful in explaining how
GP searchestheir definition mustmake the effectsof se-
lection, crossover andmutationcomprehensibleandrela-
tively easycalculate.Theproblemwith earlierdefinitions
of schemafor GPis thatthey maketheeffectsonschemata
of thegeneticoperatorsusedin GPtoodifficult to evaluate
mathematically.

Recently we have proposed a simpler definition of
schema for GP and a form of crossover which
have allowed us to derive a new GP schematheo-
rem [Poli andLangdon,1997a]. We definea schemaas
a treecomposedof functionsfrom the set <>=-�?�@� and
terminalsfrom the set AB=C�D�@� , where < and A arethe
function set and the terminal set usedin a GP run. The
symbol � is a “don’t care”symbolwhich standsfor a sin-
gle terminalor function. In line with the original defini-
tion of schemafor GAs, a schema� representsprograms
having the sameshapeas � and the samelabelsfor the
non-� nodes.For example,if < = � +, - � and A = � x, y �
the schema � =(+ (- = y) =) would representthe
four programs(+ (- x y) x), (+ (- x y) y),
(+ (- y y) x) and(+ (- y y) y). Our defini-
tion of schemais in somesenselower-level than those
adoptedby others,asasmallernumberof treescanberep-
resentedby schematawith thesamenumberof “don’t care”



symbolsandit ispossibleto representoneof theirschemata
by usinga collectionof ours.

The numberof non-� symbolsis calledthe order E"
��F�
of a schema� , while the total numberof nodesin the
schemais called the length G'
��H� of the schema. The
numberof links in the minimumsubtreeincludingall the
non-� symbolswithin a schema� is called the defin-
ing length IJ
��F� of the schema.For examplethe schema
(+ (- = =) x) has order 3 and defining length 2.
Thesedefinitionsareindependentof theshapeandsizeof
theprogramsin theactualpopulation.

In orderto derive a GP schematheoremfor our schemata
we used very simple forms of mutation and crossover,
namelypoint mutationandone-pointcrossover. Point mu-
tation is thesubstitutionof a function in the treewith an-
otherfunction with the samearity or the substitutionof a
terminalwith anotherterminal.One-pointcrossoverworks
by selectinga commoncrossover point in the parentpro-
gramsandthenswappingthe correspondingsubtreeslike
standardcrossover. In order to accountfor the possible
structuraldiversityof thetwo parents,one-pointcrossover
startsanalysingthetwo treesfrom theroot nodesandcon-
sideringfor the selectionof the crossover point only the
partsof the two treeswhich have the sametopology(i.e.
thesamearity in thenodesencounteredtraversingthetrees
from therootnode)[Poli andLangdon,1997a].

The new schematheoremprovides the following lower
bound for the expectednumberof individuals sampling
a schema� at generation�K$L& for GP with one-point
crossoverandpointmutation: 9! �.
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where 3�] is the mutationprobability (per node), |}
��F�
is the zero-thorderschemawith the samestructureof �
whereall thedefiningnodesin � have beenreplacedwith
“don’t care” symbols, ~ is the numberof individuals in
the population,3 e�g i 
8��� is the conditionalprobability that� is disruptedby crossover when the secondparenthas
a different shape(i.e. doesnot sample |}
��H� ), and the
other symbolshave the samemeaningas in Equation1
(see[Poli andLangdon,1997a] for the proof). The zero-
orderschemata|}
��F� ’s representdifferentgroupsof pro-
gramsall with thesameshapeandsize.For this reasonwe
call themhyperspacesof programs.We denotenon-zero-
orderschematawith thetermhyperplanes.

Equation 2 is more complicatedthan the correspond-
ing version for GAs [Goldberg,1989, Holland,1992,
Whitley, 1993] becausein GPthetreesundergoingoptimi-

sationhave variablesizeandshape.This is accountedfor
by thepresenceof theterms�#
�|}
��F��
���� and

/ 
�|}
��H��
���� ,
which summarisethe characteristicsof the programsbe-
longingto thesamehyperspacein which � is ahyperplane.

In [Poli andLangdon,1997a] we analysedEquation2 in
detailanddiscussedthelikely interactionsbetweenhyper-
spacesandhyperplanesandtheexpectedtime-dependence
of the probability 3 ehg i 
8��� during a run. In particularwe
conjecturedthat, given the diversity in the initial popula-
tion, in general3 e�g i would be quite close to 1 and the
probability of schemadisruptionwould be quite high at
thebeginningof a run. Schemadisruptionandcreationby
crossover would thenheavily counteracttheeffectsof se-
lection,exceptfor schematawith aboveaveragefitnessand
shortdefining-lengthwhoseshape|}
��F� is alsoof above
averagefitnessandis sharedby anabove averagenumber
of programs.

We alsoconjecturedthat,in theabsenceof mutation,after
a while the populationwould startconverging, like a tra-
ditional GA, and the diversity of shapesandsizeswould
decrease.During this secondphase,the competitionbe-
tweenschematabelongingto the samehyperspacewould
becomemoreandmoreimportantandtheGPschematheo-
remwouldasymptoticallytendto thestandardGA schema
theorem. Therefore,during this phaseall schematawith
aboveaveragefitnessandshortdefining-lengthwould tend
to havea low disruptionprobability.

In [O’Reilly andOppacher, 1995] seriousdoubtshavebeen
caston the correctnessof the Building Block Hypothesis
(BBH) for standardGP. However, our analysisof Equa-
tion 2 led us to suggestthat it cannotbe ruled out in GP
with one-pointcrossover.

4 Experimental Results

Thenumberof differentschematacontainedin asinglepro-
gramof length G is � v , which is largeevenfor shortpro-
grams.Therefore,evenasmallpopulationof GPprograms
samplesucha hugenumberof schematathatit is notprac-
tical to follow in detailtheir creation,propagationanddis-
ruptionduringarun. However, it is possibleto dosoif one
limits thedepthof theprogramsbeingevolvedto threeor
four levels. For this reasonin theexperimentsreportedin
this paperwe decidedto imposethesedepthlimits andto
consideronly a very simpleproblem,the XOR problem,
whichcanbesolvedby smallprograms.

In theexperimentsweusedthefunctionset < = � AND, OR,
NAND, NOR� and the terminal set A = � x1, x2 � . With
thesechoices,by limiting the maximumalloweddepthto
2 (the root nodeis at level 0) we wereableto follow the
evolutionof all theschematain apopulationof 50 individ-
ualsfor 50generations.We werealsoableto studysubsets



of the schematapresentin populationsof programswith
maximumdepth3.

The population was initialised using the
“grow” method[Koza,1992]. Thefitnessof asolutionwas
the numberof entriesin the XOR truth-tableit correctly
predicted.In thefollowing subsectionswe describethere-
sultsobtainedwith selectiononly andwith differentforms
of crossover(with 3 5 ����� �m� ). Mutationwasnotused.

4.1 Schema Propagation Under Selection Only

In a first seriesof experimentswe studiedthe effects of
selectionon thepropagationof singleschemataandon the
numberof hyperplanesandhyperspacesampledby thepro-
gramsin the populationin 10 GP runswith differentran-
domseeds.In all theexperimentswe did not stoptheruns
when100%correctsolutionswerefound. In eachrun all
schematain the populationwere recordedtogetherwith:
theaveragefitnessof thepopulationin eachgeneration,the
averagefitnessof eachschemain eachgeneration,thenum-
ber of programssamplingthe schemain eachgeneration,
andtheorder, lengthanddefininglengthof theschema.

Figure 1 shows the averagepopulation fitness, the di-
versity and the number of schematain a typical run.
Diversity has been assessedboth in terms of different
programsand in terms of different hyperspacesof pro-
grams( |}
��F� ’s). The initial populationcontainedfour
different hyperspaces,| x representedby the schema=,|�� =(= (= = =) (= = =)), |�� =(= (= = =) =)
and |�� =(= = (= = =)), and 46 different programs.
Dueto thebiasesof the“grow” method,thesehyperspaces
includedquite differentnumbersof programs.For exam-
ple | x wassampledby 6 programs,while | � included40
programs.Of the four hyperspaces| � wasthe onewith
thehighestfitnessandafter10 generationsit wastheonly
oneto survive. At thatpoint it still containedfour different
typesof individualsall with thesamefitness.Sofrom that
point in time fitnessproportionateselectionwasnot acting
any more.Nonethelessthediversityin thepopulationkept
slowly decreasingevenaftergeneration10. This is dueto
thestochasticnatureof theselectionprocesswhich makes
thenumberof instancesof eachindividualvarywith akind
of Brownianmotionwhichcanleadto extinctionor to take
over thewholepopulation(geneticdrift) [Ridley, 1993].

In the run shown in Figure 1 there were initially 2,892
schemata:an averageof 62.9 per program. This rela-
tively smallnumberis theeffect of thedepthlimit we im-
posed,whichpreventsany programfrom having morethan
7 nodesand, therefore,more than128 schemata.Before
generation10thenumberof schematadecreasesnearlyex-
ponentiallyasdoesthenumberof differentindividuals.
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Figure1: Averagepopulationfitness,diversity andnum-
berof schematain a typical run of theXOR problemwith
selectiononly (maximumprogramdepth2).
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Figure 2: Effect of selectiononly on the programssam-
pling four differentschematain a typical run (maximum
programdepth2).



According to the schematheorem,when selectiononly
is acting, schematawith below average fitness should
tend to disappearfrom the population while above-
average schematashould be sampledmore frequently.
This effect was indeed observed in the run men-
tioned above at the level of both hyperplanesand hy-
perspaces. Figure 2 shows the expected value of�#
���
���$�&O� predictedby the schematheoremand its
actual value for the hyperspace|�� , and for two of
its hyperplanes� x =(AND (= = x1) (= = x1)) and�4� =(AND (NOR = =) (= = =)). x In this run the
competitionbetweenthe few hyperspacespresentin the
populationseemto end beforegeneticdrift becomesthe
only driving force. This doesnot happento relatively
higher-order schemata. For example, both � x and � � ,
which areapproximatelyof thesameabove-averagequal-
ity, tendto spreadin thepopulationduringthefirst 9 gener-
ations.However, they areinitially sampledby asmallnum-
ber of programs. Therefore,when the selective pressure
stopsworking at generation9, neitherof themhastaken
over the population( �#
�� x 
_�m����&(� and �.
��4�S
_�m�@��� )
and � x is drivento extinctionby geneticdrift veryquickly.

Figure 3 shows the populationfitness,the diversity and
the numberof schemataaveragedover 10 different runs.
Theseresultssuggestthatselectionis lesseffective on hy-
perspacesthanon programs.Indeed,the rateat which 0-
orderschemata(hyperspaces)disappearis lower thanfor
maximum-orderschemata(programs). This can be ex-
plainedby consideringthat the averagedeviation of the
fitnessof high-orderschemata(e.g. programs)from the
populationfitnessis in generalbigger than for low-order
schemata.Therefore,(positive or negative) selectionwill
be strongeron averagefor high-orderschemataand pro-
grams.

In this respectthesituationdoesnotchangesignificantlyif
we changethe depthlimit to 3. Figure4 shows the pop-
ulation fitnessaswell asthe hyperspaceandprogramdi-
versity averagedover 10 different runs. In this case,the
averagenumberof differentinitial hyperspacesis 15,only
approximately3 timessmallerthanthenumberof different
programs.Therefore,theaveragedeviationof thefitnessof
hyperspacesfrom thepopulationfitnessis in generallarger
andselectionis consequentlystrongerthanin theprevious
case.

In summary, theseexperimentssuggestthat there is a
good agreementbetweenthe predictionsof the schema
theoremand the observed number of instancesof any
schemata. However, we have not observed the expo-�

The differencesbetweenthe observed andmeasuredvalues
of ���8�4���	�N�7� aredue to the stochasticnatureof the roulette
wheel algorithm implementingfitness proportionateselection.
The apparentshift betweenthe plots of ��� ���8���h���l���7��  and���8� � �*�f�.�7� is dueto thefactthat ¡��8� � �*�r��¢¤£¡¥�¦�r� for �	§F¨ .
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Figure3: Averagepopulationfitness,diversity andnum-
berof schematain 10 GP runs of the XOR problemwith
selectiononly (maximumprogramdepth2).
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Figure4: Averagepopulationfitnessanddiversityin 10GP
runs of the XOR problemwith selectiononly (maximum
programdepth3).

nential schemagrowth/decayoften claimedto happenin
GAs [Goldberg,1989]. The experimentsalso show that
whensmallpopulationsareusedgeneticdrift playsanim-
portantrole at all stages.This becomesprominentwhen
the selective pressuredecreases,i.e. when nearly all the
programsin thepopulationhave the samefitness.Finally
theexperimentssuggestthat thediversityof morespecific
schemata(e.g. programs)decreasesmorequickly thanthe
diversityof low-orderones(e.g. hyperspaces).This hap-
pensbecausehigh-orderschematahave a wider rangeof
fitnesses.Thiseffect is notexplicit in theschematheorem.

4.2 Effect of Standard Crossover

In a secondsetof experimentswe consideredtheeffect of
normalcrossover on thecreation,propagationanddisrup-
tion of schemata.Again we repeated10 differentrunsfor
eachprogramdepthlimit, using the sameinitial popula-
tionsasin therunsstudiedin theprevioussection.In these
runs,the offspringviolating the depthlimit wererejected
andcrossoverwasrepeateduntil thecorrectnumberof off-
springhadbeencreated.
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Figure5: Averagepopulationfitness,diversity andnum-
berof schematain a typical run of theXOR problemwith
normalcrossover(maximumprogramdepth2).

Figure5 showstheaveragepopulationfitness,thediversity
andthe numberof schematain a typical run. The initial
populationin this run wasthesameasfor the run studied
in the previous section. Obviously the situationdepicted
in this figure is quite different from the one illustratedin
Figure 1. In a short initial phaselasting 4 or 5 genera-
tions the standarddeviation of the fitnessof programsis
large.Therefore,programsaresubjectto arelativelystrong
selectionpressure.As in the selection-onlycase,hyper-
spacesarenot asstronglyeffected.As soonasthepopula-
tion fitnessstartssaturatingtheeffectsof crossoverbecome
prevalent. Theseeffectsare the constantcreationof new
individualsandthe destructionof old ones. They prevent
thepopulationfrom convergingandmaintaina high num-
ber of differentschematain the population. Towardsthe
endof the run, thereareapproximatelysix timesasmany
schemataasin theselection-onlycase.Standardcrossover
preventsthecompetitionbetweenhyperspacesfrom finish-
ing ashyperspacesareconstantlyrepopulated.

The situationdoesnot changesignificantly if we look at
theaverages,shown in Figure6, of populationfitness,di-
versityandnumberof schematain 10 differentruns. The
sameis true for populationsof programswith maximum
depth3, asshown in Figure7. Theonly differencein this
caseis thatthenumberof hyperspacesis largerandsoeach
is sampledby fewer membersof the population. There-
fore, hyperspacesaresubjectto a strongerinitial selective
pressure.

4.3 Effect of One-point Crossover

One-pointcrossover behaves quite differently from stan-
dardcrossover. Figure8showstheresultsobtainedwith the
sameinitial populationasbefore.Like in thecaseof selec-
tion only the competitionbetweenschemataendsandthe
populationconverges.Thecompetitionbetweenlow-order
schematafinishesrelatively morequickly thanthecompe-
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Figure6: Averagepopulationfitness,diversity andnum-
berof schematain 10 GP runs of the XOR problemwith
normalcrossover(maximumprogramdepth2).
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Figure 7: Averagepopulationfitnessand diversity in 10
GPrunsof theXOR problemwith normalcrossover(max-
imumprogramdepth3).

tition betweenhigherorderones,e.g.programs.For exam-
ple,whenafinal shapeis selectedin generation5, thereare
still 10 differentkinds of programs. After generation19
thepopulationhasconvergedandnonew individualcanbe
created(withoutmutation).

This behaviour of one-pointcrossover is confirmedby the
plots of the populationfitness,diversity and numberof
schemataaveragedover10differentruns(Figure9). These
plotsshow thattheaveragenumberof differentindividuals
perhyperspacetendsto varyveryslowly duringarun. This
impliesthatwhenthecompetitionbetweenhyperspacesis
over (not later than generation19), the one betweenthe
programssamplingthemis still active. Thismaytakequite
a few moregenerationsto finish, but it alwaysdoesit and
thepopulationalwaysconverges.

A carefulcomparisonof theplotsin Figures9 and3 reveals
that, on average,the rate at which the diversity of high-
orderschematachangesis reducedby one-pointcrossover.
This is dueto thecontinuouscreationof new schemata.
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Figure8: Averagepopulationfitness,diversityandnumber
of schematain a typical run of theXOR problemwith one-
pointcrossover (maximumprogramdepth2).

As shown in Figure10, thediversityof programsdoesnot
changesignificantlywhenthemaximumalloweddepthfor
programsis setto 3. However, like for the selectiononly
case,theplot of thediversityof hyperspaceswith depth3
lies betweentheplotsof thediversityof hyperspaceswith
depth2 andthediversityof programs.

5 Discussion

Whenthesizeof thepopulationsusedis smallgeneticdrift
canbea majorcomponentin schemapropagationandex-
tinction. This certainly happenedin our experimentsas
soonastheselective pressuredecreased,bothwhenselec-
tion only waspresentand whenone-pointcrossover was
used. Geneticdrift could not becomea major driving
force in runswith standardcrossover, becauseof the rel-
atively largeschemadisruption/creationprobabilityassoci-
atedwith it.

Althoughin thefirst few generationsof runswith standard
crossoverselectionwasaprimarydriving force,thedisrup-
tion andinnovationpower of standardcrossover remained
very strongthroughoutthe entirerunsandthe population
neverconverged.Thiscontributedto maintaininga certain
selective pressureeven in late generations,asthe average
populationfitnessnever reachedits maximum.

Therelatively largerandomoscillationsof thetotalnumber
of schemataobserved in all runswith standardcrossover
(e.g.in Figure5) seemto suggestthat,however large, the
probabilityof schemadisruption� � 
���
���� in Equation1 is
not constantbut may vary significantlyfrom onegenera-
tion to thenext andshouldbeconsidereda stochasticvari-
ableassuggestedin [O’Reilly andOppacher, 1995]. Our
experimentsalsosuggestthattheprobabilitiesof disruption�	�m
���
���� ’s for schemataof differentorderarecorrelated.

One-pointcrossoverallows theconvergenceof thepopula-
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Figure9: Averagepopulationfitness,diversityandnumber
of schematain 10 GP runsof theXOR problemwith one-
pointcrossover (maximumprogramdepth2).
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Figure10: Averagepopulationfitnessanddiversity in 10
GP runs of the XOR problemwith onecrossover (maxi-
mumprogramdepth3).

tion. So,on averagewe mustassumethat its schemadis-
ruption probability is smallerthanfor standardcrossover.
However, if we comparethe total numberof schemata
in the first few generationsof the runs with one-point
crossover and the runs with standardcrossover, we can
seethat initially one-pointcrossover is as disruptiveas
standard crossover. This corroboratesour conjecturethat
schemadisruptionwould bequitehigh at thebeginningof
runswith one-pointcrossover.

Theexperimentsalsocorroborateour conjecturethatwith
one-pointcrossover, after this first highly-disruptivephase
in which different hyperspacescompete,the competition
betweenschematabelongingto the samehyperspacebe-
comesthemostimportanteffect.

In the experimentswith maximumdepth2, after genera-
tion 19 only onehyperspacewaspresentin all runs. This
meansthat thedifferentprogramsin suchhyperspacehad
all the samesize and shapeand that GP with one-point
crossover was actually working like a GA with a non-
standardcrossover. This corroboratesour conjecturethat
the GP schematheoremasympoticallytendsto the GA



schematheorem.

This behaviour suggeststhat,while theBBH seemsreally
in troublewhenstandardcrossover is used,it is asrelevant
to GPwith one-pointcrossoverasit is for traditionalGAs.

6 Conclusions

In this paperwe have first reviewedthemainresultsavail-
able to dateon the theoryof schematafor GP and sum-
mariseda new schematheory we have recently devel-
oped[Poli andLangdon,1997a]. The theory is basedon
a new simplerdefinitionof the conceptof schemafor GP
which is very closeto the original conceptof schemain
GAs. On thebasisof this theory, we madeseveralconjec-
tureson thebehavioursof GPwith one-pointcrossover.

The motivation for the experimentsdescribedin this pa-
per was to verify empirically the predictionsmadeby us
andby others. The experiments,althoughlimited by the
combinatoricsof processingand storing schemata,have
shown the substantialcorrectnessof our and other the-
orists’ conjectures. Standardcrossover is very innova-
tive and disruptive, and strongly counteractsselection.
This preventsthe populationfrom converging. One-point
crossover is very disruptive at the beginning of a run but
becomeslessandlesssogenerationaftergeneration.This
suggeststhat mutationcould be a very importantopera-
tor in runswith one-pointcrossover, asrecentlyobserved
in [Poli andLangdon,1997b].

More theoreticalandexperimentalwork will beneededto
investigatewhich form of crossover is betterandin which
cases.
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