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ABSTRACT
In this paper we study and compare the
search properties of different crossover
operators in genetic programming (GP)
using probabilistic models and experi-
ments to assess the amount of genetic
material exchanged between the parents
to generate the offspring. These op-
erators are: standard crossover, one-
point crossover and a new operator, uni-
form crossover. Our analysis suggests
that standard crossover is a local and
biased search operator not ideal to ex-
plore the search space of programs ef-
fectively. One-point crossover is better
in some cases as it is able to perform a
global search at the beginning of a run,
but it suffers from the same problems
as standard crossover later on. Uniform
crossover largely overcomes these limita-
tions as it is global and less biased.

1 Introduction

Genetic programming(GP) is a non-deterministicsearch
techniqueto explore the spaceof possibleprograms. It
is very well known from the AI literature that the perfor-
manceof any searchalgorithm dependscrucially on the
representationadoptedfor the states(tentative solutions)
of the problem and the operatorsused to produce new
states[RussellandNorvig, 1995]. In this paperwe concen-
trateon the latterandaskwhetherdifferentcrossover opera-
torshavethefeaturesnecessaryto explorethespaceof possi-
bleprogramsefficiently andeffectively.

In therecentpastthisquestionhasbotheredourselvesanda
numberof otherGPresearcherswhentheideathatcrossover
wascentralandthatmutationwasunnecessaryin GPstrongly
stressedin Koza’s work [Koza,1992, Koza,1994] wasques-
tioned.Indeed,recentresultshighlighta limited performance

advantageof crossover comparedto mutationbasedopera-
tors [O’Reilly andOppacher, 1996, LukeandSpector, 1997,
Angeline,1997, Chellapilla,1997].

In [Poli, 1997] we proposedthehypothesisthat this unex-
pectedineffectivenessof GP crossover might be due to the
factthatcrossoveris alocalandbiasedsearchoperatorwhich,
asaresult,is unableto searchproperlythespaceof programs.
It is local in the sensethat the offspring it producesinherit
mostof their codefrom oneparentmostof the times. It is
biasedas, probabilistically, it concentrateson certaintypes
of local adjustments,namelyvery neartheleavesof thetree.
This hypothesisis supportedby simplecalculations(similar
to thosereportedin [RoscaandBallard,1995, Rosca,1996]),
by experimentsin which theexpectedsizeof theoffspringof
full treesof very differentdepthwasestimatedandby other
experimentsandmodelsof crossover behaviour in theMAX
problemdescribedin [LangdonandPoli, 1997].

In contrast,mostcrossoveroperatorsusedin GeneticAlgo-
rithms(GAs) tendto includein theoffspringmaterialcoming
from both parentswithout a bias towardsone or the other.
For example,one-pointcrossover, uniformcrossover, etc. all
transfergeneticmaterialfrom eachparentwith a 50%proba-
bility on average.If theparentsarequitedifferentthis leads
to produceoffspring which area long way away from their
parentsin thegenotypespace.In thissensewecouldsaythat
GA crossoveroperatorsareglobalsearchoperators.

GA crossoveroperatorsarealsoableto generateoffspring
which are very closeto their parents. This can happenin
two cases:a) whenby chancetheoffspring inheritsmostof
its geneticmaterialfrom one or the other parent(for some
crossoveroperators,likeuniformcrossover, this is arelatively
unlikely event),or b) whentheparentsarequiteclosein the
genotypespace.In this caseswe maysaythatcrossover be-
haveslikea localsearchoperator.

Both thesepropertiesare very important: globality of
searchleadsto the explorationof the searchspaceandalso
to the ability to escapefrom local maxima, while local-
ity allows the refinementof inaccuratesolutions. Stan-
dard GP crossover seemsto have only a distorted(biased)
version of one of them.� The questionswe addressin�

To improve this situation recently some researchershave proposed
schemesto modify the nodeselectionprobability at different levels in the



this paper are: are the propertiesof locality and global-
ity present,and to which extent, in different GP crossover
operators? The operatorswe will considerin this study
arestandardcrossover, one-pointcrossover, an operatorin-
spiredby GeneticAlgorithms (GAs) introducedin our re-
cent researchon GP schemata[Poli andLangdon,1997c,
Poli andLangdon,1997a, Poli andLangdon,1998], anduni-
form crossover, anew GA-inspiredoperator.

To answerthesequestionswe will proceedalongthe fol-
lowing lines extendingand completingthe ideaspresented
in [Poli, 1997]. Firstly we will proposea simplegeneralthe-
ory of theamountof geneticmaterialexchangedbetweenthe
parentsin eachcrossoveroperator. Then,weapplythetheory
to an idealisedcaseto show (1) how the amountof genetic
materialexchangedbetweentheparentsin standardcrossover
maybe,onaverage,quitesmall,i.e. thesearchmaybewithin
a small neighbourhoodof the parents(local), (2) how one-
point crossover’s searchis moreglobal initially but becomes
similar to standardcrossover later on, and(3) how uniform
crossoverhasmoreglobalsearchpropertiesthroughoutarun.
Theseresultsare presentedin Section3. Finally, we will
studythe amountof geneticmaterialexchangedby the par-
entsto createthe offspring in morerealisticGP runson the
even-4parity problemin the presenceof differentcrossover
operatorsandfunctionsets.Theseexperimentsaredescribed
in Section4. We discussour resultsanddraw someconclu-
sionsin Section5.

2 Standard, One-point and Uniform

Crossover for GP

StandardGP crossover works by randomly selectingone
crossover point in eachparenttreeandthenby swappingthe
subtreesattachedto suchnodesto obtain the offspring. In
recentresearchwe introduceda new crossoveroperator, one-
pointcrossover, whichworksby swappingsubtree,but it uses
asinglecommoncrossoverpointasexplainedbelow.

Thewayone-pointcrossoverworkswassuggestedby con-
sideringthethreestepsinvolvedin one-pointcrossover in bi-
naryGAs. Thesestepsareschematisedin Figure1(a). They
are:1) alignmentof theparentstrings,2) selectionof a com-
mon crossover point, 3) swap of the right-endsidesof the
stringsto obtaintwo offspring. If all the treesin a GP pop-
ulationhadexactly thesameshapeandsizethena crossover
operatorinvolving exactly the samethreestepscould easily
be implemented.Thenodesin the treeswould play the role
of the digits in the bit strings,the links would play the role
of thegapsbetweendigits. Figure2(a)depictsthis situation.
In thefigurethealignmentprocesscorrespondsto translating
thegraphicalrepresentationof oneof theparentsuntil its root
nodecoincideswith therootnodeof theother.

What would happenif onetried the sameprocedurewith
treeshaving differentshapes?To acertainextentit wouldstill

tree so as to make bigger changesmore likely [RoscaandBallard,1996,
HarriesandSmith,1997, Ito etal., 1998].
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Figure1: (a)One-pointcrossoverin binaryGAs,and(b) uni-
form crossover in binaryGAs.

bepossibleto align thetrees.After thealignmentit wouldbe
easyto identify the links which overlap,to selecta common
crossover point and swap the correspondingsubtrees.Our
one-pointcrossoveroperatorfor GPis basedon thesesimple
steps,whichareillustratedin Figure2(b).

From the implementationpoint of view, the threephases
involved in one-pointcrossover are as follows. Copiesof
thetwo parenttreesarerecursively (jointly) traversedstarting
from therootnodesto identify thepartswith thesameshape,
i.e. with thesamearity in thenodesvisited(alignment). Re-
cursionis stoppedassoonasanarity mismatchbetweencor-
respondingnodesin the two treesis present.All the nodes
andlinks encounteredarestored.They form a treefragment
that we call the commonregion. A randomcrossover point
is selectedwith a uniform probabilityamongthestoredlinks
(crossoverpoint selection). Thetwo subtreesbelow thecom-
moncrossoverpoint areswappedin exactly thesameway as
in standardcrossover (swap).

An interestingvariant of one-pointcrossover, which we
call strict one-point crossover [Poli andLangdon,1997b],
behaves exactly like one-point crossover except that the
crossover point can be locatedonly in the partsof the two
treeswhich areexactly the same(i.e. which have the same
functionsin thenodesencounteredtraversingthe treesfrom
therootnode).Thelinks eligibleascrossoverpointsin strict
one-pointcrossover area subsetof thoseeligible in standard
one-pointcrossover.

By analysingother forms of GA crossover it is possible
to definenew forms of crossover for GP. In this paperwe
wantto introduceanew onewhichwecall uniformcrossover
asit wassuggestedby consideringthestepsinvolvedin uni-
form crossover in binary GAs. Thesestepsareschematised
in Figure1(b). They are: 1) alignmentof theparentstrings,
2) selectionof the bits to swap, 3) swap of the selectedbits
to obtain two offspring. If all the treesin a GP population
had exactly the sameshapeand size then exactly the same
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Figure 2: (a) One-pointcrossover for GP when both par-
entshave thesameshape,and(b) generalform of one-point
crossover for GP. In (b) thelinks thatcanbeselectedascom-
moncrossoverpointsaredrawn with thick lines.

threestepscouldeasilybe implemented.Figure3(a)depicts
this situation. When the parenttreeshave different shapes
we canproceedsimilarly to the one-pointcase. The differ-
encesbetweenthe two operatorscanbeeasilyinferredfrom
Figure3(b). Again,firstly, copiesof thetwo parenttreesare
recursively (jointly) traversedstartingfrom theroot nodesto
identify the commonregion, i.e. the partswith the samear-
ity in thenodesvisited.All thenodesencounteredarestored.
Thennodesin thecommonpartsareswappedwith a uniform
probability. If anodebelongsto theboundaryof thecommon
region (i.e. if it is a leaf of thetreefragmentrepresentingthe
commonregion)andis afunctionthenalsothesubtreebelow
it is swapped,otherwiseonly thenodelabelis swapped.

Like for one-pointcrossover, it is possibleto defineastrict
uniform crossover operatorwhich behavesexactly like uni-
form crossover except that the nodes/subtreesswappedcan
belocated/rootedonly in thepartsof thetwo treeswhich are
exactly thesame.

3 Analysis of Crossover Search Properties

In GAstheoffspringgeneratedby crossovermaybeverysim-
ilar to or very differentfrom their parentsdependingon the
similarity betweentheparentsandtheamountof geneticma-
terialexchangedto form theoffspring.Maximumexploration
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Figure 3: (a) Uniform crossover for GP when both par-
entshave the sameshape,and (b) generalform of uniform
crossover for GP. In (b) the nodesthat can be selectedfor
swappingarethoseincludedin thecommonregion.

of the searchspaceis achieved when the offspring include
50%of thematerialfrom oneparentandtheother50%from
the other. The fact that the parents“exchange”a lot of ge-
netic materialis not a sufficient condition for the offspring
to besignificantlydifferentfrom theparents.Theexchanged
materialmustalsobedifferent.

In thissectionwemodelmathematicallytheeffectsof stan-
dard crossover, one-pointcrossover and uniform crossover
(both in their normal and strict versions)in terms of the
amountof geneticmaterialexchangedbetweenthe parents.
In thisway wecanidentify thepresenceor absenceof oneof
thenecessaryconditionsfor a goodexplorationof thesearch
space:theproductionof offspringsufficiently differentfrom
their parentsso as to explore the searchspaceglobally and
efficiently. We alsowantto checkwhetherdifferentformsof
crossoverhave theothernecessarypropertyof a goodsearch
method:theability to performlocalsearch.This is necessary
to explorewell thehills in thefitnesslandscape.

3.1 Node Density Functions

Let us considera particularprogramtree � in the popu-
lation anddefinethe nodedensityfunctionof � , ���	��
 �
� , as
the fraction of nodesat depth � in � . If we selectednodes
in thetreewith a uniform probability, thenodedensityfunc-



tion would coincidewith the (conditional)probability thata
nodeat depth � is selected(giventhat theprogramin which
thenodesareselectedis � ). Also, let uscall ���	�����
� theex-
pectedsizeof the subtreesat depth � in the program � and�����
�������	�����
� thesizeof � .

As � has �����

 �
��������� nodesat depth � , by hypothesising
thatall subtreesrootedatdepth� havethesamestructureand
size,it is possibleto estimatetheexpectednumberof nodes
in suchsubtrees:

���	�����
���
Nodesatdepth ����  "! #$%&('*) ���,+-
 �
�������
����	��
 �
���������! #"�  
Nodesatdepth� �/. $&0'*) ���	+�
 ������	��
 �
� 1 (1)

Thenodedensityfunctionand ���	�����
� canalsobeusedto
computetheaveragebranchingfactoratdepth� in tree � :

2 ���

 ���3� Nodesatdepth�5476�  "! #�����54768���
�9���	�:476;
 �
����	�����
�9���	��
 �
�! #"�  
Nodesatdepth�

3.2 Genetic Material Exchanged by Crossover

Theamountof geneticmaterialexchangedbetweenthepar-
entsto generatetheoffspringduringcrossovercanbequanti-
fiedusingthenumberof nodesinserted(or removed)toobtain
the offspring. In normalcrossover andone-pointcrossover
this correspondsto thesizeof thesubtreesswapped.In uni-
form crossover, this correspondsto the sizeof the subtrees
swappedplusthenumberof nodesswapped.In thefollowing
wewill considerthesecrossoveroperatorsseparately.

For the sake of simplicity let us considera GP systemin
which crossover pointsareselectedwith uniform probability
amongthenodesin theparenttrees.

Theexpectedsize �=< of thesubtreeremovedfrom thefirst
parentduringcrossovercanbecomputedasfollows:>@? �A<CB�� %DFECG D(H %) E�G ) H ���	� � ��� � �,����� � �I�;JK
 � � ����J0�,����� � �9������J(�

(2)
wherethe summationover � � and ��J is carriedout over all
theindividualsin thepopulation,thesummationover � � and�KJ (thedepthsof thethecrossoverpoint in thefirst parentand
secondparent,respectively) is from 0 to L , ����� � � and������J(�
aretheprobabilitiesof individuals � � and ��J beingselected,J
and ����� � �I� J 
 � � ��� J � is the probability that a crossover point
at depth � � is chosenin thefirst parentanda crossover point
at depth � J is chosenin thesecondparentgiventhat thefirst
parentis � � andthesecondparentis � J .M

If fitnessproportionateselectionis usedNPORQ8S�T�U;ORQ8S�V0OXWZYU;S , whereW is thepopulationsize, YU is theaveragepopulationfitnessand U;ORQ8S is the
fitnessof programQ .

The crossover operatorsdescribedin Section2 andanal-
ysedin the following aresymmetricwith respectto the two
parents.So,

>@? �=<CB alsocoincideswith theamountof genetic
materialremovedfrom thesecondparent,i.e. thegeneticma-
terial insertedin the first parent. For this reasonin the fol-
lowing we will usethe term amountof geneticmaterial ex-
changedwhenreferringto

>@? �=<"B .
3.2.1 Standard Crossover Case

If standardcrossover is used,then the crossover points are
randomlyselectedindependently. Thismeansthat����� � �I�;JK
 � � ����J0�3�[����� � 
 � � �9�����KJ\
 ��J(�
where���	� � 
 � � � and ���	�;JK
 ��J(� arethenodedensityfunctions
of theprograms� � and ��J , respectively. By substitutingthis
equationinto Equation2 it follows thattheexpectedvalueof
theamountof geneticmaterialexchangedby crossover � &(]_^R`
is >@? � & ]_^a` Bb� % DcE % ) E ���	� � �C� � �9����� � 
 � � �9����� � �d
e % D(H ������J(�Kf ' ��  g! #% ) H ���	�;J\
 ��J0�Ph
i! #g�  ' �� % DcE ����� � � % ) E ���	� � �C� � �9����� � 
 � � � (3)

3.2.2 One-point Crossover Case

If one-pointcrossover is used,thecrossoverpoint in thesec-
ondparentcannotbeselectedindependentlyfrom theonein
thefirst parent.Indeed,in one-pointcrossover � � and � J are
alwaysthesame.Therefore,���	� � �I� J 
 � � �C� J ���7� if � �kj�7� J .
As a consequence,from Equation2 weobtain>l? � & E	m ^ Bn� % DFE ����� � � % ) E ����� � ��� � � % D(H ����� J �d % ) H ���	� � ���KJ;
 � � �C��J(�! #g�  ocpR) ECG ) E"q DcE�G D(HIr� % DFE ����� � � % ) E ����� � ��� � � % D(H ������J0�,���	� � 
 � � �C��J(�� % DFE ����� � � % ) E ����� � ��� � �,� �tsgu ��� � 
 � � �Iv�� (4)

where we renamed ���	� � ��� � 
 � � �C� J � as ����� � 
 � � ��� J � for
brevity and� �tsgu ��� � 
 � � ��v�� )"wtx� % D H ������J0� d ���	� � 
 � � �C��J(�
is theprobability thata nodeat depth � � is selectedfor one-
point crossover in individual � � given the other individuals



presentin thepopulationatgenerationv . As ���	� � 
 � � �C��J(� can
beseenasthenodedensityfunctionof thecommonregionof� � with respectto ��J , � �tsgu �	� � 
 � � �Iv�� canbethoughtof asthe
nodedensityfunctionof theexpectedcommonregion of � �
with respectto thewholepopulation.

3.2.3 Uniform Crossover Case

In uniform crossover two forms of exchangeof geneticma-
terial take place: exchangeof nodesand exchangeof sub-
trees.Subtreesareexchangedwhennodesat theboundaries
of the commonregion areselectedfor swap. We call these,
boundarynodes; all theothernodesin thecommonregionare
termedinterior nodes(seeFigure3(b)).

Let y{z0�	� � 
 � � ��� J � be the numberof boundarynodesat
depth � � in thefirst parentand y{|I��� � 
 � � �C� J � thenumberof
interiornodesatdepth� � . If �
} is theprobabilityof swapping
a node/subtreethenwe cancomputetheexpectedamountof
geneticmaterialexchangedduringuniform crossover asfol-
lows:>@? � &0~8�t� � B�� ��} %DcECG D0H ����� � �,����� J � % ) E e y{|��	� � 
 � � �C� J �! #"�  

Swapof nodes

4
y{z0�	� � 
 � � ��� J �I���	� � ��� � �! #g�  

Swapof subtrees

i
If noboundarynodeswerepresentat level � � theny | �	� � 
 � � ����J0�3� 2 ��� ��� 6\
 � � ��y | �	� ��� 6\
 � � �C��J(� 1

However, in generalsomeinteriornodesatonelevel will gen-
erateboundarynodesat the next. Their numberis givenby
thefollowing recurrencerelation:y{z0�	� � 
 � � ��� J ��� 2 ��� � � 6;
 � � �ty{|��	� � � 6;
 � � �C� J � � y{|I��� � 
 � � �C� J � 1
This relationis valid for � �5� � andaslongas

2 �	� ��� 6;
 � � �
is defined(i.e. for ����� � � 6\
 � � � � � ). If we useit in the
expressionof

>@? � & ~8��� � B weobtain>@? � & ~8��� � B���� } %D E G D H ����� � �9������J0� e y | ����
 � � ����J0��4y z �	�

 � � �C��J(����������� � ��4$%) E ' � f(y | �	� � 
 � � ����J0���t6 � ���	� � �C� � ���*4y | �	� ��� 6\
 � � �C��J(� 2 �	� ��� 6\
 � � �I���	� � ��� � �th
i
wherewe usedthe fact that yk|I�	� � 
 � � ��� J ����� for all � � ’s
suchthat ���	� � �C� � ����� . As y{z0�	�

 � � �C� J ����6 � y{|t�	�

 � � �C� J �
from thisequationweobtain:>@? � & ~8��� � B�� � } %D E G D H ����� � �9������J(� e ���	���C� � �*4% ) E y | ��� � 
 � � �C��J(� f 6 � ���	� � �C� � �*42 �	� � 
 � � ������� � 4�6K��� � � h
i

As thesizeof any subtreeat depth � � is oneplusthesumof
thesizeof theargumentsof theroot of thesubtree,we have
thattheexpectedsizeof asubtreein � � is���	� � ��� � ����634 2 �	� � 
 � � �I���	� � 4768��� � �
whichsubstitutedin thepreviousequationyields:>@? � & ~K�t� � Bn� � } %DcECG D(H ����� � �,������J0�I���	����� � �� � } % DcE ����� � ������� � ����� } >@? ����� � ��B (5)

i.e. the amountof geneticmaterial exchangedby uniform
crossover is aconstantfractionof theaveragesizeof thepro-
gramsin thepopulation.

3.3 Comparison between Crossover Operators

3.3.1 Standard vs. One-Point Crossover

The formulaedescribingthe amountof geneticmaterialex-
changedin standard(Equation3) and one-pointcrossover
(Equation 4) are quite similar. The only difference is
that with one-point crossover the probability of selecting
a crossover point at a certain depth, � �tsgu ��� � 
 � � �Iv�� , varies
over time for any given program. At the beginning of a
run, if there is enoughdiversity in the initial population,� ��s�u �	� � 
 � � ��v���������� � 
 � � � for big valuesof � � and,conse-
quently, � �tsgu ��� � 
 � � �Iv��������	� � 
 � � � for small valuesof � � ,
especiallyfor the strict form of one-pointcrossover. So, at
the beginning of a run we shouldexpect that

>@? � & E	m ^ B��>l? � & ]_^R` B . Indeedif we hypothesiseda maximally diverse
populationin which

���	� � 
 � � ����J0�3���� � 6 if � � �7� and � �kj��� J� if � �{j�7� and � �kj��� J���	� � 
 � � ��� � ��� J
then

>@? � & E	m ^ Bl� . DcE ����� � �I���	����� � � , i.e. the expectedex-
changedsize would approachthe expectedsize of the pro-
gramsin thepopulation

>@? �����
�_B . As in any case
>@? ��������B��>l? � & E	m ^ B , we can infer that with a sufficiently diversepop-

ulation
>@? ��������B5� >@? � &(]_^R` B , i.e. that standardcrossover is

a local searchoperator. The fact that populationswith stan-
dardcrossoverdonotconvergeseemstosuggestthat

>@? � &F]_^a` B
neverapproacheszero.So,standardcrossovermaybeunable
to effectively exploretheneighbourhoodof optimain thefit-
nesslandscapeandto refinepartialsolutions.

Given thatone-pointcrossover makesthepopulationcon-
verge[Poli andLangdon,1997a], at theendof arunall nodes
in everytreecouldbeselectedfreely, asin standardcrossover.
Hence�a�R ¡	¢ $ � �tsgu �	� � 
 � � �Iv��������	� � 
 � � ��£ �R�a ¡	¢ $ >@? � & E,m ^ B�� >@? � &(]_^R` B��
i.e. standardand one-point crossover asymptotically ex-
changethe sameamountof geneticmaterial. However, this



doesnot meanthat one-pointcrossover is unableto explore
the maximaof the fitnesslandscape.Indeed,like one-point
crossoverin GAs,asthepopulationconvergesthematerialre-
placedby GPone-pointcrossover tendsto bemoreandmore
similarto theoriginalmaterial.Thus,GPone-pointcrossover
becomesmoreandmorelocal.

3.3.2 Standard/One-Point vs. Uniform Crossover

Despitethefactthatin generalmultiplesubtreesareswapped
in a singleapplicationof uniform crossover while only one
subtreeis swappedin standardandone-pointcrossover, the
form of Equation5 is considerablysimplerthanEquations3
and 4. This is becausethe amountof geneticmaterialex-
changedby transferringtreesis exactly complementedby
the geneticmaterialexchangedby transferringsingle inter-
nal nodes(which cannothappenwith standardandone-point
crossoverasthey transferasinglesubtree).

At thebeginningof arun,if thereis enoughdiversityin the
initial population,uniformcrossoverwill tendto swaponly a
few relatively largesubtreesvery nearthe root. This is par-
ticularly truefor thestrict versionof this operator. As shown
by theexperimentsin Section4, uniform crossover, like one-
pointcrossover, makesthepopulationconverge.So,overtime
anincreasingnumberof nodesandprogressivelysmallertrees
will be swapped,until at theendof a run all nodesin every
treecanbe selectedfreely for swap and y{z0�	� � 
 � � �C� J �{�/�
everywhere.At thisstageonly singlenodeswill beswapped.

Unlike standard and one-point crossover,
uniform crossover (on average)builds offspring by using a
fixedproportion��} of thegeneticmaterialof oneparentand
a fixedproportion 6 � ��} of thegeneticmaterialof theother
parent. So, it canbe a very local or very global searchop-
eratordependingon thevalueof the parameter� } . Once� }
is fixed,this characterdoesnot changeduringtherun,unlike
standardandone-pointcrossover.

If � } �¤� 1¦¥ uniform crossover is theGPequivalentof uni-
form crossover for binary strings. In this casethe operator
performsa maximalglobal interpolativesearch.However, as
the populationwill converge, like for linear GAs, over time
the operatorwill restrict the searchto smallerand smaller
partsof thegenome,andtransformsinto a local operator.

3.3.3 Binary Fully-Balanced Population Model

To get an intuitive idea of how large or small
>@? � & E	m ^ B ,>@? � &(]�^a` B and

>@? � & ~K�t� � B canbe, let usconsidera simpleide-
alisedmodel. Let us imaginethat the initial populationis
createdusing the “full” initialisation methodwith the same
initial depth �K§�¨ & . If for simplicity oneimaginesthat only
arity-2 functionsareused,then(for �@©�� §�¨ & ):���	��
 �
��� ª )ª )C«*¬I­"® � � 6 ¯±°�² �������C����� ª ) «�¬�­ ® �"³ ) � 6K�
where � is a genericprogramin the population. If standard
crossover is used,usingtheseequationsandEquation3 we

obtainthatin thefirst generation( v���� ):>@? � &F]_^a` B�� % DcE ����� � � % ) E f�ª )C«*¬I­"® � � ª )ª )C«*¬�­g® � � 6 h� % D E ����� � ��´ ª )C«*¬�­"® �"�;§µ¨ & 4�6ª )C«*¬�­"® � � 6 ¶� ª ) «*¬�­ ® �"� §µ¨ & 4�6ª ) «�¬�­ ® � � 6 ��� §�¨ & � �a·K¸ J ���������I� 1
For v � � standardcrossover will start creatingtreeswith
differentshapes.As usuallysomesortof bloatingis present,
weexpect

>l? � & ]_^R` B to grow. Evenif it hasbeenreportedthat
treestendnot to grow balanced[SouleandFoster, 1997], it
maystill takeseveralgenerationsbeforetreesarestatistically
significantlyunbalanced.So, we shouldexpect the growth
of
>@? � &(]_^R` B to be very slow, probablymuchslower thanthe

growth of theaverageprogramsize.
As all programshave thesameshape,one-pointcrossover

is ableto selectfreelyany nodeasacrossoverpoint,likestan-
dardcrossover. So,atgenerationv¹���>@? � & E	m ^ B�� >@? � &F]_^a` B��7�K§�¨ & 1
Since,in this situation,the offspring producedby one-point
crossover will all have the same shapeas their parents,� ��s�u �	� � 
 � � ��v��º�»����� � 
 � � �"�\¼A� � �Iv , and the equationabove
will hold for thewholerun.

So, with a populationof fully balancedtreesthe amount
of geneticmaterialexchangedby standardcrossoverandone-
point crossoverat generation0 grows linearly with thedepth
of theprograms.However, it grows logarithmicallywith the
sizeof thetreesandtheratiobetweenexchangedsizeandpro-
gramsizevanishesasthedepth(size)of theprogramsgrows:�R�a ) «*¬I­ ¢ $ >@? �=<gB�����
� � �a�R ) «�¬�­ ¢ $ � §�¨ &ª ) «*¬I­ ® � � 6 �7� 1

In thecaseof uniformcrossovertheamountof geneticma-
terialexchangedis:>@? � & ~8�t� � B��º� } >l? �������C� � �_B��º� } � ª )C«*¬I­"® � � 6(� 1
Since, in this situation, the offspring producedby uniform
crossover will all have the sameshapeas their parentsthis
equationwill hold for thewholerun.

The equationshows that
>@? � &0~8�t� � B grows exponentially

with the depthof the treeandfor ��}��½6c¾ ª canbe consid-
erablylargerthan

>l? � & E	m ^ B�� >@? � &(]_^R` B���� §�¨ & . As a result,>@? � & ~K�t� � B���	���I�\� ��� }
is constantfor any valueof �;§�¨ & and v .
3.3.4 Summary of Comparison

Thetheoreticalresultsreportedin theprevioussectionssug-
gestthat in a convergedpopulationof large trees,bothstan-
dardcrossoverandone-pointcrossoverwouldexchangevery



smallamountsof geneticmaterial.If thisis generallytrue,the
search performedby theseoperators becomeslocal and bi-
ased(if only smallsubtreesareexchanged,they mustbequite
closeto the leavesof the tree). Initially one-pointcrossover
(especiallythestrictversion)will exchangesignificantlymore
geneticmaterial. So, initially the searchperformedby one-
point crossoverwill beglobal. Thismaynotbetruefor stan-
dardcrossover.

Uniform crossover startsby swappinglarge subtreesnear
theroot, like one-pointcrossover. So,initially thetwo opera-
torsmaybehavesimilarly, anduniformcrossover is initially a
global search operator. As thepopulationstartsconverging,
uniformcrossoverbecomesmoreandmorelocal in thesense
that, the offspring it producesareprogressively more simi-
lar to their parents.However, unlike standardandone-point
crossover at this stagethe searchis, in somesense,largely
unbiasedasany nodein the parentshasthe samechanceof
beinginheritedby theoffspring.Thesearchis not fully unbi-
asedastheshapeof thetreescannotbechangedat this stage
of a run.

As bothone-pointcrossoveranduniformcrossovercanbe
imaginedas“interpolating”(i.e.exploringthespace)between
pairsof parents,it is very importantthat the initial popula-
tion containsadiverseandrepresentativesampleof thewhole
searchspaceof programs(or at leastof a sufficiently large
partof it) if we intendto performa globalsearchof it. This
suggeststhat treesin the initial populationshouldbe large
(with asizeof theorderof thatwenormallyacceptfor end-of-
runsolutions)anddiversein termsof shapeandnodes.Indeed
in theexperimentsreportedin [Poli andLangdon,1997b] we
observedamarkedbeneficialeffectof usingbiggerinitial tree
depths.Also, like for thecorrespondingGA operators,muta-
tion shouldbeconsideredanintegralpartof thealgorithm,to
avoid prematureconvergence,whenever theseoperatorsare
used.

4 Experimental Results

In orderto verify the predictionsof the theorydevelopedin
the previoussection,we decidedto performa setof experi-
mentsin which theamountof geneticmaterialexchangedby
crossover wasmeasuredin real runswith differentcrossover
operators.In theexperimentswe useddifferentfunctionsets
soasto testthebehaviour of theoperatorsin thepresenceof
functionswith thesamearity andfunctionswith differentar-
ities (differentarity functionsetsmay reducethe sizeof the
commonregion in one-pointanduniform crossoverandalter
the nodedensity function and the branchingfactor of pro-
grams).

The problem we selectedis the Even-4 parity problem
which consistsof finding a combinationof Booleanfunc-
tions in a functionset ¿ (seebelow) andterminalsfrom the
set À = Á x1, x2, x3, x4 Â whichreturnstrue if aneven
numberof the Ã inputsxi is true andfalse otherwise.
The fitnessfunction for this problemis simply the number
of entriesof thetruth tableof theeven-4parity functioncor-

rectly representedby eachprogram. Two differentfunction
setswere usedin different experiments: ¿ � = Á OR, AND,
NOR, NAND Â and ¿�J = Á OR, AND, NOT Â . All functions
havearity two, exceptNOT whichhasarity 1.

In ourexperimentsweuseda generationalGPsystemwith
a populationsize of 1000, an initial tree depth of 8, the
“rampedhalf-and-half” initialisationprocedure[Koza,1992],
elitist selection,tournamentselectionwith tournamentsize7,
a crossover probabilityof 0.7. All runslastedfor 50 gener-
ations(we did not stopthe runswhenthe first solutionwas
found). In theexperimentswe usedstandardcrossover, one-
pointcrossoveranduniformcrossoverwith �
}µ��� 1 ¥ . Ä

For eachparametersettingwe performed20 independent
runs.In eachrunwerecorded:theaveragefitnessof thepop-
ulation, the fitnessof the best individual in the population,
theaveragesizeof theindividualsin thepopulation,theaver-
ageof theamountof geneticmaterialexchangedby crossover
duringonegeneration,andtheratiobetweentheaveragesize
andtheaverageamountof geneticmaterialexchanged.These
parametersareplottedin Figures4, 5 and6 (a)–(b).

Figure 4 shows that the amountof geneticmaterial ex-
changedby standardcrossover is between3 and4% with the
2-arity functionset ¿ � . Initially this is slightly higher(10%)
whenthemixedarity functionset ¿ J is used,but it dropsto
valuesbelow 5% within a few generations.This meansthat
at all stagesof a run standardcrossover tendsto produceoff-
springwhich inherit mostof their codefrom oneparentor
the other, mostof the times, i.e. it is a local searchopera-
tor. Experimentswith mutationdid not show any significant
differencewith respectto this behaviour (theonly difference
beingthataverageandmaxfitnessdid notconverge).

Figure 5 shows that the amountof geneticmaterial ex-
changedby one-pointcrossover is initially relatively large
(18%) with ¿ � , but that it drops very quickly below 5%.
However, whenthemixedarity functionsareused,one-point
crossover exchangesa lot moregeneticmaterial,startingat
59%anddroppingbelow 10%only after7 generations,never
goingbelow 7%. This happensbecausearity mismatchesare
muchmorelikely to happenwith ¿ J andthereforethecom-
monregionwill initially tendto remainquitesmall.Thesere-
sultssuggestthatatthebeginningone-pointcrossovermaybe
ableto explorethesearchspaceglobally, but only if mixedar-
ity functionsetsareused.Experimentswith mutationdid not
show any significantdifferencewith respectto thisbehaviour
(exceptthataverageandmaxfitnessdid notconverge).

Figure6 shows that uniform crossover hasa significantly
differentbehaviour. As predictedby the theory the amount
of geneticmaterialexchangedremainsconstantly50%inde-
pendentlyof the functionsetused.Figure6 alsoreportsthe
ratio betweentheaveragesizeandtheaverageamountof ge-Å

We also performedexperiments,not reported,with the strict versions
of one-pointand uniform crossover as well as using fitnessproportionate
selection.Also experimentswereperformedwith point mutation,in whicha
functionin thetreeis substitutedwith anotherfunctionwith thesamearity or
aterminalis substitutedwith anotherterminalwith aconstantprobability(we
usedamutationprobabilitypernodeof 1/128)[Poli andLangdon,1997c].
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Figure4: Standardcrossover: (a) ¿Z��¿ � , (b) ¿Z�7¿ J .
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Figure5: One-pointcrossover: (a) ¿Z�7¿ � , (b) ¿Z�7¿�J .
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Figure6: Uniform crossover: (a) ¿Z��¿ � , (b) ¿Z�Æ¿ J .
neticmaterialexchangedwhich wasactuallydifferentin the
two parents.As expectedthis is quite largeat thebeginning
but decreases.Ç Thismeansthatuniformcrossoveris aglobal
searchoperatorwhich,thanksto theconvergenceof thepopu-
lationtowardsacommonshape(i.e.whenGPstartsbehaving
likeaGA [Poli, 1997]) becomesprogressivelybeneficiallylo-
cal likeall GA crossoveroperators.

5 Discussion and Conclusions

In this paperwe have studiedandcomparedthesearchprop-
erties of different crossover operatorsin geneticprogram-
ming(GP)usingprobabilisticmodelsandexperimentswhich
investigatethe amount of geneticmaterial exchangedbe-
tween the parentsto generatethe offspring. Theseopera-
torsare:standardcrossover, one-pointcrossoveranduniform
crossover, a new GA-inspiredoperatorpresentedherefor the
first time.

Our analysissuggeststhat standardcrossover is a local
searchoperatorwhich canonly produceoffspringwhich in-
heritmostof theircodefrom oneparentmostof thetimes.InÈ

Theremaining3–4%of effective geneticmaterialexchangedby uniform
crossover after generation15 whena multi-arity function setis usedis due
to the fact that in somerunsall individuals reachedthe samefitnesslevel
beforea commonshapehadbeenfound. In suchrunsgeneticdrift madethe
populationconvergeto a commonshapeandtheamountof effective genetic
materialexchangedapproachzerolongaftergeneration50.



additionstandardGP crossover is biasedasit is ableto per-
form only certaintypesof local adjustments,typically very
closeto the leaves. Thesetwo factsindicatethat standard
crossover might not an idealsearchoperatorasit cannotex-
plorethesearchspacequickly, it canonly reachcertainareas
of thesearchspaceandcanget stuckin local maxima. Per-
hapsthisbehaviour is thereasonwhy crossover-basedGPhas
seldombeenshown to have a edgeover mutation-basedap-
proaches.

One-pointcrossover, a form of crossover introducedin our
recentresearch[Poli andLangdon,1997c], is betteras,in cer-
tain conditions,it is able to performa global searchof the
searchspace,at thebeginningof a run. However, thesearch
becomeslocalandbiasedgenerationaftergeneration.

Uniform crossover seemsable to overcometheselimita-
tions. Like one-pointcrossover, uniform crossover starts
globalandbecomeslocal,but in a differentway, like GA op-
eratorsdo. Uniform crossoveris muchlessbiasedasit allows
any nodein theparenttreesto betransferredto theoffspring
with thesameprobabilityatany stageof therun.

We claim nothing about the performancedifferencesin
terms of computationaleffort to find a solution between
the differentoperatorsdiscussedin this paper, althoughour
experiencesuggeststhat one-point crossover performs at
leastaswell asstandardcrossover on the even-parityprob-
lems[Poli andLangdon,1997b]. However, we expectthis to
dependentirely on the particularfitnesslandscapeat hand.
The point we want to make with this paperis that, if GP is
meantto searchthe whole spaceof programsratherthanto
behave like a setof parallelstochastichill-climbers,thenop-
eratorswhichallow globalsearchmustbeused.Althoughwe
believe that uniform crossover is onesuchoperator, we also
think that theGPcommunitywill have to devotemorework
onfindingothergoodsuchoperators.
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