Appearedn the Proceedingsf GeneticProgramming’98Madison,Wisconsin

On the Search Properties of Different Crossover
Operatorsin Genetic Programming

Riccardo Poli and W.B. Langdon
Schoolof ComputerScience T he Universityof Birmingham,BirminghamB15 2TT, UK
{R.Poli,WB.Langdo} @cs.bham.ac.uk
Phone:+44-121-414-3739/4791

ABSTRACT

In this paper we study and compare the
search properties of different crossover
operators in genetic programming (GP)
using probabilistic models and experi-
ments to assess the amount of genetic
material exchanged between the parents
to generate the offspring. These op-
erators are: standard crossover, one-
point crossover and a new operator, uni-
form crossover. Our analysis suggests
that standard crossover is a local and
biased search operator not ideal to ex-
plore the search space of programs ef-
fectively. One-point crossover is better
in some cases as it is able to perform a
global search at the beginning of a run,
but it suffers from the same problems
as standard crossover later on. Uniform
crossover largely overcomesthese limita-
tionsasit isglobal and less biased.

1 Introduction

Genetic programming (GP) is a non-deterministicsearch
techniqueto explore the spaceof possibleprograms. It
is very well known from the Al literature that the perfor
manceof ary searchalgorithm dependscrucially on the
representatioradoptedfor the states(tentatve solutions)
of the problem and the operatorsused to produce nen
stategRussellandNorvig, 1995. In this paperwe concen-
trate on the latterandaskwhetherdifferentcross@er opera-
torshave thefeaturesecessaryo explorethe spaceof possi-
ble programsefficiently andeffectively.

In therecentpastthisquestiorhasbotheredurselhesanda
numberof otherGP researcherehentheideathatcrosseer
wascentralandthatmutationwasunnecessariyn GPstrongly
stressedn Kozas work [Koza,1992 Koza,1994 wasques-
tioned.Indeedrecentresultshighlightalimited performance

advantageof crosseer comparedto mutationbasedopera-
tors [O’'Reilly andOppacher1l996 LukeandSpectoy1997,
Angeline, 1997 Chellapilla,1997.

In [Poli, 1997 we proposedhe hypothesighatthis unex-
pectedineffectivenessof GP cross@er might be dueto the
factthatcrossw@eris alocalandbiasedsearctoperatomvhich,
asaresult,is unableto searctproperlythespaceof programs.
It is local in the sensethat the offspring it producesnherit
mostof their codefrom one parentmostof the times. It is
biasedas, probabilistically it concentratesn certaintypes
of local adjustmentsnamelyvery neartheleavesof thetree.
This hypothesids supportedy simple calculationg(similar
to thosereportedn [RoscaandBallard, 1995 Rosca199q),
by experimentsn which the expectedsizeof the offspring of
full treesof very differentdepthwasestimatedandby other
experimentsandmodelsof crosseer behaiour in the MAX
problemdescribedn [LangdonandPoli, 1997.

In contrastmostcrosseeroperatorsaisedn GeneticAlgo-
rithms(GAs)tendto includein the offspringmaterialcoming
from both parentswithout a bias towardsone or the other
For example,one-pointcrosseer, uniform crosseer, etc. all
transfergeneticmaterialfrom eachparentwith a 50% proba-
bility on average.If the parentsarequite differentthis leads
to produceoffspring which are a long way away from their
parentdn the genotypespacen this senseve couldsaythat
GA crosseeroperatorareglobalsearchoperators.

GA crossw@er operatorsarealsoableto generateffspring
which are very closeto their parents. This can happenin
two cases:a) whenby chancethe offspring inheritsmostof
its geneticmaterialfrom one or the other parent(for some
crossw@eroperatorslik e uniformcrosswer, thisis arelatively
unlikely event),or b) whenthe parentsarequite closein the
genotypespace.In this casesve may saythatcrosseer be-
haveslik e alocal searchoperator

Both these propertiesare very important: globality of
searchleadsto the explorationof the searchspaceandalso
to the ability to escapefrom local maxima, while local-
ity allows the refinementof inaccuratesolutions. Stan-
dard GP crossweer seemsto have only a distorted (biased)
version of one of them! The questionswe addressin

1To improve this situation recently some researcherave proposed
schemedo modify the nodeselectionprobability at differentlevels in the



this paperare: are the propertiesof locality and global-
ity present,andto which extent, in different GP crosseer
operators? The operatorswe will considerin this study
are standardcrossa@er, one-pointcrosseer, an operatorin-
spired by GeneticAlgorithms (GAs) introducedin our re-
cent researchon GP schemata[Poli andLangdon,1997¢
PoliandLangdon,1997a Poli andLangdon, 1999, anduni-
form crosswoer, anew GA-inspiredoperator

To answerthesequestionsve will proceedalongthe fol-
lowing lines extendingand completingthe ideaspresented
in [Poli, 1997. Firstly we will proposea simplegenerathe-
ory of theamountof geneticmaterialexchangedetweerthe
parentsn eachcross@eroperator Then,we applythetheory
to anidealisedcaseto shav (1) how the amountof genetic
materialexchangedetweerthe parentsn standardrosseer
maybe,on averagequitesmall,i.e. the searchmaybewithin
a small neighbourhoof the parents(local), (2) how one-
point cross@er’s searchis moreglobalinitially but becomes
similar to standardcrossaer later on, and (3) how uniform
cross@erhasmoreglobalsearctpropertiegshroughoutarun.
Theseresultsare presentedn Section3. Finally, we will
studythe amountof geneticmaterialexchangedy the par
entsto createthe offspringin morerealisticGP runson the
even-4parity problemin the presencef differentcrosseer
operatorandfunctionsets. Theseexperimentsaredescribed
in Section4. We discussour resultsanddraw someconclu-
sionsin Sectionb5.
Uniform

2 Standard, One-point and

Crossover for GP

StandardGP cross@er works by randomly selectingone
crosswer pointin eachparenttreeandthenby swappingthe
subtreesattachedtio suchnodesto obtainthe offspring. In
recentresearclwe introduceda new crosseer operatoyone-
pointcrosseer, whichworksby swappingsubtreeput it uses
asinglecommoncrosseer pointasexplainedbelow.

Theway one-pointcrosseer workswassuggestethy con-
sideringthethreestepsinvolvedin one-pointcrosseerin bi-
nary GAs. Thesestepsareschematiseth Figurel(a). They
are: 1) alignmentof the parentstrings,2) selectionof acom-
mon crosseer point, 3) swap of the right-endsidesof the
stringsto obtaintwo offspring. If all the treesin a GP pop-
ulationhadexactly the sameshapeandsizethena crosseer
operatorinvolving exactly the samethreestepscould easily
be implemented.The nodesin the treeswould play therole
of the digits in the bit strings,the links would play the role
of the gapsbetweerdigits. Figure2(a) depictsthis situation.
In thefigurethealignmentprocessorrespondso translating
thegraphicakrepresentatioof oneof theparentauntil its root
nodecoincideswith therootnodeof the other

Whatwould happenif onetried the sameprocedurewith
treeshaving differentshapeso acertainextentit would still

tree so asto malke bigger changesmore likely [RoscaandBallard,1996
HarriesandSmith,1997, Ito etal., 1999.

Parent 1 Parent 2 Parent 1 Parent 2
\111111\00000@ \111111\00000®
Alignment Alignment
Parent 111111 Parent 111111
Parent2000000 Parent200000 0
Selection of .
S
vCrossover Point p
Parent 1112111 Parent 111111
Parent2000000 Parent 2000000
\ Swap \ Swap

Offspring 1 Offspring 2 Offspring 1 Offspring 2
[111000[000111 [010011[101100
@) (b)
Figurel: (a) One-pointcross@erin binary GAs, and(b) uni-
form cross@erin binary GAs.

bepossibleto alignthetrees.After thealignmentit would be
easyto identify the links which overlap,to selecta common
cross@er point and swap the correspondingsubtrees. Our
one-pointcross@er operatorfor GPis basedn thesesimple
stepswhich areillustratedin Figure2(b).

From the implementationpoint of view, the threephases
involved in one-pointcrosseer are as follows. Copiesof
thetwo parentireesarerecursvely (jointly) traversedstarting
from therootnodego identify the partswith the sameshape,
i.e. with the samearity in the nodesvisited (alignmenj. Re-
cursionis stoppedassoonasanarity mismatchbetweercor-
respondinghodesin the two treesis present. All the nodes
andlinks encounteredrestored. They form atreefragment
that we call the commonregion. A randomcrosseer point
is selectedvith a uniform probabilityamongthe storedlinks
(crosswer pointselection. Thetwo subtreedbelov the com-
moncrossa@er point areswappedn exactly the sameway as
in standarccross@er (swap.

An interestingvariant of one-pointcross@er, which we
call strict one-point crosswer [Poli andLangdon,19974,
behaes exactly like one-point crosseer except that the
cross@er point canbe locatedonly in the partsof the two
treeswhich are exactly the same(i.e. which have the same
functionsin the nodesencounteredraversingthe treesfrom
theroot node). Thelinks eligible ascross@er pointsin strict
one-pointcrosseer area subsef thoseeligible in standard
one-poinfcrosseer.

By analysingotherforms of GA crosseer it is possible
to definenew forms of crossaer for GR In this paperwe
wantto introducea new onewhichwe call uniformcrosswer
asit wassuggestedby consideringhe stepsinvolvedin uni-
form crosswer in binary GAs. Thesestepsare schematised
in Figure1(b). They are: 1) alignmentof the parentstrings,
2) selectionof the bits to swap, 3) swap of the selectedits
to obtaintwo offspring. If all the treesin a GP population
had exactly the sameshapeand size then exactly the same
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Figure 2: (a) One-pomtcrossoyer for GP when both par

entshave the sameshapeand(b) generafform of one-point
crosswerfor GR In (b) thelinks thatcanbe selectechscom-
moncrosser pointsaredravn with thick lines.

threestepscould easilybe implemented.Figure 3(a) depicts
this situation. Whenthe parenttreeshave different shapes
we canproceedsimilarly to the one-pointcase. The differ-
enceshetweenhe two operatorscanbe easilyinferredfrom
Figure3(b). Again, firstly, copiesof the two parenttreesare
recursvely (jointly) traversedstartingfrom the root nodesto
identify the commonregion, i.e. the partswith the samear-
ity in thenodesvisited. All thenodesencounteredrestored.
Thennodesn thecommonpartsareswappedwith a uniform
probability. If anodebelonggo theboundaryof thecommon
region(i.e. if it is aleaf of thetreefragmentrepresentinghe
commonregion) andis afunctionthenalsothe subtreebelon
it is swapped potherwiseonly thenodelabelis swapped.

Likefor one-pointcrosseer, it is possibleto definea strict
uniform crosswer operatorwhich behaes exactly like uni-
form crosseer exceptthat the nodes/subtreeswappedcan
belocated/rootednly in the partsof the two treeswhich are
exactlythesame.

3 Analysisof Crossover Search Properties

In GAstheoffspringgeneratethy cross@ermaybevery sim-
ilar to or very differentfrom their parentsdependingon the
similarity betweerthe parentsaandtheamountof geneticma-
terial exchangedo form theoffspring. Maximumexploration
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Figure 3: (a) Umform crosswer for GP when both par
entshave the sameshape,and (b) generalform of uniform
crosswer for GR In (b) the nodesthat can be selectedfor
swappingarethoseincludedin the commonregion.

of the searchspaceis achieved when the offspring include
50% of the materialfrom oneparentandthe other50%from
the other The factthatthe parents‘exchange”a lot of ge-
netic materialis not a sufficient condition for the offspring
to be significantlydifferentfrom the parents.The exchanged
materialmustalsobedifferent.

In this sectiorwe modelmathematicallyheeffectsof stan-
dard crossw@er, one-pointcrosseer and uniform crosseer
(both in their normal and strict versions)in terms of the
amountof geneticmaterialexchangedetweenthe parents.
In this way we canidentify the presenc®r absenc®f oneof
the necessargonditionsfor a goodexplorationof thesearch
space:the productionof offspring sufficiently differentfrom
their parentsso asto explore the searchspaceglobally and
efficiently. We alsowantto checkwhetherdifferentforms of
crossw@er have the othernecessarypropertyof agoodsearch
method:the ability to performlocal searchThisis necessary
to explorewell thehills in thefitnesslandscape.

3.1 NodeDensity Functions

Let us considera particularprogramtree h in the popu-
lation and definethe nodedensityfunctionof h, p(d|h), as
the fraction of nodesat depthd in h. If we selectednodes
in thetreewith a uniform probability, the nodedensityfunc-



tion would coincidewith the (conditional)probability thata
nodeat depthd is selectedgiventhatthe programin which
the nodesareselecteds h). Also, let uscall S(d, h) the ex-
pectedsize of the subtreesat depthd in the programh and
S(h) = S(0, h) thesizeof h.

As h hasp(d|h)S(h) nodesat depthd, by hypothesising
thatall subtreesootedat depthd have the samestructureand
size, it is possibleto estimatethe expectednumberof nodes
in suchsubtrees:

Nodesatdepth> d

3 pl|h)S(h) N
’ p(d|h)S(h) p(dh) -
—_——
Nodesatdepthd

Thenodedensityfunctionand.S(d, h) canalsobe usedto
computethe averagebranchingfactorat depthd in treeh:

Nodesatdepthd + 1

S(d+1,h)p(d+ 1|h)
S(d, h)p(d|h)
—

Nodesatdepthd

B(d|h) =

3.2 Genetic Material Exchanged by Crossover

The amountof geneticmaterialexchangedetweerthe par
entsto generatehe offspringduring crosseer canbe quanti-
fiedusingthenumberf nodesnsertedor removed)to obtain
the offspring. In normal cross@er and one-pointcrosseer
this correspondso the sizeof the subtreeswapped.In uni-
form crosseer, this correspondso the size of the subtrees
swappedplusthenumberof nodesswapped.In thefollowing
wewill considetthesecrossweroperatorseparately

For the sale of simplicity let us considera GP systemin
which cross@er pointsareselectedwvith uniform probability
amongthenodesn the parenttrees.

Theexpectedsize S, of thesubtreeremovedfrom thefirst
parentduringcross@er canbe computedasfollows:

E[S,) =" )" S(di,ha)p(dy,da|ha, ha)p(ha)p(hs)
hi,h2 d1,d2
(2)

wherethe summationover h; andh- is carriedout over all
theindividualsin the population the summatioroverd; and
ds (thedepth=of thethecrossweer pointin thefirst parentand
secondparentrespectiely) is from 0 to oo, p(h1) andp(hs)
aretheprobabilitiesof individualsh; andh, beingselected,
andp(dy, dz2|h1, he) is the probability thata cross@er point
atdepthd, is chosenn thefirst parentanda crosseer point
at depthd, is chosenin the secondparentgiventhat thefirst
parentis hy; andthesecondparents hs.

2If fitnessproportionateselectionis usedp(h) = f(h)/(M f), where
M is thepopulationsize, f is theaveragepopulationfitnessand f (k) is the
fitnessof programh.

The crossweer operatorsdescribedn Section2 and anal-
ysedin the following are symmetricwith respecto the two
parents.So, E[S,] alsocoincideswith the amountof genetic
materialremovedfrom thesecondarentj.e. thegeneticma-
terial insertedin the first parent. For this reasonin the fol-
lowing we will usethe term amountof geneticmaterial ex-
changdwhenreferringto E[S,].

3.2.1 Standard Crossover Case

If standardcrosseer is used,thenthe crosseer pointsare
randomlyselectedndependentlyThis meanghat

p(di, da|h1, ha) = p(di|h1)p(d2|h2)

wherep(d; |h1) andp(dz|hs) arethe nodedensityfunctions
of the programsh, andhs, respectrely. By substitutingthis
equationinto Equation? it follows thatthe expectedvalueof
theamountof geneticmaterialexchangedy crossweer S,
is

Std

E[Sasa] = Zzs(dl,hl)p(dﬂhﬂp(hﬂ
hy i
=1

[ o) (Yo pldalha) ) |

>

> p(h1) Y S(dy, h)p(dilha)  (3)
h1 d

3.2.2 One-point Crossover Case

If one-pointcross@eris usedthecrosseer pointin thesec-
ond parentcannotbe selectedndependentlffrom the onein
thefirst parent.Indeed,in one-pointcrosseerd; andd, are
alwaysthesame.Thereforep(d;, da|h1, he) = 0 if d; # da.
As aconsequencdrom Equation2 we obtain

> p(h) Y S(di, 1) > p(hs)
h1 d1 ha
> p(dy, da|hy, hs)

da

E[S,

1pe]

p(d1,d1|h1,h2)

= Y p(h1) Y S(di, 1) Y plha)p(di|hn, )

h1 d1 ha
= Y p(h) Y S(dy, h1)ppe(da|ha, t) (4)
hr dr

where we renamedp(d;,ds|h1,hs) as p(di|hi,hs) for
brevity and

Pipt(di|ha,t) 2 Zp(hz) -p(dy|h1, ha)
h2

is the probability thata nodeat depthd; is selectedor one-
point cross@er in individual h; given the otherindividuals



presentn thepopulationatgeneratiort. As p(d; |k, h2) can
beseenasthe nodedensityfunctionof thecommonregion of
ha with respecto hs, pip(di|h1,t) canbethoughtof asthe
nodedensityfunction of the expectedcommonregion of h;
with respecto thewholepopulation.

3.2.3 Uniform Crossover Case

In uniform crosseer two forms of exchangeof geneticma-
terial take place: exchangeof nodesand exchangeof sub-
trees. Subtreesareexchangedvhennodesat the boundaries
of the commonregion are selectedor swap. We call these,
boundarynodesall theothernodesn thecommorregionare
termedinterior nodegseeFigure3(b)).

Let Ny(dy|h1,h2) be the numberof boundarynodesat
depthd, in thefirst parentand N;(dy |h1, hy) the numberof
interiornodesatdepthd; . If p, is theprobabilityof swapping
a node/subtre¢henwe cancomputethe expectedamountof
geneticmaterialexchangedduring uniform crosseer asfol-
lows:

E[SwUnif] = Ps Z p(hl)p(hZ) Z [Ni(d1|h1,h2) +
sl “ sSwapof nodes
Ny(da |1, h2)S(d, h) |

Swap of subtrees

If noboundarynodeswerepresentatlevel d; then
Ni(dllhl,hQ) = B(dl - llhl)Nz(dl - 1|h1,h2).

However, in generasomeinteriornodesatonelevel will gen-
erateboundarynodesat the next. Their numberis given by
thefollowing recurrenceelation:

Ny(di|hi, he) = B(di—1|h1)N;i(di—1|h1, ho)—N;i(dy|h1, ha).

Thisrelationis valid for d; > 0 andaslongasB(d; — 1|h1)
is defined(i.e. for p(dy — 1|hy) > 0). If we useit in the
expressiorof E[S. we obtain

zUnif]
E[Saqel = s Y p(ha)p(h2) [ Ni(0|hs, o)+
hi,ha
Ny(0|h1, h2)S(0,h1) +

o

Z (Nz(dllhl,hd)(l - S(d17h1)) +

di=1
Ni(dy — 1)1, he)B(dy — 1|h1)5(d1,h1))]
wherewe usedthe factthat N;(d; |hi, ha) = 0 for all di’s

SUChthatp(dl, hl) =0.As Nb(0|h1, hg) =1 —Ni(0|h1, h2)
from this equationwe obtain:

po D p(h1)p(ha)[S(0, 1) +

h1,ho

3" Ni(du|hn, he) (1 — S(dy, h1) +
dy

E[SiCUnif]

B(di|h1)S(dy + 1,h1))]

As thesizeof ary subtreeat depthd; is oneplusthe sumof
the size of the algumentsof theroot of the subtreewe have
thatthe expectedsizeof asubtredn h; is

S(dl,hl) =1+ B(d1|h1)S(d1 + ].,hl)

which substitutedn the previousequationyields:

ps Y, p(hn)p(h2)S(0, )

hi,ho

= DPs Zp(hl)s(hl) =psE[S(h1)] (5)
h1

E[S,

Unif]

i.e. the amountof genetic material exchangedby uniform
crossweris aconstanfractionof theaveragesizeof thepro-
gramsin the population.

3.3 Comparison between Crossover Operators
3.3.1 Standard vs. One-Point Crossover

The formulaedescribingthe amountof geneticmaterialex-
changedin standard(Equation3) and one-pointcross@er
(Equation 4) are quite similar.  The only differenceis
that with one-pointcrosseer the probability of selecting
a crossweer point at a certain depth, pip¢(di |h1,t), varies
over time for ary given program. At the beginning of a
run, if thereis enoughdiversity in the initial population,
Pipt(di)h1,t) < p(di|h1) for big valuesof d; and,conse-
quently pipt(di|h1,t) > p(di|hy) for small valuesof d;,
especiallyfor the strict form of one-pointcrosseer. So, at
the beginning of a run we shouldexpectthat E[S,,,] >
E[S;...]- Indeedif we hypothesisedx maximally diverse
populationin which

1 if di =0 andh1 7é ho
p(d1|h1,h2) = 0 if dq 7é 0 andh1 7é ho
p(di|h1) h1 = ho

then E[S;,,.] ~ 2, p(h1)S(0, h1), i.e. the expectedex-
changedsize would approachthe expectedsize of the pro-
gramsin the populationE[S(h)]. As in ary caseE[S(h)] >
E[S;,,.], we caninfer that with a sufficiently diversepop-
ulation E[S(h)] > E[Szs..), i.€. thatstandardcrosseer is
alocal searchoperator The factthat populationswith stan-
dardcrosswerdonotcornvergeseemso suggesthat E[ Sy, ]
neverapproachesgero.So,standaracross@er maybeunable
to effectively explore the neighbourhooaf optimain thefit-
nesdandscapeandto refinepartialsolutions.
Giventhatone-pointcross@er makesthe populationcon-
verge[Poli andLangdon, 19973, attheendof arunall nodes
in everytreecouldbeselectedreely, asin standaratrosseer.
Hence
tligloplpt(dlmlat) = p(d1|h‘1) = tlifglo E[Swlpt] = E[Swsm]’
i.e. standardand one-point cross@er asymptotically ex-
changethe sameamountof geneticmaterial. However, this



doesnot meanthat one-pointcross@er is unableto explore
the maximaof the fithesslandscape.Indeed,like one-point
crossw@erin GAs,asthepopulationcorvergesthematerialre-
placedby GP one-pointcrosseertendsto be moreandmore
similarto theoriginalmaterial. Thus,GP one-pointcrosseer
becomesnoreandmorelocal.

3.3.2 Standard/One-Point vs. Uniform Crossover

Despitethefactthatin generaimultiple subtreesreswapped
in a single applicationof uniform crosseer while only one
subtreeis swappedin standardand one-pointcrosseer, the
form of Equation5 is considerablysimplerthanEquations3

and4. This is because¢he amountof geneticmaterial ex-

changedby transferringtreesis exactly complementecdy

the geneticmaterialexchangedby transferringsingle inter-

nal nodes(which cannothapperwith standarcandone-point
crosswerasthey transferasinglesubtree).

At thebeginningof arun, if thereis enoughdiversityin the
initial population,uniform crosseerwill tendto swaponly a
few relatively large subtreewery nearthe root. Thisis par
ticularly true for the strict versionof this operator As shavn
by the experimentsn Section4, uniform crosseer, like one-
pointcross@er, makesthepopulationcorverge.So,overtime
anincreasingqiumberof nodesandprogressiely smallertrees
will be swapped,until atthe endof a run all nodesin every
treecanbe selectedreely for swap and Ny (dy |h1, h2) = 0
everywhere At this stageonly singlenodeswill be swapped.

Unlike standard and one-point  crosseer,
uniform crosseer (on average)builds offspring by using a
fixed proportionp; of the geneticmaterialof oneparentand
afixedproportionl — p, of the geneticmaterialof the other
parent. So, it canbe a very local or very global searchop-
eratordependingon the value of the parametep,. Oncep,
is fixed, this charactedoesnot changeduringtherun, unlike
standarcandone-pointcrosseer.

If ps = 0.5 uniform crosseeris the GP equivalentof uni-
form crosswer for binary strings. In this casethe operator
performsa maximalglobalinterpolatve search.However, as
the populationwill corverge, like for linear GAs, over time
the operatorwill restrictthe searchto smallerand smaller
partsof thegenomeandtransformsnto alocal operator

3.3.3 Binary Fully-Balanced Population M odel

To get an intuitive idea of how large or small E[S,, ],

E[Sz..] and E[S,,,...] canbe, let us considera simpleide-
alisedmodel. Let usimaginethat the initial populationis

createdusing the “full” initialisation methodwith the same
initial depthd, ... If for simplicity oneimaginesthat only

arity-2 functionsareusedthen(for d < dyqz):

24 _
p(dlh) = 9dmastl _ | and  S(d,h) = 2%me=t1=d 1,
whereh is a genericprogramin the population. If standard
crosseer is used,usingtheseequationsand Equation3 we

obtainthatin thefirst generatior(t = 0):
2dmm+1 _ 2d
= Y)Y (Grr—)
h1 dy
2dmam+1dmaz + 1
S o) (F et
h1

2dmam+ldmaz + 1
9maz+1l _ ] = dmaw ~ 10g2 (S(h))

E[S,

seal

For ¢t > 0 standardcross@er will startcreatingtreeswith
differentshapesAs usuallysomesortof bloatingis present,
we expectE[S,,,.] to grow. Evenif it hasbeenreportedhat
treestend not to grow balancedSouleandFoster 1997, it
may still take severalgenerationdeforetreesarestatistically
significantly unbalanced.So, we shouldexpectthe growth
of E[Sy,,,] to be very slow, probablymuchslower thanthe
growth of theaverageprogramsize.

As all programshave the sameshape pne-pointcrosseer
is ableto selectfreelyary nodeasacross@erpoint, like stan-
dardcrosseer. So,atgeneratiort = 0

E[lept] = E[SJJStd] = dmaz-

Since,in this situation,the offspring producedby one-point
cross@er will all have the same shapeas their parents,
pipt(dilhi,t) = p(di|h1), Yha,t, and the equationabore
will holdfor thewholerun.

So, with a populationof fully balancedreesthe amount
of genetianaterialexchangedy standaraross@erandone-
point cross@er at generatiorD grows linearly with the depth
of the programs.However, it grows logarithmicallywith the
sizeof thetreesandtheratiobetweerexchangedizeandpro-
gramsizevanishesasthedepth(size)of the programsgyrows:
E[S:]

~

lim dmaz 0.

lim —_— =
dmaa—3o0 20maeatl — 1

dmaz—>00 S(h)
In the caseof uniform crosseertheamountof geneticma-
terialexchangeds:

B[Seguie] = poEIS(0, 7)) = py(2Tmestt — 1),

Since, in this situation, the offspring producedby uniform
cross@er will all have the sameshapeas their parentsthis
equatiorwill holdfor thewholerun.

The equationshows that E[S,,,...] grows exponentially
with the depthof the treeandfor p;, = 1/2 canbe consid-
erablylargerthanE[S;, ] = E[Szg,q] ® dmas- As aresult,

E[S;

Unif] _

S(©,d) P

is constanfor ary valueof d,,,,, andt.

3.3.4 Summary of Comparison

Thetheoreticalresultsreportedin the previous sectionssug-
gestthatin a corvergedpopulationof large trees,both stan-
dardcrosse@erandone-pointcrosseer would exchangevery



smallamountof genetiamaterial.If thisis generallytrue,the
search performedby theseoperators becomedocal and bi-
ased(if only smallsubtreesreexchangedthey mustbequite
closeto the leavesof thetree). Initially one-pointcrosseer
(especiallythestrictversion)will exchangesignificantlymore
geneticmaterial. So, initially the searchperformedby one-
pointcrosseerwill beglobal. This maynotbetruefor stan-
dardcrosswer.

Uniform crosseer startsby swappinglarge subtreeqear
theroot, like one-pointcrosseer. So,initially thetwo opera-
torsmaybehae similarly, anduniformcrossweris initially a
global seach opefator. As the populationstartscorverging,
uniform cross@erbecomesnoreandmorelocal in thesense
that, the offspring it producesare progressiely more simi-
lar to their parents.However, unlike standardand one-point
crosseer at this stagethe searchis, in somesenseJargely
unbiasedasary nodein the parentshasthe samechanceof
beinginheritedby the offspring. The searchs notfully unbi-
asedasthe shapeof thetreescannotbe changedt this stage
of arun.

As bothone-pointcrosseer anduniform crosseer canbe
imaginedas‘interpolating”(i.e. exploringthespacepetween
pairs of parentsiit is very importantthat the initial popula-
tion containsadiverseandrepresentatie sampleof thewhole
searchspaceof programs(or at leastof a sufficiently large
partof it) if we intendto performa globalsearchof it. This
suggestghat treesin the initial populationshouldbe large
(with asizeof theorderof thatwe normallyaccepfor end-of-
runsolutionsyanddiversen termsof shapeandnodesindeed
in the experimentgeportedn [Poli andLangdon, 19974 we
obseredamarkedbeneficiakeffectof usingbiggerinitial tree
depths.Also, like for the correspondingsA operatorsmuta-
tion shouldbe considereanintegral partof thealgorithm,to
avoid prematurecorvergence wheneer theseoperatorsare
used.

4 Experimental Results

In orderto verify the predictionsof the theorydevelopedin
the previous section,we decidedto performa setof experi-
mentsin which theamountof geneticmaterialexchangedy
cross@erwasmeasuredn realrunswith differentcrosseer
operatorsln the experimentsve useddifferentfunctionsets
soasto testthe behaiour of the operatorsn the presencef
functionswith the samearity andfunctionswith differentar-
ities (differentarity function setsmay reducethe size of the
commonregion in one-pointanduniform crosseer andalter
the node density function and the branchingfactor of pro-
grams).

The problem we selectedis the Even-4 parity problem
which consistsof finding a combinationof Booleanfunc-
tionsin afunctionsetF (seebelow) andterminalsfrom the
set7={x1, x2, x3, x4} whichreturnstrue if aneven
numberof the 4 inputsxi istrue andf al se otherwise.
The fitnessfunction for this problemis simply the number
of entriesof the truth table of the even-4parity function cor-

rectly representedby eachprogram. Two differentfunction
setswere usedin different experiments: 7;={OR, AND,
NOR, NAND} and F/»={OR, AND, NOT}. All functions
have arity two, exceptNOT which hasarity 1.

In our experimentsve useda generationalGP systemwith
a populationsize of 1000, an initial tree depth of 8, the
“rampedhalf-and-half initialisationprocedurg¢K 0za,1997,
elitist selectionfournamenselectiorwith tournamensize?,
a crosswer probability of 0.7. All runslastedfor 50 gener
ations(we did not stopthe runswhenthe first solutionwas
found). In the experimentsve usedstandarctrosseer, one-
pointcrosseer anduniform crosseerwith p, = 0.5.3

For eachparametesettingwe performed20 independent
runs.In eachrunwe recordedthe averagefitnessof the pop-
ulation, the fitnessof the bestindividual in the population,
theaveragesizeof theindividualsin thepopulationthe aver-
ageof theamountof geneticmaterialexchangedy crosseer
duringonegenerationandtheratio betweertheaveragesize
andtheaverageamountof geneticmaterialexchangedThese
parameterareplottedin Figures4, 5 and6 (a)—(b).

Figure 4 shaws that the amountof geneticmaterial ex-
changedy standardrosser is betweer3 and4% with the
2-arity functionsetF; . Initially thisis slightly higher(10%)
whenthe mixed arity functionsetF; is used,but it dropsto
valuesbelov 5% within a few generations.This meansthat
atall stagef arun standarctross@er tendsto produceoff-
springwhich inherit most of their codefrom one parentor
the other mostof the times,i.e. it is a local searchopera-
tor. Experimentsvith mutationdid not shav ary significant
differencewith respecto this behaiour (the only difference
beingthataverageandmaxfitnessdid not corverge).

Figure 5 shaws that the amountof geneticmaterial ex-
changedby one-pointcrosseer is initially relatively large
(18%) with F, but that it drops very quickly belowv 5%.
However, whenthe mixedarity functionsareused,one-point
cross@er exchanges lot more geneticmaterial, startingat
59%anddroppingbelon 10%only after7 generationspever
goingbelow 7%. This happendecauserity mismatchesre
muchmorelikely to happerwith 7, andthereforethe com-
monregionwill initially tendto remainquitesmall. Thesere-
sultssuggesthatatthebeginningone-pointtrosseer maybe
ableto explorethesearchspaceglobally, but only if mixedar-
ity functionsetsareused.Experimentavith mutationdid not
shaw ary significantdifferencewith respecto this behaiour
(exceptthataverageandmaxfitnessdid not corverge).

Figure 6 shaws that uniform cross@er hasa significantly
differentbehaiour. As predictedby the theorythe amount
of geneticmaterialexchangedemainsconstantly50% inde-
pendentlyof the function setused. Figure 6 alsoreportsthe
ratio betweerthe averagesizeandthe averageamountof ge-

3We also performedexperiments,not reported,with the strict versions
of one-pointand uniform crosseer aswell as using fithessproportionate
selection Also experimentsvereperformedwith point mutation,in whicha
functionin thetreeis substitutedvith anothefunctionwith the samearity or
aterminalis substitutedvith anotheterminalwith aconstanprobability(we
useda mutationprobabilitypernodeof 1/128)[Poli andLangdon,19974.
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netic materialexchangedvhich wasactuallydifferentin the
two parents.As expectedthis is quite large at the beginning
but decrease$.This meanghatuniform crosseeris aglobal
searcloperatomwhich,thanksto theconvergenceof thepopu-
lationtowardsa commonshapg(i.e. whenGP startsbehaing
likeaGA [Poli, 1997) becomegprogressiely beneficiallylo-
callikeall GA crossweroperators.

5 Discussion and Conclusions

In this paperwe have studiedandcomparedhe searchprop-
erties of different cross@er operatorsin genetic program-
ming (GP)usingprobabilisticmodelsandexperimentsvhich
investigatethe amountof genetic material exchangedbe-
tweenthe parentsto generatethe offspring. Theseopera-
torsare:standarctross@er, one-pointcrosseeranduniform
crosswer, anev GA-inspiredoperatompresentedherefor the
firsttime.

Our analysissuggestghat standardcrosseer is a local
searchoperatorwhich canonly produceoffspring which in-
herit mostof their codefrom oneparentmostof thetimes.In

4Theremaining3—4%of effective geneticmaterialexchangedy uniform
crosswer after generatiornl5 whena multi-arity function setis usedis due
to the fact thatin somerunsall individuals reachedhe samefitnesslevel
beforea commonshapehadbeenfound. In suchrunsgeneticdrift madethe
populationcorverge to acommonshapeandthe amountof effective genetic
materialexchangedapproactzerolong aftergeneratiorb0.



additionstandardGP crosseer is biasedasit is ableto per

form only certaintypesof local adjustmentstypically very

closeto the leaves. Thesetwo factsindicatethat standard
cross@er might not anideal searchoperatorasit cannotex-

plorethesearchspaceguickly, it canonly reachcertainareas
of the searchspaceand canget stuckin local maxima. Per

hapsthisbehaviouris thereasorwhy crosseer-basedsPhas
seldombeenshawn to have a edgeover mutation-baseap-
proaches.

One-pointcrossaer, aform of crosseerintroducedn our
recentesearchiPoli andLangdon, 19974, is betteras,in cer
tain conditions,it is ableto performa global searchof the
searchspaceat the beginning of arun. However, the search
becomedocal andbiasedgeneratioraftergeneration.

Uniform cross@er seemsable to overcometheselimita-
tions. Like one-pointcross@er, uniform crosseer starts
globalandbecomedocal, but in a differentway;, like GA op-
eratorsdo. Uniform cross@eris muchlesshiasedasit allows
ary nodein the parenttreesto betransferredo the offspring
with the sameprobabilityat any stageof therun.

We claim nothing about the performancedifferencesin
terms of computationaleffort to find a solution between
the differentoperatorsdiscussedn this paper althoughour
experience suggeststhat one-point crosseer performs at
leastaswell asstandardcross@er on the even-parityprob-
lems[Poli andLangdon,1997H. However, we expectthisto
dependentirely on the particularfitnesslandscapeat hand.
The point we wantto make with this paperis that, if GPis
meantto searchthe whole spaceof programsratherthanto
behaelike a setof parallelstochastidill-climbers, thenop-
eratorswhichallow globalsearctmustbe used.Althoughwe
believe that uniform crosseer is one suchoperatoy we also
think thatthe GP communitywill have to devote morework
onfinding othergoodsuchoperators.
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