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ABSTRACT
This paper first analysesthe impact of
varianceon schematransmission.Work-
ing fr om an exact derivation of the ex-
pectedvariance in schematransmission,
it derivesand analysesthe signal-to-noise
ratio for schemata. The paper then
presentsshort term schematransmission
probability results that focus on newly
createdschematain the population. The
analysis reveals the relative dependen-
ciesbetweenschematransmission, pop-
ulation size, schema measured fitness,
schemafragility and schemacreation.

1 Intr oduction

While Holland’s SchemaTheorem(see[Holland,1992] and
[Goldberg,1989]) in its original presentationandinterpreta-
tion presentsmany technicaldifficulties,theGA andGPcom-
munitieshave gaineda greatdealof analyticknowledgeby
challengingit and coming to understandboth its inadequa-
ciesandits content(seefor example[Grefenstette,1993] and
[Altenberg,1995]). As recentlyasDecemberof 1997schema
understanding,in the context of crossover analysisand the
buildingblockhypothesis,wasatopicof discussiononthege-
neticprogramminglist [GP-List,1997]. It seemsthat (right-
fully) eachresearcherhasa uniqueperspective on the use-
fulnessof schemaanalysis,thevalidity of thebuilding block
hypothesisandtherelationshipbetweenthetwo.

It is our position that schemaanalysisis useful for ex-
plainingwhathappensto subsolutionsof differentfitnessand
structurein the courseof one generation. While a schema
theoremmakesa prediction(asan expectation)onegenera-
tion time stepin advanceandonly focuseson oneschemaat
a time, schemaprocessingaccountsyield valuableinsights.

Schemaanalysiscanalsobecombinedwith experimentation
to yield a substantiatedandfurther improvedaccountof GP
[Poli andLangdon,1997a].

Schemaanalysisdoesnot leadto one“correct” GPschema
theorem. Different GP schemadefinitions and formula-
tions of schematheoremsshould not be seenas competi-
tive but should be intellectually organisedso as to distin-
guishthe significantpropertiesandissuesof focusthateach
author tried to address[Poli andLangdon,1998]. To date,
GPschemaresearchhasoffereddifferentschemadefinitions
[Koza,1992, O’Reilly andOppacher, 1995, Whigham,1995,
Poli andLangdon,1997b, Rosca,1997] anddifferentSchema
Theorems. Dependingon whether the definition allows
only one or more than one schemainstanceto appearin a
program, the resulting schematheoremexpressesa lower
bound on either the expectednumber of programssam-
pling a schemaor the expectednumberof instancesof the
schemain the populationfrom one generationto the next
[Poli andLangdon,1998].

In this paperour resultsconcerningschematafall into two
areasandare independentof a particularschemadefinition.
Theareasare: 1) resultswhich derive thevariancein theex-
pectednumberof individualssamplinga schemaandwhich
examinethesignal-to-noiseratio of a schema,and2) proba-
bility resultson theshorttermlikelihoodof schemainstances
beingtransmittedor becomingextinct.

In the first area,our focusis on analysingthesecondmo-
mentof a schemasampledistribution aswell ason the first
moment.We startby formulatinga SchemaVarianceTheo-
remexpressinganestimateof thevariancein thenumberof
individualssamplinga schemathatarepropagatedfrom one
generationto the next. We extendthis formulation, in con-
trast to otherschematheorems,to account,not only for the
propagationof a schemathroughthepropagationof theindi-
vidualsthat sampleit in the currentpopulation,but alsofor
theadditionalschemasamplesthatappearin thenext gener-
ationbecauseof spontaneouscreationdueto crossover. The
derivationof thevariancepermitsusto formulatethesignal-



to-noiseratioof aschema’sgeneration-basedpropagationand
spontaneouscreationin termsof a SchemaSignal-to-Noise
Ratio Theorem.We analyseit relative to populationsizeas
transmissionprobabilityis variedor decomposed.

The analysisof the short term schematransmissionprob-
ability constitutesthe secondareaof results. Our analysis
focuseson theschematawhich aresampledonly oncein the
population.Therationalefor this is asfollows.Theimportant
schematafor thesuccessof a run arethoseof above average
fitness. New schematacomeinto existencewhencrossover
producesa new individual. Often thesearesampledby only
oneindividual (for exampletowardsthe endof a run, when
finding new above averageindividuals becomesvery rare).
Thus, it is importantto analysethe extinction likelihoodof
a schemawith only onesample.We derive the likelihoodof
schemaextinction in one or two generations.The analysis
suggestsa reconsiderationof fitnessscalingtechniquesand
thevalueof a steadystateselectionalgorithm.

We now proceedin the following manner. In Section2
we presenttheresultsrelatedto varianceanalysisandsignal-
to-noiseratio. Section3 statesour derivationsin standard
schematheoremterms. In Section4 we presentthe schema
extinction likelihoodresults.In Section5 we summariseour
resultsandbriefly commenton futurework.

2 Variance and Signal-to-NoiseRatio
Analysis

In this section derivations have the following sequence:
(1) An individual

�
is considered.Underselection,the ex-

pectednumberof copiesof
�

and the variancein the num-
berof copiesof

�
in the next generationis derived. (2) The

individuals that samplethe schema� are considered.Un-
derselectiontheaveragenumberof individualsmatching�
and the variancein the numberof individuals matching �
in thenext generationis derived. (3) Crossover is integrated
into the expectedvalue andvariancederivationsby includ-
ing the probability that individualssampling � still sample� after crossover. (4) An exact expressionof the expected
numberof individualsmatching� is derivedby considering
theprobability thatnew samplesof � arecreated.The total
schematransmissionprobability is definedandthe variance
in thenumberof individualsmatching� is derived. (5) The
signal-to-noiseratio of thenumberof individualssamplinga
schemais derivedin termsof thetotal transmissionprobabil-
ity.

2.1 Propagation of Indi viduals under
Selection

Following the notation used in our previous work
[Poli andLangdon,1997b, Poli andLangdon,1997a,
Poli andLangdon,1998], let usdenotewith ��� �����
	��
�� the
actualnumberof copiesof individual

�
in the mating pool

producedafterselectionat generation
�
. If fitnessproportion-

ateselectionis usedthen��� ��� ������	��� ����� � � � ��� � � �
where

� � � � is thefitnessof
�

and
�� � � � is themeanfitnessof

the individualsin thepopulation.Eachselectionstepcanbe
modelledasa Bernoulli trial (eitheran individual is selected
or it is not). So, ��� ������	 �
 � will follow abinomialdistribution

with ! � !
� ����� � and " � �$# !
� ����� � , where!%� ����� �&� ')(+*-,.'/(102,43
is theselectionprobabilityof individual

�
and 5 is thepop-

ulationsize.So,687�9:� ��� ������	 �� �;��� 5<!
� ����� � � �$# !
� ����� ���
This is a well known result (see for example
[Goldberg et al., 1991, page14]).

2.2 Propagationof Schemataunder Se-
lection

Now letusconcentrateonasubsetof individualsatgeneration�
: thosematchinga schema� . The numberof individuals

sampling� in thematingpool is���=� ����	��� �>�@?*)A)B ��� ������	��� �
wherethesummationis performedoverall theindividualsin
thepopulationmatchingtheschema� at generation

�
. As a

result��� ���4� ����	��� �;�C� ?*/A)B ��� ��� ������	��� �;�C� 5<!
�4� ��� � �
where!
�4� ��� � is theschemaselectionprobability, definedas!%�=� ��� �>� ?*)A)B !
� ����� �ED

Eachapplicationof selectioncan be seenas a Bernoulli
trial whereeachindividual insertedin thematingpool either
samples� or it doesnot. So, ���=� ���$	 �
 � is a binomial
stochasticvariablewith ! � !
�4� ��� � , whereby687�9:� ���=� ����	��� ����� 5<!
�4� ��� � � �$# !%�=� ��� ���
2.3 Survival of Schemata under

Crossover
Crossover will causesomeof the individualsmatching� in
thematingpool to produceoffspringnot sampling� . If we
call !GFH�=� ��� � theprobabilitythatindividualsin � will survive
crossover(in thesensethattheiroffspringwill still sample� )
andweassumethattheonly possibleoutcomesof acrossover



operationareschemadisruptionor schemasurvival, we can
computetheexpectednumberof individualsin � in thenext
generation��� ���=� ����	 � ���I� ! F �=� ��� � ��� ���=� ���%	 �� ���� 5<!GFH�=� ��� � !%�=� ��� �JD (1)

Note that, in general,! F �4� ��� � dependsnot only on thechar-
acteristicsof theparticularschemaconsideredbut alsoon the
contentsof the restof thepopulation(hencethedependence
on

�
). In thefollowing,schematawith relatively largesurvival

probability will be qualifiedas robust, while schematawith
smallsurvival probabilitywill becalledfragile. Althoughwe
will consideronly the effectsof crossover in the restof the
paper, it is worth noting that most of the resultspresented
below remainvalid if we consider!GFK�=� ��� � to representthe
probabilitythatindividualsin � will survivemutationor any
combinationof mutationandcrossover.

An alternative way of looking at the selection/crossover
processis to considerit a Bernoulli trial (as,again,eachtime
anindividual is produced,eithertheindividual samples� or
it doesnot). So,wecancomputethevarianceof thestochastic
variable���4� ����	 � �687�9:� ���4� ���J	 � ���G� 5<! F �4� ��� � !
�4� ��� � � �:# ! F �4� ��� � !%�=� ��� ���ED

(2)

2.4 SchemaCreation
If we term !CL-�4� ��� � theprobabilitythatoffspringwhich sam-
ple � arecreatedby parentsnot sampling � , then the ex-
pectednumberof individualssamplinga schema� at gener-
ation

��	 � canbeexpressedexactlyas�M� ���4� ����	 � �;�I� ! F �4� ��� � �M� ���4� ���%	 �� ��� 	! L �4� ��� � �N5 # ��� ���=� ����	 �� ���2�� 5PO ! F �4� ��� � !
�4� ��� � 	!CLQ�=� ��� ��R �$# !
�4� ��� �TSGU
Again, ���4� ���V	 � � canbeseenasabinomialstochasticvari-
able. Therefore,if we definethe total schematransmission
probabilityW � ! F �4� ��� � !
�4� ��� � 	 ! L �4� ��� � � �X# !
�4� ��� ��� �
wecanwrite �M� ���4� ����	 � ���C� 5 W

(3)

and 687�9:� ���=� ����	 � ����� 5 W � �Y# W � (4)

which is a parabolawith a maximumof Z D �)[ 5 at

W � Z D [ .
Thereforethestandarddeviation \ �T]�^�_-` � ���4� ���-	 � ��� of any
schemais at most Z D [�a 5 . For example,if 5 � � Z � ZbZ)Z ,

\ �T]b^�_-` � ���4� ���c	 � ����d [ Z which is 0.5% of the popula-
tion size.Thetotal schematransmissionprobability

W
corre-

spondsto theexpectedproportionof populationsampling�
at generation

�%	 � . Thus,Equation3 canbeseenasa refor-
mulationof the“gainandlosses”equationin [Whitley, 1992].

2.5 Signal-to-NoiseRatio
Wedefinesignal-to-noiseratioasthedivisionof themeanof a
distributionby its standarddeviation: ef .

�
. It expressesa sec-

ondorderpropertyof thedistribution asonevalue. Thedis-
tribution of relevanceto schemaprocessingis thesamplesof
aschemain thenext generation.Whenthesignal-to-noisera-
tio is infinite, oneexpectsthatthepropagationof theanalysed
schemawill occurexactly aspredicted.Whenthesignal-to-
noiseratio is lessthanone,oneexpectsthattheactualnumber
of instancesof a schemain thenext generationis essentially
randomwith respectto its currentstatus.

FromEquations3 and4 we candefinethesignal-to-noise
ratio for schema� asg \hjilkEm '� ��� ���=� ����	 � �;�n 687�9:� ���=� ����	 � ��� �
obtaining: g \hoi � a 5qp W

�$# W
(5)

which is amonotonicincreasingfunctionof

W
.

For

Wsr � thisequationbecomesg \hoilt a 5 W
while u+v+wxby � g \hoi �{z
Figure1 showsa plot of |V}~��
� a 5 .

An interesting special case of Equation 5 is when!CL-�4� ��� �>� Z , thusobtaining:g \hoi � a 5�� !CFH�4� ��� � !%�=� ��� ��$# !CFK�4� ��� � !
�4� ��� � (6)

3 SchemaTheorems

Equations1,2 and6 canbeformulatedin themannerof agen-
eralschematheoremandthecorrespondingschemavariance
andschemasignal-to-noiseratio theorems.The probability!
�4� ��� � canbeexpressedas:!
�4� ��� �&� ���4� ��� �5 � �=� ��� ��� � � �
where

� �=� ��� � is themeasuredschemafitness.�
This differs from the definition of signal-to-noiseratio usedby other

authors,e.g.in [Kargupta,1995]
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Figure 1: Normalisedsignal-to-noiseratio vs. total schema
transmissionprobability.

However, Equations1, 2 and 6 shouldbe viewed as ap-
proximationsbecausethey do not accountfor a crossover
event that generatesan offspring sampling � from parents
which did not sample� . In contrastto the establishedstyle
of schematheorems,they are left as approximationsrather
thanbeingderivedinto upper/lowerbounds.On thecontrary,
Equations3, 4 and5 areentirelygeneral.In thefollowing we
derive more generaltheoremsformulating upperand lower
boundsfor schemamean,varianceandsignal-to-noiseratio
by consideringthebestandworsecasescenariosfor theval-
uesof ! F �=� ��� � .

Let ! FT�V� � �4� ��� � be the minimum of ! F �=� ��� � . This is
normally known in each schematheory thanks to proba-
bilistic calculationson the likelihood of schemadisruption
(seefor example [Poli andLangdon,1998]). For instance,
for a simple GA with one-pointcrossover, with probability!���� , andno mutationappliedto binarystringsof length

h
,!GF ��� � �4� ��� �>� ��# !����8� (1B�,~X� � � ��# !%�=� ��� ��� where���4� � is the

defininglengthof theschema� .
Thusa lowerboundfor

W
isW%��� � � !GF ��� � �4� ��� � !%�=� ��� � 	 !CLQ�=� ��� ��R �$# !
�4� ��� �TS�D

We canobtainan upperlimit for

W
by consideringselection

without crossover and,by implication,assuming! F �4� ��� ���� . Therefore,W%����� � !%�=� ��� � 	 !CLQ�=� ��� � � �Y# !%�=� ��� ���ED
Theselimits are functionsof the value of !GLQ�4� ��� � . Using
them it is possibleto obtain lower and upper boundsfor��� ���=� ����	 � ��� , 6�7b9:� ���=� ����	 � �;� and | }~ � .

For theexpectedvalueweobtain:� ��� � d ��� ���4� ����	 � ����d � �����
(7)

where � ��� � � 5 W���� ���/�V� � ����� � 5 W������ D

For thevarianceweobtain:6 ��� � d 687�9:� ���4� ����	 � ����d 6 �����
(8)

where 6 ��� � � ��   6 � if
� ������¡ Z D [ 56 
 if
� ��� �£¢ Z D [ 5w¤v � � 6 � � 6 
 � otherwise6 ����� � ��   6 
 if

� ����� ¡ Z D [ 56 � if
� ��� �¤¢ Z D [ 53 ¥ otherwise

and6 � kEm '� � ��� � � �
# �5 � ��� � � � 6 
 kEm '� � ����� � �
# �5 � ����� �ED
The different casesin theseequationsare due to the non-
monotonicity of

687�9:� ���=� ���¦	 � �;� both with and without
crossover.

Finally for thesignal-to-noiseratiowe obtain:g \hoi ��� � d g \hji d g \h§i ����� (9)

where g \hji ��� � � a 5 p W ��� �
�$# W���� �g \hoi ����� � a 5 p W%�����
�$# W������

Equations7, 8 and 9 are generalschemamean,schema
varianceandschemasignal-to-noiseratio theoremswhich in-
cludealsotheeffectsof schemacreation.

3.1 Analysis of the SchemaSignal-to-
NoiseRatio Theorem

Figure2 shows plotsof |V}~¤�
� a 5 asa functionof !GL-�=� ��� �
and !%�4� ��� � for differentvaluesof !GFK�=� ��� � . The uppermost
plot canbeinterpretedasthemaximumnormalisedS/N ratio|¨}~ � ����� � a 5 . Thisbecomesverylargewheneither!GL-�=� ��� �
or !%�4� ��� � arelarge. In this situationsamplingnoiseeffects
on the processingof robust schemataare limited even with
smallpopulations.Onthecontrary, if ! L �=� ��� � and!
�4� ��� � are
bothsmall,themaximumnormalisedS/Nratiobecomesquite
small. This meansthat even the schematalessaffectedby
crossovercansuffer from severesamplingnoiseif thepopula-
tion is notlargeenough.Theotherplotsin thefigurerepresent
the behaviour of progressively less robust schemata.They
canbeinterpretedasrepresentingthevalueof | }~¤� ��� � � a 5
for differentvaluesof !CF �V� � �=� ��� � . So, the valueof the nor-
malisedS/N ratio will always stay betweenthe “blankets”
representedby the uppermostplot and one of theseplots.
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Figure 2: Normalised signal-to-noiseratio for different
schemasurvival probabilities.

The bottommostplot shows a paradoxicaleffect which oc-
curswith fragile schemata:thesignal-to-noiseratio mayget
worseastheschemaspreadsin thepopulation.

This effect is clearly shown in Figure3 (at the endof the
paper)which containsplots of |V}~ �
� a 5 as a function of!
�4� ��� � for different valuesof !GFH�4� ��� � and !CL©�=� ��� � (these
representcrosssectionsof thesurfacesin Figure2).



Theseplots show anotherinterestingphenomenon:when

theschemaselectionprobabilityis nearzero(for examplebe-
causethe schemahasonly oneinstancein the populationor
becauseit is severely below averagefitness),the signal-to-
noiseratiodependsverylittle ontherobustnessof theschema
(all the plots have a commonstartingpoint for !
�4� ��� �ª�Z ). However, if also ! L �=� ��� � is very small then, as soon
as !%�=� ��� � startsgrowing, robust schematawill have signif-
icantly betterS/Nratiosthanfragile ones.

4 SchemaExtinction Lik elihoods

For any reasonablepopulationsize,only a relatively tiny pro-
portionof all possibleschemataarepresentin theinitial pop-
ulation. This implies that, until the populationconverges,
crossover continuesto introducenew schematainto thepop-
ulation. Often,a schemathatis betterthanonesof theprevi-
ousgenerationis identifiedwhenit appearsin a single,novel
individual of above averagefitness. Thus, it is importantto
investigatethe effectsof noiseon the ability of a newly cre-
atedschemato surviveandspread.A wayof assessingthis is
to computetheprobabilityof extinction for a new schemaat
thenext generation.«
4.1 SchemaExtinction in One Genera-

tion
As mentionedin Section2.4, ���4� ���&	 � � canbe seenasa
binomialstochasticvariable.Therefore,¬>­©® ���4� ����	 � �>�l¯G°�� g 5 ¯ i W
± � �Y# W � 3 � ± D (10)

So,theprobabilityof any schemabecomingextinct atthenext
generationis¬>­©® ���4� ����	 � �>� Z °¦� � �$# W � 3
as | 3 ² � � � . So,theprobabilityof extinction in onegenera-
tion is a monotonicdecreasingfunctionof thetotal transmis-
sionprobabilityof theschema.Since � ��# W � 3 � _ 3�³ ´�µ-( � � x ,¶

The right-bottomplot in the figure doesnot show the signal-to-noise
ratio for ·K¸J¹»ºX¼=½4¾V¿sÀ and·/Á©¹ÂºX¼N½4¾�¿ÃÀ asall thepointsareat infinity.Ä

The term “extinction” is usedhereto indicatethe situationin which a
schemasampledby at leastoneindividual in onegenerationis sampledby
zeroindividualsat somepoint in future generations.This is different from
a morebiological interpretationof the term which would meanthat all the
instancesof a schemaare not propagateddue to the disruptive effects of
crossover. In fact,with our terminologya schemabecomesextinct if all the
existing instancesof a schemaaredisruptedandno new instanceis created
by crossover betweenparentsnot samplingtheschema.



wecanwrite¬>­J® ���=� ����	 � �>� Z °¦� _ 3�³ ´�µQ( � � x ,
So, in general,the probability of extinction goesquickly to
zeroas

W
grows,andfor practicalpurposesthereis nochance

of losingaschemaif

W ¢ ��# _ �MÅÆ t§Ç � 5 for any reasonable
valueof 5 .

For newly createdschematatypically ���4� ��� �>� � and!
�4� ��� �&� � �=� ��� �5 �� � � � � � � � �5 �� � � � � !%� ����� � �
where

�
is theonly individualin � atgeneration

�
. Therefore,W � !GF/�4� ��� � !%� ����� � 	 !GLQ�4� ��� � � �X# !
� ����� ���JD

Let us now consider the worst case scenario, i.e.
when schemacreation is absentin the current generation
(! L �=� ��� ��� Z ).¥ In this case¬>­J® ���=� ����	 � �>� Z °È� � �$# !CFH�4� ��� � !%� ����� ��� 3� g �$# ! F �=� ��� � � � � �5 �� � � � i 3
If � is anaveragefitnessschema(i.e.

�
is anaveragefitness

individual suchthat
� � � �X� ��

), !
� ����� �X� � � 5 andthepre-
viousequationsimplifiesfurther:¬&­J® ���=� ����	 � �>� Z °¦� � �$# ! F �4� ��� � � 5 � 3 t _ �¨ÉQÊ (1BcË 02,
thefinal approximationbeingvalid for any reasonablevalue
of 5 . Newly createdaveragefitnessschematahave a proba-
bility of extinction (in onegeneration)of at least37%( � � _ )
for any reasonablepopulationsize unlessschemacreation
helps. If a schemais fragile this probabilitycanactuallybe-
comemuch bigger, thus emphasisingeven more the rescu-
ing role of schemacreation. Obviously betterthanaverage
schematawill tendto suffer lessfrom this effect. However,
asemphasisedin Figure4, unlessthey aresignificantlybetter
thanaverage(e.g.

W ¢ � � 5 ), they still have a remarkably
highextinctionprobability.

The pictureobtainedfrom theseobservationsis relatively
gloomy. However, reality is even worse. Newly created
schematacan becomeextinct in other ways: a) it is possi-
ble for a new schemato survive for onegenerationwithout
gettingadditionalindividualssamplingit and thenbecomes
extinct after a further generation,b) it is alsopossiblethata
new schemais sampledby two individuals in the next gen-
eration,but becomesextinct after a further generation,and
soon. Obviously themoreindividualsa schemacontainsthe
smallerthe probability of extinction. Therefore,we canob-
tainagoodunderestimateof therealextinctionprobabilityin
two generationsby consideringcasea) only.Ì

Obviously at someearliergeneration·K¸J¹»ºY¼N½4¾ musthave beendifferent
from 0.
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4.2 SchemaExtinction in Two Genera-
tions

Theprobabilityof any schemabeingsampledby exactly one
individual in thenext generationis¬>­©® ���4� ����	 � �>� � °¦� 5 W � �$# W � 3 � �
as | 3 � � � 5 . As � �$# W � 3 � � � �� � x _ 3�³ ´�µ-( � � x , � we obtain¬&­J® ���=� ����	 � �>� � °X� 5 W

�$# W _ 3�³ ´�µQ( � � x , D
From this equationit is easyto infer that, in the absenceof
schemacreation,newly createdaveragefitnessschematahave
a probabilityof beingsampledby only oneindividual alsoin
the next generation(thusbarelysurviving) of approximately!CFH�4� ��� � _ �¨É Ê (1BcË 02, (which is at most37%)for any reasonable
populationsize.

The probability of extinction in two generationsfor any
schemais:¬>­©® ���4� ����	 � ��� Z ° t ¬>­©® ���4� ����	 � �>� Z °	 ¬&­E® ���4� ����	 � �>� ZGÍ ���4� ����	 � �>� � °Î ¬&­E® ���4� ����	 � �>� � °� � �$# W � 3 	 5 W � �$# W � 3 � � � �$# W � ��	 � ��� 3
where

W � �%	 � � is thevalueof

W
onegenerationahead.If we

assumethat thefeaturesof theschema� andthemeanpop-
ulation fitnessdo not changesignificantly in onegeneration
(i.e.

W � ��	 � � t W
) thenthe probabilityof extinction in two

generationscanbeapproximatedas:¬&­J® ���=� ����	 � �>� Z °t � �Y# W � 3 � � 	 5 W � �X# W � 3 � � �� _ 3�³ ´�µ-( � � x , g � 	 5 W
�$# W _ 3�³ ´�µQ( � � x , i D



In the absence of schema creation,
W � !GFK�=� ��� � � � � � � �N5 �� � � ��� r � for any reasonablepop-
ulation size. Thus,

u1ÏbÐ � ��# W � t # W . So, newly created
schematahave a probabilityof becomingextinct in two gen-
erationsof approximately¬>­©® ���4� ����	 � �>� Z °t _ �>Ñ Ê�ÒÔÓGÕ ÖÂ×1Ø�ÒÔÙÚ×ÛØ�ÒÔÖ+× R � 	 É Ê (1BcË 02,4')(+*-,.'/(102,�$# ÉQÊ (1BcË 02,4')(+*-,3 .'b(Ü02, _ �>Ñ Ê�ÒÔÓCÕ ÖÂ×1Ø�ÒÔÙÚ×ÛØ�ÒÝÖÂ× S

t _ �>Ñ Ê�ÒÔÓGÕ ÖÂ×1Ø�ÒÔÙÚ×ÛØ�ÒÔÖ+× R � 	 !CFH�4� ��� � � � � ��� � � � _ �&Ñ Ê�ÒÜÓGÕ Ö+×+Ø�ÒÜÙ�×ÛØ�ÒÝÖÂ× S D
UsingTaylor seriesexpansionabout

ÉQÊ (1BcË 02,4')(+*-,.'/(102, � � we ob-

tain¬>­J® ���=� ����	 � ��� Z ° t � D ZbZ)Þ Ç # Z D [ Zbß ��às!CFH�4� ��� � � � � ��� � � � D
So, even very robust averagefitnessschematawill have at
leasta 50%probabilityof extinctionin twogenerations. This
suggeststhat in order for slightly above averageschemata
to survive for long enoughto spreadreliably in the popula-
tion, creationmustguaranteeareasonablesupplyof schemata
for more thanonegeneration.Theseresultscorroboratere-
cent theoreticalresults on the importanceof schemacre-
ation[StephensandWaelbroeck,1997].

4.3 Role of FitnessScaling,Elitism and
Steady-StateGAs

Thelastequationhighlightsaninterestingroleof fitnessscal-
ing techniques.If weadopta techniquethatamplifiesthedif-
ferencesin fitnessof the individualsin the populationwith-
out altering

�� � � � , then newly createdabove averagefitness
schematawill have a higher probability of survival. This
observation is actually independentof the selectionmethod
used. The higher the selective pressureimposed,the better
thechancesof survival of new goodschemata.

It is alsointerestingto considertheeffectof elitism(where
the best individual in eachgenerationis always copiedun-
changedin the next). If a new bestof generationindividual
is discovered,thenewly createdschematait containswill be
shieldedfrom samplingnoiseandschemadisruptionuntil a
betterindividual is discovered,thusallowing aneasierpropa-
gationof highly fit schemata.

Extendingthis idea,it is alsoarguablethat sometypesof
steadystateGAs cando muchbetterthangenerationalGAs
in termsof chancesof survival of newly createdschemata.
For example,if oneusesa steadystateGA wherethe worst
individual in the populationis replacedafter eachcrossover
operation,newly createdabove averageschematawill sur-
vive for at leastaslong asthey remainaboveaverage,i.e.,as
observed in [Syswerda,1991], this form of steadystateGA
grantselitism statusto all goodmembersof thepopulation.

5 Conclusionsand Futur eWork

In this paperwe have obtained,for the first time, a schema
variancetheoremwhichexpressesthevariancein thenumber
of individuals samplinga schemaat the next generationin
termsof the informationavailableon sucha schemaandthe
currentpopulation.Usingthisandareformulationof thestan-
dardschematheorem,we obtaineda schemasignal-to-noise
ratio theorem,which expresseshow confidentonecanbe of
theschematheorempredictionsof theexpectedgrowth or de-
cay in the numberof individualssamplinga schema.When
the signal-to-noiseratio is lessthan one the actualnumber
of instancesof a schemain thenext generationis essentially
random.Whenthesignal-to-noiseratio is infinite thepropa-
gationof schemataoccursexactlyaspredicted.

For eachtheoremwe provide threeversions:thefirst ones
are approximationbasedon the assumption(used in past
schematheorems)that no schemacreation occurs (Equa-
tions 1, 2 and 6), the secondonesare exact formulations
which includeschemacreationeffects(Equations3, 4 and5),
thefinal onesgiveupperandlowerboundsobtainedusingthe
minimumandmaximumschemasurvivalprobabilities(Equa-
tions7, 8 and9).

Theanalysisof thesecondandthird versionsof theschema
signal-to-noiseratio theoremhas revealed two interesting
phenomena.Firstly, the signal-to-noiseratio of very frag-
ile schematamaygetworseasthey spreadin thepopulation.
Secondly, whentheschemaselectionprobability is nearzero
(e.g.for newly createdschematawith only oneinstancein the
population)thesignal-to-noiseratiodependsverylittle onthe
robustnessof theschema.

We have alsostudiedtheshort-termextinction probability
of schematain general,with particularattentionpaidto newly
createdones. This analysisis generaland includesschema
creation.In thespecialcasewhereno creationis present,for
any reasonablepopulationsize, a newly createdschemaof
averagefitnesswhich is only sampledoncehasanextinction
probability of at least37% in one generation. This drastic
extinction probability is decreasedif a schemais betterthan
averagein fitness,but it becomessmallonly if theschemais
several timesbetterthanaverage.Theextensionof theanal-
ysis to two generationsshows that theextinction probability,
in fact, increases.Evena very robustaveragefitnessschema
hasat leasta 50%probabilityof becomingextinct in thenext
two generations.

Theseandthepreviousresultsshow theimportanceof con-
sideringschemacreationin the analysisof schemapropaga-
tion, asalsoindicatedby otherresearchersin thefield.

Thesefindings also suggesta reconsiderationof fitness
scalingtechniques,elitismandsteady-stateGAsassuchtech-
niquesimprove the chancesof survival of new fit schemata.
Futurework, theoreticaland experimental,will needto be
devoted to understandingthe effectsof thesetechniqueson
schemaprocessing.

More theoreticalwork is necessaryto specialisethetheory
presentedto differentGPandGA schematheories,to deepen



our analysis,andto estimatetheschemacreationprobability.
Experimentswill alsobenecessaryto corroborateour results
andto provide measuresof schemacreationandschemasur-
vival probabilities.
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Figure3: Normalisedsignal-to-noiseratio for differentschemasurvival andschemacreationprobabilities.


