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ABSTRACT
In this paper wefirst review the main re-
sults obtained in the theory of schemata
in GeneticProgramming (GP) emphasis-
ing their strengthsandweaknesses.Then
we proposea new, simpler definition of
the concept of schema for GP which
is quite close to the original concept
of schemain genetic algorithms (GAs).
Along with a new form of crossover,
one-point crossover, and point mutation
this concept of schema has been used
to derive an improved schematheorem
for GP which describesthe propagation
of schematafr om one generation to the
next. In the paper we discussthis re-
sult and show that our schematheorem
is the natural counterpart for GP of the
schema theorem for GAs, to which it
asymptotically converges.

1 Intr oduction

GeneticProgramming(GP) has beenapplied successfully
to a large numberof difficult problemslike automaticde-
sign, patternrecognition,robotic control, synthesison neu-
ral architectures,symbolic regression,music and picture
generation[Koza,1992, Koza,1994, K. E. Kinnear, Jr., 1994,
Kozaetal., 1996, AngelineandKinnear, Jr., 1996]. However
arelativelysmallnumberof theoreticalresultsareavailableto
try andexplain why it worksandhow (see [Langdon,1996,
pages517–519]for a list of references).

SinceJohnHolland’s seminalwork in the mid seventies
and his well known schematheorem(see[Holland,1992]
and[Goldberg,1989]), schemata(similarity templatesrepre-
sentingentiregroupsof genes)areoftenusedto explainwhy

GAswork (althoughtheusefulnessof themhasbeenrecently
criticised [Altenberg,1995]). So the obvious most natural
way of creatinga theoryfor GPhasbeento definea concept
of schemafor parsetreesandto extendHolland’sschemathe-
oremto GPto seehow schematawouldpropagategeneration
aftergenerationundertheeffectsof selection,crossover and
mutation.

One of the difficulties in obtaining theoretical re-
sults using the idea of schema is that the definition
of schema for GP is much less straightforward than
for GAs and alternative definitions have been proposed
in the literature [Koza,1992, O’Reilly andOppacher, 1995,
O’Reilly, 1995, Whigham,1995, Whigham,1996a]. These
defineschemataas composedof one or multiple fragments
of a tree. Therefore,a schemacanbepresentmultiple times
within the sameprogram. This, togetherwith the variabil-
ity of the sizeandshapeof the programsmatchinga same
schema,leadsto considerablecomplicationsin thecomputa-
tion of schema-disruptionprobabilities. Nonethelesstwo of
thesedefinitionshave beenusedin schematheoremsfor GP,
whichwewill review in Section2.

In this paper we proposea new simpler definition of
schemafor GP which is muchcloserto theoriginal concept
of schemain GAs. This conceptof schemahassuggestedus
to defineanduseasimplerform of crossoverfor GPin which
thesamecrossover point is selectedin bothparents.We call
this new operatorone-pointcrossover becauseof its similar-
ity with thecorrespondingGA operator. As describedin Sec-
tion 3, wehaveusedthesetoolsto deriveasimpleandnatural
schematheorem,in which theprobabilityof disruptionfor a
schemacanbeestimatedveryeasily.

An analysisof thetheoreticalresultsdescribedin thepaper
is reportedin Section4 while Section5 includessomefinal
remarksandindicationsof futurework.

2 PreviousWork on Schematafor GP

In thecontext of binaryrepresentations,aschema(or similar-
ity template)is a string of symbolstaken from the alphabet



�
0,1,#� . The character# is a “don’t care” symbol, so that

a schemacanrepresentseveral bit strings. For examplethe
schema#10#1representsfour strings:01001,01011,11001
and11011.Thenumberof non-#symbolsis calledtheorder�

of a schema.Thedistancebetweenthefurthesttwo non-#
symbolsis calledthedefininglength � of a schema.Holland
obtaineda result (the schematheorem)which predictshow
the numberof instancesof a schemain a populationvaries
from onegenerationto the next [Holland,1992]. The theo-
remis asfollows:���
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where���
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�� is thenumberof stringsmatchingtheschema	 at generation
 , � �
	���
�� is the meanfitnessof the strings
matching 	 , � / is the probability of crossover, �! is the
probability of mutationper bit,

�� ��
�� is the meanfitnessof
the stringsin the population,

6
is the numberof stringsin

the population,
1

is the numberof bits in the strings,and���
	���
&�:��� is the expectedvalueof the numberof strings
matchingtheschema	 atgeneration
;��� . <

Given the popularity of this result, Koza [Koza,1992,
pages116–119] made a first attempt to explain why GP
works producingan informal argumentshowing that Hol-
land’s schematheoremwould work for GP aswell. The ar-
gumentwas basedon the idea of defining a schemaas the
subspaceof all treeswhich contain,assubtrees,a predefined
setof completesubtrees.So,accordingto Koza’s definition,
a schema	 could be representedasa setof S-expressions,
e.g. 	 =

�
(+ 1 x), (* x y) � which representsall the

programsincludingat leastoneoccurrenceof theexpression
(+ 1 x) andat leastoneoccurrenceof (* x y). Koza
did not producea definition of orderor defining length for
GPschemata.

Koza’s work on schematawaslaterformalisedandrefined
by O’Reilly [O’Reilly andOppacher, 1995, O’Reilly, 1995]
who derived a schematheoremfor GP in the presenceof
fitness-proportionateselectionand crossover. The theorem
wasbasedon the ideaof defininga schemaasanunordered
collection(a multiset)of subtreesandtree fragments.Tree
fragmentsaretreeswith at leastoneleaf thatis a“don’t care”
symbol(’#’) which canbe matchedby any subtree(includ-
ing subtreeswith only onenode). For examplethe schema	 =

�
(+ # x), (* x y), (* x y) � representsall the

programsincluding at leastoneoccurrenceof the treefrag-
ment(+ # x) andat leasttwo occurrencesof (* x y). =
The tree fragment(+ # x) is presentin all programsin
whichanexpressionis addedto x.>

This is a slightly differentversionof Holland’s original theorem,which
applieswhen crossover is performedtaking both parentsfrom the mating
pool [Goldberg, 1989, Whitley, 1993].?

We useherethestandardnotationfor multisets,which is slightly differ-
entfrom theoneusedin O’Reilly’s work.

O’Reilly’s definition of schemaallowed her to definethe
conceptof orderanddefininglengthfor GPschemata.In her
definitiontheorderof aschemais thenumberof non-#nodes
in theexpressionsor fragmentscontainedin theschema;the
defininglengthis thenumberof links includedin theexpres-
sionsandtreefragmentsin the schemaplus the links which
connectthemtogether. Unfortunately, thedefinitionof defin-
ing lengthis complicatedby the fact that thecomponentsof
aschemacanbeembeddedin differentwaysin differentpro-
grams.Therefore,thedefininglengthof a schemais notcon-
stantbut varieswith the programssamplingit. As the total
numberof links in eachtreeis variable,this implies that the
probability of disruption @BA ��	��DCE��
�� of a schema	 due to
crossoverdependson theshapeandsizeof thetree C match-
ing the schema. The schematheoremderived by O’Reilly
overcamethis problemby consideringthemaximumof such
a probability, @ A �
	���
���FG�IHKJ!LNMPOKQ�R %TS
) @ A �
	��$C���
�� which, in
somecases,canleadto severelyunderestimatingthenumber
of occurrencesof the given schemain the next generation.
O’Reilly discussedthe usefulnessof this result and argued
that the intrinsic variability of @ A ��	���
�� from generationto
generationis oneof themajorreasonswhy nohypothesiscan
be madeon the real propagationanduseof building blocks
(short, low-order relatively fit schemata)in GP. O’Reilly’s
schematheoremdid not includetheeffectsof mutation.

In the framework of his GP systembasedon context free
grammars(CFG-GP)PeterWhighamproduceda very gen-
eral conceptof schemafor context-free grammarsand the
relatedschematheorem[Whigham,1995, Whigham,1996b,
Whigham,1996a]. In CFG-GPprogramsaretheresultof ap-
plyingasetof rewrite rulestakenfrom apre-definedgrammar
to a startingsymbolS. Theprocessof creationof a program
canberepresentedwith aderivationtreewhoseinternalnodes
are rewrite rulesandwhoseterminalsare the functionsand
terminalsusedin the program. In CFG-GPthe individuals
in thepopulationarederivationtreesandthesearchproceeds
usingcrossover andmutationoperatorsspecialisedso as to
alwaysproducevalid derivationtrees.

Whigham definesa schemaas a partial derivation tree
rooted in somenon-terminalnode, i.e. as a collection of
rewrite rules organisedinto a singlederivation tree. Given
thattheterminalsof a schemacanbebothterminalandnon-
terminalsymbolsof a grammar, a schemacanactuallyrepre-
sentall theprogramsthatcanbeobtainedby completingthe
schema(i.e. by addingotherrulesto its leavesuntil only ter-
minal symbolsarepresent)andby using it asa component
for other derivation trees. This definition of schemaleads
to a very simpleequationfor theprobabilityof disruptionof
schemataundercrossover andmutation. Unfortunately, like
in O’Reilly’s case,theseprobabilitiesvary with the sizeof
the completederivation tree(i.e. of the program)containing
theschema.To furthercomplicatethingsa schemacanoccur
multiple timesin thederivationtreeof a program.

Whigham overcame these problems and produced a
schematheoremfor CFG-GPby consideringtheaveragedis-



ruptionprobabilityandtheaveragefitnessof eachschema.By
changingthegrammarusedin CFG-GPthis theoremcanbe
shown to beapplicablebothto GAs with fixedlengthbinary
stringsandto standardGP, of which CFG-GPis a generali-
sation(seetheGPgrammargivenin [Whigham,1996a, page
130]).

TheGPschematheoremobtainedby Whighamis different
from theoneobtainedby O’Reilly astheconceptof schema
usedby the two authorsis different. Whigham’s schemata
representderivation-treefragmentswhich always represent
singlesubexpressions,while O’Reilly’s schematacanrepre-
sentmultiplesubexpressions.

It is interestingto note that althoughboth definitionsare
very generalthey seemto beunableto representsimplesim-
ilarity templateslike(# x y) which representsall thepro-
gramsin which x andy areusedasargumentsfor thesame
function. Accordingto Whigham’s definitionsuchprograms
couldnotberepresentedby asingleschema,while according
to O’Reilly’s definition they could only be represented,asa
whole,by 	 =

�
x,y � which alsorepresentsall theprograms

in whichx andy areusedin any possibleway.

3 GP SchemaTheory

In this sectionwe will describeour new definitionof schema
for GP, a new simpleform of crossover, one-pointcrossover,
anda new schematheoremfor GP. Our schematheoremde-
scribeshow the numberof programscontainedin a schema
variesfrom onegenerationto the next, asa resultof fitness
proportionateselection,one-pointcrossover andpoint muta-
tion.

3.1 Definition of Schema

Let U and V bethefunctionsetandtheterminalsetusedin a
GPrun, respectively. We definea schemaasa treecomposed
of functionsand terminalsfrom the function set UXW � F �
and terminal set VYW � F � , respectively. The symbol F is
a “don’t care” symbolwhich standsfor a singleterminalor
function (not an entire subtree,supertreeor derivation tree
like in O’Reilly’sandWhigham’sdefinitions).

Very much in line with the original definition of
schemafor GAs, a schema	 can representseveral pro-
grams, all having the same shape as the tree repre-
senting 	 and the same labels for the non-F nodes.
For example, if U =

�
+, - � and V =

�
x, y � the schema	 =(+ (- = y) =) would representthe four programs

(+ (- x y) x), (+ (- x y) y), (+ (- y y) x)
and(+ (- y y) y).

Thenumberof non-F symbolsis calledtheorder
� �
	0� of

a schema	 , while the total numberof nodesin theschema
is called the length

1 �
	0� of the schema. The length of a
schema	 is alsoequalto the numberof nodesin the pro-
gramsmatching	 .

Schemataof low order and large length can representa
hugenumberof programs.For example,if only two symbols
arepresentin thefunctionandterminalsets,aschemaof order� F:Z andlength

1 F:[N\ represents]P^`_ # F:[N[a�DZNZPbc��bK[ ]
differentprograms.Likewise,giventhata programof length1

includes]P^ differentschemata,a modest-sizepopulation
of programscanactuallysampleahugenumberof schemata.

Thenumberof links in theminimumsubtreeincludingall
the non-F symbolswithin a schema	 is called the defin-
ing length � ��	0� of the schema.The defininglength � ��	0�
canbecomputedwith a simplerecursive procedure,not dis-
similar from the one necessaryto compute

1 ��	0� . Fig-
ure 1 shows someof the 32 schematamatching the pro-
gram(+ (- 2 y) x) alongwith their orderanddefining
length.
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Figure 1: Some schemata sampling the program
(+ (- 2 y) x).

Our definition of schematais in somesenselower-level
than thoseadoptedby O’Reilly and Whighamas a smaller
numberof treescan be representedby schematawith the
samenumberof “don’t care” symbols. This meansthat it
is possibleto representone of their schemataby using a
collection of ours. For example, assumingthat the max-
imum allowed depth for trees is 2 and that all functions
have arity 2, O’Reilly’s schema	 =

�
(+ # #) � canberep-

resentedby our schemata(+ = =), (= = (+ = =)),
(= (+ = =) =), (= (+ = =) (= = =)),
(= (= = =) (+ = =)), (+ = (= = =)),
(+ (= = =) =) and (+ (= = =) (= = =)). The
converseis not true, assomeof our schemata(for example
thesimilarity templateat theendof Section2) cannotberep-
resentedusingO’Reilly’sandWhigham’sschemata.

It is alsoworth noting thatour definitionsof order, length
and,in particular, defininglengthof a schemaaretotally in-
dependenton theshapeandsizeof theprogramsin theactual
population,unlikeO’Reilly’sandWhigham’s.



3.2 Point Mutation and One-Point Crossover
in GP

The conceptof schemajust introducedresemblesso much
theoneof GA schemathat we startedwonderingwhetherit
would have beenpossibleto defineoperatorssimilar to the
onesusedin Holland’swork. Theobviousanalogueof bit-flip
mutationis thesubstitutionof a function in the treewith an-
otherfunctionwith thesamearity, or thesubstitutionof a ter-
minalwith anotherterminal:a techniquethathasbeensome-
timesusedin theGPliterature[McKay etal., 1995]. Theper-
hapslessobvious equivalent of one-pointcrossover for bit
strings(in whichacommoncrossoverpointis selectedin both
parents,andtheoffspringareproducedby swappingthebits
ontherightof thecrossoverpoint)is anew crossoveroperator
thatwealsocall one-pointcrossover.

One-point crossover works by selecting a common
crossoverpoint in theparentprogramsandthenswappingthe
correspondingsubtreeslikestandardcrossover. In ordertoac-
countfor thepossiblestructuraldifferencesbetweenthe two
parents,one-pointcrossover involvestwo phases.Firstly, the
two parenttreesarerecursively traversedto identify theparts
with thesametopology, i.e. with thesamearity in thenodes
encounteredtraversingthe treesfrom the root node. Recur-
sion is stoppedwhenever an arity mismatchbetweencorre-
spondingnodesin the two treesis present.All the links tra-
versedin thisphasearestoredin avector. Secondly, arandom
crossover point is selectedamongsuchlinks with a uniform
probability. Figure2 illustratesa possiblebehaviour of one
pointcrossoveron theprograms

(pdiv (pdiv (- 2 x) (+ 1 (- 1 1)))
(- 2 (pdiv (pdiv 1 x) 1)))

and

(* (+ x (+ (pdiv 1 2) 1))
(+ (+ y (+ x x)) (* 1 1))).

It shouldbenotedthat this form of crossover doesnot in-
creasethe depthof the offspringbeyond that of the parents.
This featuremay be useful to avoid the typical undesirable
growth of programsize,which caneasilyleadto overfitting.
Obviously this meansthatsomecareis neededwhenselect-
ing themaximumtreedepthto beusedin thecreationof the
initial population.

One-point crossover resemblesthe strong context pre-
servingcrossover operatorproposedin [D’haeseleer, 1994],
whichis, however, lessrestrictivethanone-pointcrossoveras
to which links canbeselectedascrossoverpoints.

3.3 SchemaTheorem

3.3.1 Effect of FitnessProportionate Selection

Theeffect of fitnessproportionateselectionon our schemata
can be obtained by performing exactly the usual calcu-
lations (see for example [Holland,1992, Goldberg,1989]
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Figure2: Onepoint crossover (thecommonpartswherethe
crossoverpoint canbeplacedaredrawn with thick lines).

or [Whigham,1996a, AppendixC]). Thenetresultis:���
	���
�� �] �dF����
	���
�� � ��	���
���� �7
��
where�5��	4��
e� <= � is theexpectedvalueof thenumberof pro-
gramssampling	 in thematingpool andtheothersymbols
have thesamemeaningasin Equation1.

As usual,if the populationcould includea large number
of individualsandtheratio betweenschemafitnessandpop-
ulation fitnesswas constant,this result would support the
claim thatschematawith above-average(below-average)fit-
nesswill tend to get an exponentially increasing(decreas-
ing) numberof programssamplingthem.Unfortunately, this
claim is oftenunsupportedasin real-life GAs andGPspop-
ulationsare always finite and the estimateof the fitnessof
schematachangedueto the fact that the compositionof the
populationchangesfrom generationto generation.

3.3.2 Effect of One-point Crossover

One-pointcrossover canaffect the propagationof schemata
by disruptingsomeof them,ignoringothersor creatingsome
new schemata.Let usterm f /g�
	0� theevent“ 	 is disrupted
whenaprogramC sampling	 is crossedoverwith aprogramhC ” (by “disrupted” we meanthat 	 is not sampledby the
offspringproduced).



Therearetwo waysin which 	 canbe disrupted.Firstly	 canbe disruptedwhen C is crossedover with a programhC with a different structure. If we denotewith i ��	0� the
zero-thorderschemawith thesamestructureof 	 whereall
thedefiningnodesin 	 havebeenreplacedwith “don’t care”
symbols,this canbeexpressedasthe joint event f / < ��	j�"F� f / ��	0�k� hC�lm i ��	0� � .

For example, if we considerthe schema	 =(+ = =)
contained in C =(+ x y) and we cross C over withhC =(+ z (+ 2 3)) thenswappingthe subtree(+ 2 3)
with ywouldproducetheprogram(+ x (+ 2 3))which
doesnotsamplei ��	j� =(= = =) andthereforecannotsam-
ple 	 .

Theprobabilityof theevent f / < is givenby:ndo � f / < ��	j� � F n&o � f /g��	j�ep hC�lm i ��	0� � ndo � hCjlm i ��	0� �
where n&o � hC5lm i �
	0� � F 6 ���5� i ��	j�q��
�� <= �6 r
Theterm

ndo � f /g��	0�gp hC�lm i ��	j� � , whichwewill denotewith�csgt u for brevity, is harderto quantifyasnotall crossoversbe-
tweentwo parentsC and

hC with differentstructureproduce
offspring which do not sample i �
	0� . We will leave this
termin symbolicform to avoid usingthetempting,but over-
simplisticassumptionthat,when

hC�lm i ��	0� , all crossoverop-
erationsproduceoffspringnotsampling	 i.e. that � sgt u Fv� .

The other way in which 	 can be disrupted,even if C
is crossedover with a program

hC with the samestructure
of 	 (i.e.

hC m i �
	0� ), is when
hC does not sample 	

(i.e.
hCwlm 	 ). This can be expressedas the joint eventf / = ��	0�*F � f /���	j�q� hC m i �
	0� �

A necessarycondition for f / = �
	0� is that the crossover
point is betweenthedefiningnodes(thenon-F nodes)of 	 .
We will call thisevent x ��	0� . For example,thefollowing ta-
bleshowswhichschemataof C =(+ x y) couldbedisrupted
in thiswaydependingonwhichof thetwo possiblecrossover
pointsin C (between+ andx or between+ andy) is chosen:

Crossover Point
Schema +/x +/y
(= = =) Unaffected Unaffected
(= = y) Unaffected Unaffected
(= x =) Unaffected Unaffected
(+ = =) Unaffected Unaffected
(= x y) Disrupted? Disrupted?
(+ = y) Unaffected Disrupted?
(+ x =) Disrupted? Unaffected
(+ x y) Disrupted? Disrupted?

Theprobabilityof f / = ��	0� is givenby:ndo � f / = ��	j� � F n&o � f /g��	j�ep hC m i ��	0� � ndo � hC m i ��	0� �
where ndo � hC m i ��	0� � F �5� i �
	0�q��
E� <= �6

andndo � f / �
	0�ep hC m i ��	0� � F n&o � f / ��	j�ep hC�lm 	 � +n&o � hCjlm 	yp hC m i ��	j� �
given that

ndo � f / �
	0�ep hC m 	 � Fz\ , i.e. theprobabilityof a
schemapresentin bothparentsbeingdisruptedby crossover
is zero.Asn&o � hCjlm 	yp hC m i ��	j� � F ��� i ��	0�k��
�� <= �B�����
	���
E� <= ���� i ��	0�k��
{� <= �
and ndo � f /g��	0�gp hC�lm 	 �}| ndo � x �
	0� � F � �
	0�1 ��	j�~�y� �
weobtain:n&o � f / = ��	0� ��| � ��	0�1 �
	0�~�2� ��� i ��	0�k��
�� <= �~�����
	���
�� <= �6 r

Therefore,anupperboundfor theprobabilityof disruption
for aschema	 dueto crossover is givenby:�;�$�e�����7������� ���D� �����.� ���"�7��������� >? ��� � �7����.�7��� �0  � ���"�7�����
��� >? � �.� �7�¡�
��� >? �� ¢

As crossover is appliedto eachprogramin thematingpool
with a probability �!/ | � , for a proportion �¡�£�¤/ of the
populationthe numberof occurrencesof a schema	 after
crossoverremainsunaltered(i.e. �5��	���
N� <= � ). For therestof
thepopulationit is equalto �5��	4��
K� <= � timestheprobability
that 	 is notdisrupted.So,�5��	���
��¥�¦�§F �����.�!/D�����
	���
�� �] �� �!/��5��	���
;� �] �E����� ndo � f /e�
	0� � �F �5��	���
E� �] �e���¨�.�!/ ndo � f /e�
	0� � �
3.3.3 Effect of Point Mutation

Pointmutationconsistsof changingthelabelof a nodeinto a
differentone.We assumethatit is appliedto thenodesof the
programscreatedusingselectionandcrossover asdescribed
in the previous sectionswith a probability �  per node. A
schema	 will survivemutationonly if all its

� �
	0� defining
nodesare unaltered. The probability that eachnodeis not
alteredis �&�©�! . So,aschemawill bedisruptedby mutation
with a probability:ndo � f  ��	j� � Fª���2�������  � #&%('*)
This equationemphasiseshow high order schemataare af-
fectedby mutationmorethanlower orderones.If mutation,



like in GAs, is appliedwith a probability �  G« � , this equa-
tion canbesimplifiedusingthefirst termsof its Taylorexpan-
sion: ndo � f  ¬�
	0� �"­ �� � �
	0� r
3.3.4 Theorem

By consideringall thevariouseffectsdiscussedabove,wecan
write:� �7�®�
���   ��¯ � �7�®�
���  ° �$�  �� �;�D�e�"±`�7�����g�$�  �� �K���E�$�k�`�g�7�����g� ¢
By substitutingthe previous resultsinto this expressionwe

obtainthenew GP SchemaTheorem:²¬³µ´�¶
·¹¸�º�»;¼²¬³µ´�¶
·�»g½ ³µ´�¶¾·�»¿½ ³À·�» ³
º�Á�Â ± »
Ã{ÄTÅBÆ¤Ç (2)È ºEÁ`Â � - Â �D� � 3 ºEÁ ²�³ÊÉ*³µ´"»Ë¶Ë·�» ½ ³ÊÉ*³µ´"»Ë¶¾·�»Ì ¿½ ³(·�» 8 ¸Í ³µ´"»³µÎ�³µ´"»cÁ�º�» ²¬³µÉ*³Ê´`»¾¶�·�» ½ ³µÉ*³Ê´`»¾¶Ë·�»cÁ¬²¬³µ´�¶
·�» ½ ³µ´�¶Ë·�»Ì ¿½ ³À·�» 9BÏ
which providesa lower boundfor the expectednumberof

individualssamplinga schema	 at generation
~�Ð� for GP
with one-pointcrossoverandpointmutation.

4 Discussion

TheGPschematheoremgivenin Equation2 is considerably
more complicatedthan the correspondingversion for GAs
in Equation1. This is due to the fact that in GP the trees
undergoing optimisationhave variable size and shape. In
Equation2 this is accountedfor by thepresenceof theterms��� i ��	0�k��
�� and � � i �
	0�q��
�� , which summarisethe charac-
teristicsof all theprogramsin thepopulationhaving thesame
shapeandsizeastheschema	 whosepropagationis being
studied.Thereforein GPthepropagationof aschema	 does
not only dependon the featuresof theprogramssamplingit
butalsoonthefeaturesof theprogramshaving thesamestruc-
tureas 	 . However, in GPalsotheprobabilitythatcrossover
betweenparentswith differentstructureis disruptive for 	 ,� sgt u F ndo � f / ��	0�gp hC�lm i �
	0� � , playsanimportantrole.

In the following we will discusshow thesetermschange
overtime in a runandshow thatGPwith one-pointcrossover
tendsasymptoticallyto behave like a GA andthat, for 
 big
enough,Equation2 transformsinto Equation1.Ñ

We should first note that crossing over an individualhC�lm i ��	0� with C m 	 doesnot necessarilymeanthat 	 is
disrupted.In factif thecommonpartbetweenC and

hC where
thecrossoverpointcanbeplacedincludesalsoterminalsthen
crossovercanswapsubtreeswith exactly thesameshapeandÒ

Someof theargumentspresentedin therestof thesectionaretheresult
of observingtheactualbehaviour of runsof GPwith one-pointcrossoverand
alsoof preliminaryexperiments,notreportedhere,in whichwehavecounted
andstudiedthecreation,disruptionandpropagationof theschematapresent
in smallpopulations.

size. This swapmight or might not disrupt 	 dependingon
theactualnode-compositionof thesubtreesswappedandon
thecharacteristicsof thecorrespondingsubtreein 	 .

If weconsiderthetypicalcasein which functionswith dif-
ferentarityarepresentin thefunctionsetandtheinitialisation
methodis “ramped-half-and-half” or “grow” [Koza,1992], at
the beginning of a run it is unlikely that two trees C and

hC
with different shapesundergoingcrossover will swap a sub-
treewith exactly the sameshape.This is becausegiven the
diversityin theinitial populationonly asmallnumberof indi-
vidualswill have commonpartsincluding terminals.There-
fore,wecansafelyassumethat �csgt u ­ � .

It shouldbe notedthat the term �5� i �
	0�q��
�� � � i ��	0�k��
��
representsthe total fitnessallocatedto the programswith
structurei �
	0� (by definitionsit is equalto Ó LNMNÔ %('*) � ��C�� ,
where � ��C�� is the fitnessof individual C ). Likewise

6 �� �7
��
is the total fitnessin the population(i.e. Ó LNMNÕ�Ö¾× %ÙØ7) � �
C!� ).
Thereforethediversityof thepopulationat thebeginningof a
run impliesalsothat �5� i ��	j�q��
�� � � i �
	0�q��
�� « 6 �� �7
�� and
thattheprobabilityof schemadisruptionis verybig (i.e. close
to 1) at the beginningof a run, evendisregardingtheeventsf / = ��	0� . In summary, at the beginning of a run crossover
heavily counteractstheeffectof selection.

Nonethelessschematawith aboveaveragefitnessandshort
defining-length(andthereforelow order)with respectto their
total size will tend to survive more frequentlyeven in this
early highly disruptive phaseof a run. However, they will
do so only if their shape i ��	0� is of above average fitness
(i.e. � � i �
	0�q��
���Ú �� �7
�� ) and is sharedby an aboveaverage
numberof programs(i.e. ��� i ��	0�k��
��ÛÚG� ).

If themutationrateis smallaftera while thepopulationin
GPwith one-pointcrossoverwill startconverging,likeaGA,
andthe diversity of shapesandsizeswill decrease.This in
turn will make the commonpart betweenpairsof programs
undergoing crossover grow and includemoreandmore ter-
minals.As aresult,theprobabilityof swappingsubtreeswith
thesamestructurewhencrossingover programswith differ-
entstructurewill increaseand � sgt u will decrease.Losingdi-
versityalsomeansthata relatively smallnumberof different
programstructuresi ��	0� will survive in the populationand
that the factor multiplying ��set u in Equation2 will become
lessimportant.

Therefore,in a secondphaseof a run the probability of
disruptionwhen crossover is performedbetweentreeswith
thesameshapeandsize,

n&o � f / = ��	0� � , will startplayingan
important role in determiningwhich schematawill propa-
gateaccordingto their fitnessandwhich will insteadbedis-
rupted.In particular, a schema	 with above averagefitness
andshortdefining-length(andthereforelow order)with re-
spectto its total size will tend to survive better. However,
alsoschematawith large defininglengthcansurvive if they
suffer from little competitionfrom the schematasampledby
the programs of the sameshapenot containing 	 . This
happenswhen �5� i ��	j�q��
�� � � i �
	0�q��
��,�£�5��	���
�� � ��	4��
��}FÓ LNMNÔ %(',)ËÜ L�ÝM ' � ��C�� « 6 �� ��
�� .



After many generationstheseeffectsareexacerbated:the
probability of swapping subtreeswith the samestructure
tendsto 1 and ��set u tendsto becomeunimportant. In this
situation �5� i ��	j�q��
��*F 6 , � � i ��	j�q��
��.F �� �7
�� andEqua-
tion 2 becomesexactly thesameasEquation1. This is con-
sistentwith the intuition that if all the programshave the
samestructurethentheir nodescanbedescribedwith fixed-
lengthstringsandGPwith one-pointcrossover is reallynoth-
ing morethanaGA.Þ

In summary, the presenceof two partsin the term multi-
plying �!/ in Equation2 accountsfor thefact that in GPwith
one-pointcrossover two competitionsaregoingon. Thefirst
onehappensat thebeginningof a run whendifferenthyper-
spacesi ��	j� representingall programswith a given shape
and size compete. In this phasethe defining length � ��	j�
andthenumberof nodes

1 ��	j� of theindividualhyperplanes	 samplingthe hyperspacesarenearly irrelevant: only the
fitnessof theprogramssampling	 counts.Thesecondcom-
petitionstartswhenthefirst onestartssettling.In thissecond
phasethehyperplaneswithin thefew remaininghyperspaces
startcompetingon thebasisof their relative defininglengths
aswell astheirfitness.In thisphaseGPtendsto behavemore
andmorelikea standardGA.

As discussedin [O’Reilly andOppacher, 1995], in general
no schematheoremalone can supportconclusionson the
correctnessof the Building Block Hypothesis(BBH), which
statesthat GAs/GPwork by hierarchicallycomposingrela-
tively fit, shortschematato form completesolutions. How-
ever, our definition of schemaand the characterisationofndo � f /e�
	0� � presentedaboveseemto suggestthattheBBH is
muchlesstroublesomein GPwith one-pointcrossoverthanin
standardGP. It is possible,however, thattwo kindsof build-
ing blocks are neededto explain how GP builds solutions:
building blocksrepresentinghyperspacesandbuilding blocks
representinghyperplaneswithin hyperspaces.

5 Conclusions

In this paperwe have presenteda simplified form of GP in
which, thanksto constraintson the selectionof crossover
points,crossover transmitsto the offspringmany of the fea-
turescommonto theparents.However, ratherthanusingthe
classicalstrategy of showing experimentallythatthis form of
GPreallyworksandthatonafew carefullyselectedproblems
it is betterthanstandardGP(wewill dothis in futurepapers),
westartfrom developingaschematheoryfor it.

Thetheoryis basedonanew simplerdefinitionof thecon-
ceptof schemafor GP which is muchcloserto the original
conceptof schemain GAs thanthedefinitionsusedby other
GP theorists. The simplicity of this definition along with
that of one-pointcrossover hasallowed us to derive a newß

It shouldbe notedthat in lesstypical conditionswherethe “full” ini-
tialisationmethodis usedandall functionshave the samearity, thenevery
individual in thepopulationhasthesameshapeandEquation2 is thesame
asEquation1 from thebeginningof a run.

schematheoremin which, for thefirst time, thecompetitions
betweenprogramswith differentstructureandprogramswith
thesamestructurehavebeenmodelledmathematically. These
modelshave beenthendiscussedshowing that in therunsof
GP with one-pointcrossover andpoint-mutationtwo phases
arepresent:onein which thealgorithmsearchesfor thebest
shapeandsizefor thesolutions,andonein whichtheoptimal
compositionin termsof functionsandterminalsis soughtfor.
Thealgorithmmovesfrom onephaseto thenext smoothly.

Ouranalysisshowsthatthenew schematheoremis thenat-
ural counterpartfor GP of the GA schematheoremandthat
the GP schematheoremasymptoticallytendsto it. It also
suggeststhat the building block hypothesis,which hasbeen
stronglycriticisedin thecontext of standardGP, might in fact
hold in GPwith one-pointcrossover.

Somerecentexperimentalresultshave corroboratedthe
theory presentedin this paper [Poli andLangdon,1997].
More theoreticalandexperimentalwork will beneededto in-
vestigatethebuilding blockhypothesis.
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