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ABSTRACT

In this paper wefirst review the main re-
sults obtained in the theory of schemata
in GeneticProgramming (GP) emphasis-
ing their strengthsand weaknessesThen

we proposea new, simpler definition of

the concept of schemafor GP which

is quite close to the original concept
of schemain genetic algorithms (GAS).

Along with a new form of crosswer,

one-point crosswer, and point mutation

this concept of schemahas been used
to derive an improved schematheorem
for GP which describesthe propagation
of schematafrom one generationto the

next. In the paper we discussthis re-
sult and show that our schematheorem
is the natural counterpart for GP of the

schematheorem for GAs, to which it

asymptotically cornverges.

1 Intr oduction

Genetic Programming(GP) has beenapplied successfully
to a large numberof difficult problemslike automaticde-
sign, patternrecognition,robotic control, synthesison neu-
ral architectures,symbolic regression, music and picture
generatiorjK0za,1992 Koza,1994 K. E. Kinneat Jr., 1994
Kozaetal., 1996 AngelineandKinnear, Jr., 1996. However
arelatively smallnumberof theoreticalesultsareavailableto
try andexplain why it worksandhow (see [Langdon,1996
pagess17-519ffor alist of references).

Since JohnHolland’s seminalwork in the mid seventies
and his well known schematheorem(see[Holland, 1992
and[Goldbeg, 1989), schematgsimilarity templatesepre-
sentingentiregroupsof genes)reoftenusedto explain why

GAswork (althoughthe usefulnessf themhasbeenrecently
criticised [Altenberg, 1995). So the obvious most natural
way of creatinga theoryfor GP hasbeento definea concept
of schemdor parsereesandto extendHolland’s schemahe-
oremto GPto seehow schematavould propagateeneration
after generatiorunderthe effectsof selectioncrossaer and
mutation.

One of the difficulties in obtaining theoretical re-
sults using the idea of schemais that the definition
of schemafor GP is much less straightforvard than
for GAs and alternatve definitions have been proposed
in the literature [Koza, 1992 O’Reilly andOppacherl1995
O'Reilly, 1995 Whigham,1995 Whigham,19964. These
defineschemataas composeddf one or multiple fragments
of atree. Thereforea schemacanbe presenimultiple times
within the sameprogram. This, togetherwith the variabil-
ity of the size and shapeof the programsmatchinga same
schemaleadsto considerable&omplicationsn the computa-
tion of schema-disruptioprobabilities. Nonethelesswo of
thesedefinitionshave beenusedin schemaheoremdor GR,
whichwe will review in Section2.

In this paperwe proposea new simpler definition of
schemdor GP which is muchcloserto the original concept
of scheman GAs. This concepif schemahassuggestedis
to defineandusea simplerform of cross@erfor GPin which
the samecrosseer point is selectedn both parents.We call
this new operatorone-pointcrosseer becausef its similar
ity with thecorresponding@sA operator As describedn Sec-
tion 3, we have usedtheseoolsto derive asimpleandnatural
schemaheorem,n which the probability of disruptionfor a
schemacanbe estimated/ery easily

An analysiof thetheoreticatesultsdescribedn thepaper
is reportedin Section4 while Section5 includessomefinal
remarksandindicationsof future work.

2 PreviousWork on Schematafor GP

In the context of binaryrepresentationg schemgor similar
ity template)is a string of symbolstaken from the alphabet



{0,1,#. The charactet# is a “don’t care” symbol, so that
a schemecanrepresenseveral bit strings. For examplethe
schema#10#1represent$our strings: 01001,01011,11001
and11011.Thenumberof non-#symbolsis calledthe order
O of aschemaThedistancebetweerthe furthesttwo non-#
symbolsis calledthe defininglength £ of aschemaHolland
obtaineda result (the schematheorem)which predictshow
the numberof instancesf a schemain a populationvaries
from onegeneratiorto the next [Holland, 1997. The theo-
remis asfollows:

m(Ht+1) > m(H,t)f}’é’)”(l—pm)W)x 1)
COH) ( m(H, 0 f(H,b)
[l‘pCN—1<l‘ M F(0) )]

wherem(H, t) is thenumberof stringsmatchingthe schema
H atgeneratiort, f(H,t) is the meanfitnessof the strings
matching H, p. is the probability of crosseer, p,, is the

probability of mutationper bit, f(¢) is the meanfitnessof

the stringsin the population,M is the numberof stringsin

the population, N is the numberof bits in the strings,and
m(H,t + 1) is the expectedvalue of the numberof strings
matchingtheschemaH atgeneratiort + 1.

Given the popularity of this result, Koza [Koza,1992
pages116-119]made a first attemptto explain why GP
works producingan informal argumentshowing that Hol-
land's schemaheoremwould work for GP aswell. The ar
gumentwas basedon the idea of defininga schemaasthe
subspacef all treeswhich contain,assubtreesa predefined
setof completesubtrees.So, accordingto Koza’s definition,
a schemaH could be representedsa setof S-expressions,
e.g. H={(+ 1 x), (* x y)} which representsll the
programsncluding at leastoneoccurrencef the expression
(+ 1 x) andatleastoneoccurrenceof (* x y). Koza
did not producea definition of order or defining length for
GPschemata.

Koza’s work on schematavaslaterformalisedandrefined
by O’'Reilly [O’'Reilly andOppacher1995 O’'Reilly, 1995
who derived a schematheoremfor GP in the presenceof
fitness-proportionatselectionand crosswer. The theorem
wasbasedon theideaof defininga schemaasanunordered
collection (a multiset) of subtreesandtree fragments. Tree
fragmentsaretreeswith atleastoneleafthatis a“don’t care”
symbol ('#") which canbe matchedby ary subtreg(includ-
ing subtreeswith only onenode). For examplethe schema
H={(+ # x), (* xvy), (* x vy)}representsllthe
programsincluding at leastone occurrenceof the treefrag-
ment(+ # Xx) andatleasttwo occurrencesf (* x y) .2
The tree fragment(+ # x) is presentin all programsin
which anexpressioris addedo x.

1Thisis a slightly differentversionof Holland’s original theoremwhich
applieswhen crosseer is performedtaking both parentsfrom the mating
pool [Goldbeg, 1989 Whitley, 1993.

2\We useherethe standardhotationfor multisets whichiis slightly differ-
entfrom theoneusedin O'Reilly’s work.

O’Reilly’s definition of schemaallowed her to definethe
concepbf orderanddefininglengthfor GPschemataln her
definitionthe orderof a schemas the numberof non-#nodes
in the expression®r fragmentscontainedn the schemathe
defininglengthis the numberof links includedin the expres-
sionsandtreefragmentsin the schemaplus the links which
connecthemtogether Unfortunatelythe definitionof defin-
ing lengthis complicatedby the factthat the component®f
aschemaanbeembeddedh differentwaysin differentpro-
grams.Thereforethedefininglengthof a schemas not con-
stantbut varieswith the programssamplingit. As the total
numberof links in eachtreeis variable,this impliesthatthe
probability of disruption P;(H, h,t) of a schemaH dueto
cross@er depend®onthe shapeandsizeof thetree h match-
ing the schema. The schematheoremderived by O’Reilly
overcamethis problemby consideringhe maximumof such
aprobability, Py(H,t) = mazycpop(t) Pa(H, h,t) which,in
somecasescanleadto severely underestimatinghe number
of occurrence®f the given schemain the next generation.
O'Reilly discussedhe usefulnesof this resultand argued
that the intrinsic variability of P;(H,t) from generatiorto
generations oneof themajorreasonsvhy no hypothesisan
be madeon the real propagatiorand useof building blocks
(short, low-orderrelatively fit schematajn GP. O'Reilly’s
schemaheoremdid notincludethe effectsof mutation.

In the frameawork of his GP systembasedon context free
grammarg CFG-GP)PeterWhighamproduceda very gen-
eral conceptof schemafor contet-free grammarsand the
relatedschemaheorem[Whigham,1995 Whigham,1996h
Whigham,19964. In CFG-GPprogramsretheresultof ap-
plying asetof rewrite rulestakenfrom apre-definedyrammar
to a startingsymbolS. The procesf creationof a program
canberepresentedith aderivationtreewhoseinternalnodes
arerewrite rulesand whoseterminalsare the functionsand
terminalsusedin the program. In CFG-GPthe individuals
in the populationarederivationtreesandthe searchproceeds
using crosse@er and mutationoperatorsspecialisedso asto
alwaysproducevalid derivationtrees.

Whigham definesa schemaas a partial derivation tree
rooted in some non-terminalnode, i.e. as a collection of
rewrite rules organisedinto a single derivation tree. Given
thatthe terminalsof a schemacanbe bothterminalandnon-
terminalsymbolsof a grammaya schemacanactuallyrepre-
sentall the programghat canbe obtainedby completingthe
schemd(i.e. by addingotherrulesto its leavesuntil only ter-
minal symbolsare present)and by usingit asa component
for other derivation trees. This definition of schemaleads
to avery simpleequationfor the probability of disruptionof
schemataindercross@er and mutation. Unfortunately like
in O'Reilly’s case,theseprobabilitiesvary with the size of
the completederivationtree (i.e. of the program)containing
theschemaTo furthercomplicatethingsa schemacanoccur
multiple timesin thederivationtreeof a program.

Whigham overcame these problems and produced a
schemaheoremfor CFG-GPby consideringhe averagedis-



ruptionprobabilityandtheaveragditnessof eachschemaBy
changingthe grammarusedin CFG-GPthis theoremcanbe
shavn to be applicablebothto GAs with fixedlengthbinary
stringsandto standardGR, of which CFG-GPis a generali-
sation(seethe GP grammarmivenin [Whigham,1996a page
130)).

The GP schemaheorenmpbtainedoy Whighamis different
from the one obtainedby O'Reilly asthe conceptof schema
usedby the two authorsis different. Whighams schemata
representerivation-treefragmentswhich always represent
single subexpressionsyhile O’'Reilly’s schemataanrepre-
sentmultiple subexpressions.

It is interestingto note that althoughboth definitionsare
very generakhey seemto be unableto represensimplesim-
ilarity templatedike (# x y) whichrepresentsil the pro-
gramsin which x andy areusedasargumentsfor the same
function. Accordingto Whighams definition suchprograms
couldnotberepresentetly a singleschemawhile according
to O’Reilly’s definitionthey could only be representedasa
whole,by H={x, y} which alsorepresentsil the programs
in whichx andy areusedin ary possiblewvay.

3 GP SchemaTheory

In this sectionwe will describeour new definitionof schema
for GR, anew simpleform of crosseer, one-pointcrosseer,
anda new schemaheoremfor GP. Our schemaheoremde-
scribeshow the numberof programscontainedin a schema
variesfrom one generatiorto the next, asa resultof fitness
proportionateselection,one-pointcrosseer and point muta-
tion.

3.1 Definition of Schema

Let F and7 bethefunctionsetandtheterminalsetusedin a
GPrun, respectiely. We definea schemaasa treecomposed
of functionsand terminalsfrom the function set 7 U {=}
andterminalset7 U {=}, respectiely. The symbol= is
a “don’t care” symbolwhich standsfor a singleterminalor
function (not an entire subtree,supertreeor derivation tree
likein O'Reilly’sandWhighams definitions).

Very much in line with the original definition of
schemafor GAs, a schemaH can representseveral pro-
grams, all having the same shape as the tree repre-
senting H and the same labels for the non= nodes.
For example, if F={+, -} and 7={x, y} the schema
H=(+ (- =vy) =) would representthe four programs
(+ (- xy) X)), (+(-xy)y),(+(-yy) x
and(+ (- yvy) vy).

Thenumberof non= symbolsis calledtheorder O(H) of
aschemaH, while the total numberof nodesin the schema
is calledthe length N(H) of the schema. The length of a
schemaH is alsoequalto the numberof nodesin the pro-
gramsmatchingH.

Schemataof low order and large length can representa
hugenumberof programs For example,if only two symbols
arepresentn thefunctionandterminalsets aschemaf order
O = 5 andlengthN = 30 represent@V—© = 33,554,432
differentprograms.Lik ewise, giventhata programof length
N includes2” differentschemataa modest-sizepopulation
of programscanactuallysamplea hugenumberof schemata.

Thenumberof links in the minimumsubtreancludingall
the non= symbolswithin a schemaH is calledthe defin-
ing length £L(H) of the schema.The defininglength £(H)
canbe computedwith a simplerecursve procedurenot dis-
similar from the one necessarnjto compute N(H). Fig-
ure 1 shawvs someof the 32 schematamatchingthe pro-

gram(+ (- 2 y) x) alongwith theirorderanddefining
length.
F:%X F:%— F:%X F:%— F:%X
2y 2y 2 = 2 = = =
L=4 L=3 L=3 L=2 L=2
0=5 0=4 0=4 0=3 0=3
= = = e X e =

=y 2 = = = = = = =
L=2 L=1 L=0 L=0 L=0
0=2 0=2 0=1 0=1 0=0
Figure 1: Some schemata sampling the program
(+ (- 2y) x).

Our definition of schematas in somesenselower-level
thanthoseadoptedby O’Reilly and Whighamas a smaller
numberof treescan be representedy schematawith the
samenumberof “don’t care” symbols. This meansthat it
is possibleto representone of their schemataby using a
collection of ours. For example, assumingthat the max-
imum allowed depth for treesis 2 and that all functions
have arity 2, O'Reilly’s schemaH={( + # #) } canberep-

resentedby our schemata(+ = =), (= = (+ = 9)),
(: (+::) :), (: (+::) (:::)),
(: (:::) (+::))’ (+:(:::))'
(+ (:::) :) and(+ (:::) (:::))_ The

corverseis not true, as someof our schematgfor example
thesimilarity templateat the endof Section2) cannotberep-
resentedisingO’Reilly’s andWhighams schemata.

It is alsoworth notingthat our definitionsof order, length
and,in particular defininglengthof a schemaaretotally in-
dependenbntheshapeandsizeof the programsn theactual
populationunlike O’Reilly’s andWhighams.



3.2 Point Mutation and One-Point Crosswer
in GP

The conceptof schemajust introducedresembleso much
the one of GA schemahatwe startedwonderingwhetherit
would have beenpossibleto define operatorssimilar to the
onesusedn Holland’swork. Theobviousanaloguef bit-flip
mutationis the substitutionof a functionin the treewith an-
otherfunctionwith the samearity, or the substitutionof ater
minal with anotherterminal:atechniquehathasbeensome-
timesusedn theGPliterature]McKay etal.,1995. Theper
hapslessobvious equivalent of one-pointcrosseer for bit
strings(in whichacommoncrosseer pointis selectedn both
parentsandthe offspring are producedby swappingthe bits
ontheright of thecross@erpoint)is anew crosseeroperator
thatwe alsocall one-pointcrosswer.

One-point cross@er works by selecting a common
crosswerpointin the parentprogramsandthenswappingthe
correspondingubtree$ik e standaraross@er. In orderto ac-
countfor the possiblestructuraldifferencesetweernthe two
parentspne-pointcrosseer involvestwo phasesFirstly, the
two parentireesarerecursvely traversedo identify the parts
with the sametopology i.e. with the samearity in the nodes
encounteredraversingthe treesfrom the root node. Recur
sionis stoppedwheneer an arity mismatchbetweencorre-
spondingnodesin the two treesis present.All thelinks tra-
versedn this phaserestoredin avector Secondlyarandom
crosswer pointis selectedamongsuchlinks with a uniform
probability Figure?2 illustratesa possiblebehaiour of one
pointcross@er onthe programs

(pdiv (pdiv (- 2 x) (+1(-11))
(- 2 (pdiv (pdiv 1 x) 1)))

and

(* (+ x (+ (pdiv 12) 1))
(+ (+y (+xx)) (*11))).

It shouldbe notedthatthis form of crosseer doesnot in-
creasethe depthof the offspring beyond that of the parents.
This featuremay be usefulto avoid the typical undesirable
growth of programsize,which caneasilyleadto overfitting.
Obhviously this meangthat somecareis neededvhenselect-
ing the maximumtreedepthto be usedin the creationof the
initial population.

One-point crosseer resemblesthe strong context pre-
servingcross@er operatorproposedn [D’haeseleerl994,
whichis, however, lessrestrictve thanone-pointcrosseeras
to which links canbeselectedascrosseer points.

3.3 SchemaTheorem
3.3.1 Effect of FithessProportionate Selection

The effect of fithessproportionateselectionon our schemata
can be obtained by performing exactly the usual calcu-
lations (see for example [Holland, 1992 Goldbeg, 1989

Parents

Common
Crossover

Figure2: Onepoint crosseer (the commonpartswherethe
crosswer pointcanbe placedaredravn with thick lines).

or [Whigham,1996a AppendixC]). Thenetresultis:

f(H,1)

f(®)
wherem(H, t+1) istheexpectedvalueof thenumberof pro-
gramssamplingH in the matingpool andthe othersymbols
have the samemeaningasin Equationl.

As usual,if the populationcould include a large number
of individualsandthe ratio betweenschemditnessandpop-
ulation fitnesswas constant,this result would supportthe
claim that schematavith above-average(belov-averagefit-
nesswill tendto get an exponentiallyincreasing(decreas-
ing) numberof programssamplingthem. Unfortunately this
claim is often unsupportedsin real-life GAs and GPspop-
ulationsare always finite and the estimateof the fithessof
schematahangedueto the fact that the compositionof the
populationchanged$rom generatiorto generation.

1
m(H,t+ =) =

5) = m(H,1)

3.3.2 Effect of One-point Crosswer

One-pointcrosseer can affect the propagatiorof schemata
by disruptingsomeof them,ignoringothersor creatingsome
new schematal et usterm D.(H) theevent® H is disrupted
whenaprogramh samplingH is crossedverwith aprogram
B (by “disrupted” we meanthat H is not sampledby the
offspringproduced).



Therearetwo waysin which H canbe disrupted.Firstly
H canbe disruptedwhenh is crossedover with a program
h with a different structure. If we denotewith G(H) the
zero-thorderschemawith the samestructureof H whereall
thedefiningnodesn H have beenreplacedvith “don’t care”
symbols,this canbe expressedsthejoint event D, (H) =
{D.(H),h ¢ G(H)}.

For example, if we considerthe schemaH=(+ = =)
containedin h=(+ x y) and we cross h over with
h=(+ z (+ 2 3)) thenswappingthe subtreg( + 2 3)
with y would producetheprogram(+ x (+ 2 3)) which
doesnotsampleG(H)=(= = =) andthereforecannotsam-
ple H.

Theprobabilityof theevent D, is givenby:

Pr{D.(H)} = Pr{D.(H)|h ¢ G(H)}Pr{h & G(H)}
where

— 1
bt ¢ iy = M m(G]\(/[H),t+2).

ThetermPr{D.(H)|h ¢ G(H)}, whichwewill denotewith
paife for brevity, is harderto quantifyasnotall crosswersbe-
tweentwo parentsh and b with differentstructureproduce
offspring which do not sampleG(H). We will leave this
termin symbolicform to avoid usingthetempting,but over-
simplisticassumptionthat,whenh ¢ G(H), all cross@erop-
erationgproduceoffspringnotsamplingH i.e.thatpgig = 1.

The otherway in which H can be disrupted,even if h
is crossedover with a programh with the samestructure
of H (i.e. h € G(H)), is when h doesnot sample H
(ie. h ¢ H). This can be expressedas the joint event
De>(H) = {D:(H),h € G(H)}

A necessancondition for D.,(H) is that the crosswer
pointis betweerthe definingnodes(the non= nodes)f H.
We will call thisevent B(H). For example thefollowing ta-
bleshovswhichschemataf h=( + x y) couldbedisrupted
in thisway dependingnwhich of thetwo possiblecrosseer
pointsin h (betweent+ andx or betweent andy) is chosen:

Crosswer Point
Scema +/ X +'y
(= = =) | Unaffected | Unaffected
(= = y) | Unaffected | Unaffected
(= x =) | Unaffected | Unaffected
(+ = =) | Unaffected | Unaffected
(= x y) | Disrupted? | Disrupted?
(+ = y) | Unaffected | Disrupted?
(+ x =) | Disrupted? | Unafected
(+ x y) | Disrupted? | Disrupted?

Theprobabilityof Do (H) is givenby:
Pr{Deo(H)} = Pr{D.(H)|h € G(H)} Pr{h € G(H)}

where
N m
Pr{he G(H)} =

and

Pr{D.(H)|h & H} x
Pr{h ¢ H|h € G(H)}

Pr{D.(H)|h € G(H)} =

giventhatPr{D (H)|h € H} = 0, i.e. the probability of a
schemaresenin both parentsbeingdisruptedby crosseer
is zero.As

Pr{h ¢ H|h € G(H)} = —

and
Pr{D (H)|h ¢ H} < Pr{B(H)} = N(EI%I_ .

we obtain:

Pr{Dc2(H)} < N(ﬁlgf)_ 1 m(G(H),t + ;]\)4 —m(H,t+b)

Thereforeanupperboundfor the probabilityof disruption
for aschemaH dueto crosseeris givenby:

M —m(G(H),t + 1)
M
L(H) m(GH),t+3)—m(Ht+3)

T oNmE -1 M :

Pr{D.(H)} < pais

As crosseeris appliedto eachprogramin thematingpool
with a probability p. < 1, for a proportion1 — p. of the
populationthe numberof occurrence®f a schemaH after
crosswerremainsunalteredi.e.m(H,t+ 3)). For therestof
thepopulationit is equalto m(H, t + %) timestheprobability
thatH is notdisrupted.So,

(1= peym(H, 1 + )

+ pem(H,t+ 3) (1 - P{D.(H)})

m(H,t+1) =

m(H, i+ 3)(1 — pe Pr{De(H)})

3.3.3 Effect of Point Mutation

Pointmutationconsistof changinghelabelof anodeinto a
differentone.We assumethatit is appliedto thenodesof the
programscreatedusingselectionandcrosseer asdescribed
in the previous sectionswith a probability p,,, per node. A
schemaH will survivemutationonly if all its O(H) defining
nodesare unaltered. The probability that eachnodeis not
alteredis 1 — p,,,. So,aschemawill bedisruptedoy mutation
with a probability:

Pr{Dp(H)} =1— (1 — pp)°H)

This equationemphasisesiow high order schemataare af-
fectedby mutationmorethanlower orderones.If mutation,



likein GAs, is appliedwith a probabilityp,, < 1, thisequa-
tion canbesimplifiedusingthefirst termsof its Taylor expan-
sion:

Pr{Dpn(H)} ~ prnO(H).

3.3.4 Theorem

By considerinaall thevariouseffectsdiscusse@bove,we can
write:

m(H,t+1) = m(H,t+%)(1—Pr{Dm(H)})(1—pc Pr{D.(H)})-

By substitutingthe previous resultsinto this expressionwe
obtainthenew GP SchemaTheorem:

m(H,t+1) >
m f(Ht) (H)
(H, )= (1 = pm) 700 @
m(G(H), 1)/ (G(H), 1)
{1Pc [pdifr (1 M) )+
C(H)  m(G(H), ) f(G(H), t) —m(H,t)f(H, t)] }
(N(H) = 1) MJ(1)

which providesa lower boundfor the expectednumberof
individualssamplinga schemaH atgeneratiort + 1 for GP
with one-pointcross@er andpoint mutation.

4 Discussion

The GP schemaheoremgivenin Equation2 is considerably
more complicatedthan the correspondingversionfor GAs
in Equation1. This is dueto the factthatin GP the trees
undegoing optimisationhave variable size and shape. In
Equation2 thisis accountedor by the presenc®f theterms
m(G(H),t) and f(G(H),t), which summarisehe charac-
teristicsof all the programsn thepopulationhaving thesame
shapeandsizeasthe schemaH whosepropagatioris being
studied.Thereforen GPthepropagatiorof aschemaH does
not only dependon the featuresof the programssamplingit
butalsoonthefeatureof theprogramshaving thesamestruc-
tureas H. However, in GP alsothe probabilitythatcrosseer
betweenparentswith differentstructureis disruptie for H,
pait = Pr{D.(H)|h ¢ G(H)}, playsanimportantrole.

In the following we will discusshow thesetermschange
overtimein arunandshav thatGPwith one-pointcrosseer
tendsasymptoticallyto behae like a GA andthat, for ¢ big
enoughEquation2 transformsnto Equationl.?

We should first note that crossing over an individual
h ¢ G(H) with h € H doesnot necessarilyneanthat H is
disrupted.In factif thecommonpartbetween andh where
thecross@er pointcanbeplacedincludesalsoterminalsthen
cross@er canswap subtreewith exactly the sameshapeand

3Someof the agumentspresentedn the restof the sectionarethe result
of observingheactualbehaiour of runsof GPwith one-pointcrosseerand
alsoof preliminaryexperimentsnotreportechere,in whichwe have counted
andstudiedthe creation disruptionandpropagatiorof the schematg@resent
in smallpopulations.

size. This swap might or might not disrupt H dependingon
the actualnode-compositioof the subtreeswappedandon
thecharacteristicef the correspondingubtreen H.

If we considetthetypical casein which functionswith dif-
ferentarity arepresentn thefunctionsetandtheinitialisation
methodss “ramped-half-and-haifor “grow” [Koza,1993, at
the baginning of a run it is unlikely that two treesh andh
with different shapeaindegoing crosseer will swap a sub-
tree with exactly the sameshape. This is becausegiventhe
diversityin theinitial populationonly asmallnumberof indi-
vidualswill have commonpartsincluding terminals. There-
fore,we cansafelyassumehatpgig ~ 1.

It shouldbe notedthat the term m(G(H),t) f(G(H),t)
representghe total fithessallocatedto the programswith
structureG/(H) (by definitionsit is equalto 3, ) f (),

where f(h) is the fitnessof individual h). Likewise M f(t)
is the total fitnessin the population(i.e. Zhepop(t) f(h)).
Thereforeghediversityof thepopulationatthebeginningof a
runimpliesalsothatm (G (H),t) f(G(H),t) < M f(t) and
thatthe probability of schemadisruptionis verybig (i.e. close
to 1) at the baginning of a run, even disregardingthe events
D (H). In summary at the beginning of a run crossweer
heavily counteractshe effect of selection.

Nonethelesschematavith above averagefitnessandshort
defining-length(andtherefordow order)with respecto their
total size will tendto survive more frequentlyeven in this
early highly disruptive phaseof a run. However, they will
do so only if their shapeG(H) is of above average fitness
(i.e. f(G(H),t) > f(t)) andis shaedby an above average
numberof programs(i.e. m(G(H),t) > 1).

If the mutationrateis smallafterawhile the populationin
GPwith one-pointcross@erwill startcorverging, like a GA,
andthe diversity of shapesandsizeswill decrease.Thisin
turn will make the commonpart betweenpairs of programs
undegoing crosseer grow andinclude more and moreter-
minals.As aresult,theprobabilityof swappingsubtreesvith
the samestructurewhencrossingover programswith differ-
entstructurewill increaseandpg;g Will decreasel.osingdi-
versityalsomeanghata relatively smallnumberof different
programstructuresG(H) will survive in the populationand
that the factor multiplying pqig in Equation2 will become
lessimportant.

Therefore,in a secondphaseof a run the probability of
disruptionwhen crosseer is performedbetweentreeswith
the sameshapeandsize,Pr{D.(H)}, will startplayingan
importantrole in determiningwhich schematawill propa-
gateaccordingto their fitnessandwhich will insteadbe dis-
rupted. In particular a schemaH with above averagefitness
andshortdefining-length(and thereforelow order)with re-
spectto its total sizewill tendto survive better However,
alsoschematavith large defininglength cansurvive if they
sufer from little competitionfrom the schematasampledby
the programs of the sameshapenot containing H. This
happensvhenm(G(H), t)f(G(H),t) — m(H,t)f(H,t) =
Yonecm),ngr £ (h) < M f(t).



After mary generationgheseeffectsare exacerbatedihe
probability of swapping subtreeswith the same structure
tendsto 1 and pg; tendsto becomeunimportant. In this
situationm(G(H),t) = M, f(G(H),t) = f(t) andEqua-
tion 2 becomesxactly the sameasEquationl. Thisis con-
sistentwith the intuition that if all the programshave the
samestructurethentheir nodescanbe describedwith fixed-
lengthstringsandGPwith one-pointcrosseeris really noth-
ing morethana GA.*

In summarythe presenceof two partsin the term multi-
plying p. in Equation2 accountdor the factthatin GP with
one-pointcross@er two competitionsaregoingon. Thefirst
onehappenst the beginning of a run whendifferenthyper
spacesG(H) representingll programswith a given shape
and size compete. In this phasethe defining length £(H)
andthenumberof nodesN (H) of theindividualhyperplanes
H samplingthe hyperspaceare nearlyirrelevant: only the
fitnessof theprogramssamplingH counts.Thesecondcom-
petitionstartswhenthefirst onestartssettling.In this second
phasethe hyperplanesvithin the few remaininghyperspaces
startcompetingon the basisof their relative defininglengths
aswell astheirfitness.In this phaseGPtendsto behare more
andmorelike a standardGA.

As discussedn [O'Reilly andOppacher1995, in general
no schematheoremalone can supportconclusionson the
correctnes®f the Building Blodk HypothesigBBH), which
statesthat GAs/GPwork by hierarchicallycomposingrela-
tively fit, shortschematdo form completesolutions. How-
ever, our definition of schemaand the characterisatiorof
Pr{D.(H)} presentedbore seento suggesthattheBBH is
muchlesstroublesomén GPwith one-pointcross@erthanin
standardsP. It is possible however, thattwo kinds of build-
ing blocks are neededto explain how GP builds solutions:
building blocksrepresentingnyperspaceandbuilding blocks
representindnyperplanesvithin hyperspaces.

5 Conclusions

In this paperwe have presented simplified form of GPin
which, thanksto constraintson the selectionof crosseer
points,crosseer transmitsto the offspring mary of the fea-
turescommonto the parents.However, ratherthanusingthe
classicaktratgy of shaving experimentallythatthis form of
GPreallyworksandthatonafew carefullyselectegroblems
it is betterthanstandardsP (wewill dothisin futurepapers),
we startfrom developinga schemaheoryfor it.

Thetheoryis basedn anew simplerdefinitionof the con-
ceptof schemdaor GP which is muchcloserto the original
conceptof scheman GAs thanthe definitionsusedby other
GP theorists. The simplicity of this definition along with
that of one-pointcrosseer hasallowed us to derive a new

41t shouldbe notedthatin lesstypical conditionswherethe “full” ini-
tialisationmethodis usedandall functionshave the samearity, thenevery
individual in the populationhasthe sameshapeandEquation2 is the same
asEquationl from thebeginningof arun.

schemaheoremin which, for thefirst time, the competitions
betweerprogramswith differentstructureandprogramswith
thesamestructurehave beermodelledmathematicallyThese
modelshave beenthendiscussedhaving thatin the runsof
GP with one-pointcrosseer and point-mutationtwo phases
arepresent.onein which the algorithmsearchesor the best
shapeandsizefor thesolutions,andonein whichthe optimal
compositiorin termsof functionsandterminalsis soughtfor.
Thealgorithmmovesfrom onephaseo the next smoothly

Ouranalysishavsthatthenew schemaheorenis thenat-
ural counterparfor GP of the GA schemaheoremandthat
the GP schematheoremasymptoticallytendsto it. It also
suggestghat the building block hypothesiswhich hasbeen
stronglycriticisedin thecontext of standardsR, mightin fact
holdin GPwith one-pointcrosseer.

Somerecentexperimentalresults have corroboratedthe
theory presentedin this paper [Poli andLangdon,1997.
More theoreticabndexperimentalwork will beneededo in-
vestigatehe building block hypothesis.
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