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Abstract

In thispaperwe presentanew exactschemathe-
ory for geneticprogrammingandvariable-length
genetic algorithms which is applicable to the
generalclassof homologouscrossovers. These
area groupof operators,includingGPone-point
crossover andGP uniform crossover, wherethe
offspring are createdpreservingthe position of
thegeneticmaterialtakenfrom theparents.The
theoryis basedon theconceptsof GPcrossover
masksandGPrecombinationdistributions(both
introducedherefor thefirst time), aswell asthe
notionsof hyperschemaandnodereferencesys-
temsintroducedin other recentresearch. This
theorygeneralisesand refinesprevious work in
GPandGA theory.

1 Introduction

Genetic programmingtheory has had a difficult child-
hood. After someexcellent early efforts leading to dif-
ferentapproximateschematheorems[1, 2, 3, 4, 5, 6, 7],
only very recentlyhave schematheoriesbecomeavailable
which give exact formulations(ratherthanlower bounds)
for the expectednumberof instancesof a schemaat the
next generation. Theseexact theoriesare applicableto
GPwith one-pointcrossover [8, 9, 10], standardcrossover
and other subtree-swappingcrossovers [11, 12, 13], and
different typesof subtreemutationand headlesschicken
crossover [14, 15].

Here we extend this work by presentinga new exact
schematheoryfor geneticprogrammingwhich is applica-
bleto averyimportantandgeneralclassof operatorswhich
we call homologouscrossovers. This group of opera-
torsgeneralisesmostcommonGA crossoversandincludes
GP one-pointcrossover and GP uniform crossover [16].
Theseoperatorsdiffer from thestandardsubtreeswapping

crossover [1] in that they requirethat the offspring being
createdpreserve thepositionof thegeneticmaterialtaken
from theparents.

Thepaperis organisedasfollows. Firstly, we providea re-
view of earlierrelevantwork onGPschemataandcoverthe
key definitionsandtermsin Section2. Then,in Section3
we show how theseideascanbe usedto definethe class
of homologouscrossover operatorsand build probabilis-
tic modelsfor them. In Section4 we usetheseto derive
schematheory resultsandan exact definition of effective
fitnessfor GPwith homologouscrossover. In Section5 we
giveanexamplethatshowshow thetheorycanbeapplied.
Someconclusionsaredrawn in Section6.

2 Background

Schemataare setsof points of the searchspacesharing
somesyntacticfeature.For example,in thecontext of GAs
operatingon binarystrings,thesyntacticrepresentationof
a schemais usuallya string of symbolsfrom the alphabet�
0,1,* � , wherethe character* is interpretedas a “don’t

care”symbol.Typically schematheoremsaredescriptions
of how thenumberof membersof thepopulationbelonging
to a schemavary over time. Let �������
	
� denotetheproba-
bility at time 	 thata newly createdindividual samples(or
matches)theschema� , which we termthetotal transmis-
sionprobabilityof � . Thenanexactschematheoremfor a
generationalsystemis simply [17]��
 � �����
	���������������������	
��� (1)

where� is thepopulationsize,
� �����
	�� �!� is thenumber

of individualssampling� atgeneration	"�#� and
��
%$ � is the

expectationoperator. Holland’s [18] andotherworst-case-
scenarioschematheoriesnormallyprovide a lower bound
for �&�����
	
� or, equivalently, for

�#
 � ������	'������� .
One of the difficulties in obtainingtheoreticalresultson
GPusingtheideaof schemais thatfindingaworkabledef-
inition of a schemais much lessstraightforward than for
GAs. Severalalternativedefinitionshavebeenproposedin



the literature[1, 2, 3, 4, 6, 7, 5]. For brevity herewe will
describeonly thedefinition introducedin [6, 7], sincethis
is whatis usedin therestof thispaper. Wewill referto this
kind of schemataasfixed-size-and-shapeschemata.

Syntactically a GP fixed-size-and-shape schema
is a tree composed of functions from the set(*) � �+� andterminalsfrom theset , ) � �+� , where

(
and, arethefunctionandterminalsetsusedin a GPrun. The

primitive � is a“don’t care”symbolwhichstandsfor asin-
gle terminalor function.A schema� representsthesetof
all programshaving thesameshapeas � andthesamela-
belsfor thenon-� nodes.For example,if

(
=
�
+, * � and, =

�
x, y � theschema(+ x (= y =)) representsthe

four programs(+ x (+ y x)), (+ x (+ y y)),
(+ x (* y x)) and(+ x (* y y)).

In [6, 7] aworst-case-scenarioschematheoremwasderived
for GPwith pointmutationandone-pointcrossover;asdis-
cussedin [8], this theoremis a generalisationof the ver-
sion of Holland’s schematheorem[18] presentedin [19]
to variablesizestructures.One-pointcrossover works by
using the samecrossover point in both parentprograms,
andthenswappingthecorrespondingsubtreeslikestandard
crossover. To accountfor the possiblestructuraldiversity
of the two parents,the selectionof the crossover point is
restrictedto the commonregion, the largestrootedregion
wherethe two parenttreeshave the sametopology. The
commonregionwill bedefinedformally in Section3.

One-pointcrossover can be consideredto be an instance
of a much broaderclassof operatorsthat can be defined
throughthe notion of the commonregion. For example,
in [16] we definedandstudieda GP operator, calleduni-
form crossover (basedon uniform crossover in GAs), in
which the offspring is createdby independentlyswapping
the nodesin the commonregion with a uniform proba-
bility. If a nodebelongsto the boundaryof the common
region and is a function thenalso the nodesbelow it are
swapped,otherwiseonly thenodelabel is swapped.Many
otheroperatorsof this kind arepossible.We will call them
homologouscrossovers, noting thatour definition is more
restrictive thanthat in [20]. A formal descriptionof these
operatorswill begivenin Section3.

The approximateschematheoremin [6, 7] wasimproved
in [9, 10], whereanexactschematheoryfor GPwith one-
point crossover was derived which wasbasedon the no-
tion of hyperschema.A GP hyperschemais a rootedtree
composedof internal nodesfrom

(-) � �+� and leaves
from , ) � �.��/0� . Again, = is a “don’t care” symbols
which standsfor exactly onenode,while # standsfor any
valid subtree.For example,thehyperschema(* # (= x
=)) representsall the programswith the following char-
acteristics:a) the root nodeis a product,b) the first argu-
mentof the root nodeis any valid subtree,c) the second
argumentof the root nodeis any function of arity two, d)

the first argumentof this function is the variablex, e) the
secondargumentof the function is any valid nodein the
terminalset.Oneof theresultsobtainedin [10] is�&�����
	
�&�1�2�4365 xo �758�����
	
�9��5 xo � xo ������	
� (2)

where� xo �����
	
�:�<;>=�? @ �ACB ��D = ��D @ � (3)E ;F�GIHKJML8N ? L8OMP 59�RQS�����
T2�'UVD = �
	
�W58��X4�����
T2�'UVD @ �
	
�
and: 5 xo is thecrossoverprobability; 58�����
	
� is theselection
probabilityof theschema� ;1 D+Y , D[Z , $"$"$ areanenumer-
ationof all thepossibleprogramshapes,i.e. all the possi-
blefixed-size-and-shapeschematacontaining= signsonly;ACB ��D = �\D @ � is the numberof nodesin the commonre-
gion betweenshapeD = and shapeD @ ; ]S��D = �\D @ � is the
set of indicesof the crossover points in sucha common
region; X4�����
T2� is the hyperschemaobtainedby replacing
all the nodeson the path betweencrossover point T and
theroot nodewith = nodes,andall thesubtreesconnected
to thosenodeswith # nodes; QS�����
T2� is the hyperschema
obtainedby replacingthe subtreebelow crossover point T
with a # node;if a crossover point T is in thecommonre-
gion betweentwo programsbut it is outsidethe schema� , then X4�����
T2� and QS�����
T2� aredefinedto be the empty
set. The hyperschemataX^������T2� and QS�����
T2� are impor-
tant because,if onecrossesover at point T any individual
in X4�����
T2� with any individual in Q0������T�� , the resulting
offspring is alwaysan instanceof � . The stepsinvolved
in theconstructionof X4�����
T2� and QS�����
T2� for theschema�_� (* = (+ x =)) areillustratedin Figure1.

As discussedin [8], it is possibleto show that, in the ab-
senceof mutation,Equations2 and3 generaliseandrefine
not only theGPschematheoremin [6, 7] but alsothever-
sion of Holland’s schematheorem[18] presentedin [19],
aswell asmorerecentGA schematheory[21, 22].

Very recently, this work hasbeenextendedin [11] wherea
general,exactschematheoryfor geneticprogrammingwith
subtreeswappingcrossover waspresented.The theory is
basedonageneralisationof thenotionof hyperschemaand
on a Cartesiannodereferencesystemwhich makesit pos-
sibleto describeprogramsasfunctionsover thespacè Z .
TheCartesianreferencesystemis obtainedby considering
the ideal infinite treeconsistingentirelyof nodesof some
fixed maximumarity a max. This maximal tree would in-
clude1 nodeof arity a max at depth0, a max nodesof aritya max at depth1, ��a max� Z nodesof arity a max at depth2, and

1In fitness proportionate selection bdcWe0f�g2h ij cWeSf�g2h�kdcWeSfRg�h�lIc�monk'cpg�h�h , where j cWeSfRg2h is the number of
treesin theschemae at time g , kdcWeSfqg2h is theirmeanfitness,andnkdcpg2h is themeanfitnessof thetreesin thepopulation.
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Figure1: Exampleof a schemaandsomeof its potentialhyper-
schemabuilding blocks.Thecrossover pointsin e arenumbered
asshown in thetop left.
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Figure 2: Syntax tree for the program(IF (AND x1 x2)
(OR x1 x3) x1) representedin a tree-independentCartesian
nodereferencesystemfor nodeswith maximumarity 3. Unused
nodesandlinks of themaximaltreearedrawn with dashedlines.
Only four layersandsix columnsareshown.

generally ��a max��r nodesat depth s . Thenonecould imag-
ineorganisingthenodesin thetreeinto layersof increasing
depth(seeFigure2) andassigninganindex to eachnodein
alayer. Thelayernumbers andtheindex T canthenbeused
to defineaCartesiancoordinatesystem.Clearly, onecould
alsousethis referencesystemto locatethe nodesof non-
maximaltrees.Thisis possiblebecauseanon-maximaltree
canalways be describedusinga subsetof the nodesand
links in the maximal tree. This is illustratedfor the pro-
gram(IF (AND x1 x2) (OR x1 x3) x1) in Fig-
ure 2. So, for example,the IF nodewould have coordi-
nates(0,0), theAND would have coordinates(1,0),andthe
x3 nodewould have coordinates(2,4). In this reference
systemit is always possibleto find the route to the root
nodefrom any valid coordinate.Also, if onechoosesa max

to be the maximumarity of the functionsin the function
set,it is possibleto usethis referencesystemto represent
the structureof any programthat canbe constructedwith
thatfunctionset.

The theory in [11] is also applicable to standardGP
crossover [1] with and without uniform selectionof the
crossover points, one-point crossover [6, 7], size-fair
crossover [20], strongly-typedGPcrossover [23], context-
preservingcrossover[24], andmany others.Thetheoryhas
alsobeenrecentlyextendedto subtreemutationandhead-
lesschickencrossover [14, 15]. It doesnot, however, cur-
rentlycovertheclassof homologousoperatorsandthegoal
of this paperis to fill thattheoreticalgap.

3 Modelling Homologous Crossovers

Givenanodereferencesystemit is possibleto definefunc-
tions over it. An exampleof suchfunctions is the arity
function t+��su�
Tv�vwu� which returnsthe arity of the nodeat
coordinates��s���T2� in w . For example,for the tree in Fig-
ure2, t+��xy��x��\wd�^�{z , t+�2�|��x��\wd�^�~} and t.��}����I�vwu����x .
Similarly, it is possibleto definethecommonregion mem-
bership function �K��s���Tv�\w Y �\w Z � which returnstrue when��su�
T2� is partof thecommonregionof w�Y and wuZ . Formally,����su�
Tv�\w Y �vw Z �������!�9� wheneither ��s���T�������x���x�� ort*�Rs[3��|�
T����\w Y ����t*��s+3��|�
T��W�vw Z �^���x���8� ����s+3��|�
T � �vw Y �\w Z �:���"���9���
where T � ���7T
��a max� and � $ � is the integer-part function.
Thisallowsusto formalisethenotionof commonregion:]S��w�Y��vw�Z���� � ��su�
T2��������su�
Tv�vwdY��\wuZ������"���8�u��� (4)

This is the notion of commonregion usedin the schema
theorem for one-point crossover in Equation 2. As
indicated before, one-point crossover selectsthe same
crossover point in both parentsby randomlychoosinga
nodein the commonregion. An alternative way to inter-
pret the action of one-pointcrossover is to imagine that
the subsetof nodesin ]S�RwdY��\wuZ�� below sucha crossover
point are transferredfrom parent w Z into an empty coor-
dinatesystem,while all theremainingnodesin ]S��w Y �vw Z �
aretaken from parent w�Y . Clearly, nodesrepresentingthe
leavesof thecommonregionshouldbetransferredtogether
with their subtrees,if any. Otherhomologouscrossovers
cansimply bedefinedby selectingsubsetsof nodesin the
commonregiondifferently.

A goodwayto describeandmodeltheclassof homologous
crossoversis to extendthenotionsof crossovermasksand
recombinationdistributionsusedin genetics[25] andin the
GA literature[26, 27, 28]. In a GA operatingon fixed-
lengthstringsa crossover maskis simply a binary string.
Whencrossover is executed,the bits of the offspring cor-
respondingto the 1’s in the maskwill be taken from one
parent,thosecorrespondingto 0’s from the other parent.
For example, if the parentsare the stringsaaaaaa and
bbbbbb andthecrossovermaskis110100, oneoffspring
wouldbeaababb. For operatorsreturningtwo offspringit



is easyto show thatthesecondoffspringcanbeobtainedby
simply complementing,bit by bit, thecrossovermask.For
example,thecomplementof themask110100, 001011,
givestheoffspringbbabaa. If theGA operateson strings
of length � , then }I� differentcrossover masksarepossi-
ble. If, for eachmask T , onedefinesa probability, 5 F , that
themaskis selectedfor crossover, thenit is easyto seehow
differentcrossover operatorscansimply be interpretedas
differentwaysof choosingthe probability distribution 5 F .
For example,for stringsof length ���¡  the probability
distribution for one-pointcrossoverwould be 5 F �1����z for
thecrossovermasksT:����xIx|xy���I��x|xy���I�I��x and 5 F �<x oth-
erwise,while for uniform crossover 5 F �_�!����¢ for all 16T ’s. The probability distribution 5 F is calleda recombina-
tion distribution.

Let usnow extendthenotionof recombinationdistributions
to geneticprogrammingwith homologouscrossover. For
any given shapeand size of the commonregion we can
definea set of GP crossover maskswhich correspondto
all possiblewaysin which a recombinationeventcantake
placewithin thegivencommonregion. Becausethenodes
in the commonregion arealwaysarrangedso as to form
a tree, it is possibleto representthe commonregion asa
treeor anequivalentS-expression.So,GPcrossovermasks
can be thoughtof as treesconstructedusing 0’s and 1’s
that have the samesizeandshapeasthe commonregion.
So, for example,if the commonregion is representedby
the setof nodecoordinates

�
(0,0),(1,0),(1,1)� , then there

areeightvalid GPcrossovermasks:(0 0 0), (0 0 1),
(0 1 0), (0 1 1), (1 0 0), (1 0 1), (1 1 0)
and(1 1 1). Thecomplementof a GP crossover mask
is an obvious extension,wherethe complement£ T hasthe
samestructureasmaskT but with the0’sand1’s swapped.
In the following we will use ¤¦¥ to denotethe set of the}�� J ¥ P crossovermasksassociatedwith thecommonregion§ , where �*� § � is the numberof nodesin § . Sincewe are
typically interestedin the commonregion definedby two
trees,we’ll use¤&�RwdY��\wuZ"� asa shorthandfor ¤ HKJp¨!© ? ¨�ª
P .
Once ¤¦¥ is definedwe can definea fixed-size-and-shape
recombinationdistribution 5 ¥F which givesthe probability
that crossover mask T6«�¤ ¥ will be chosenfor crossover
betweenindividuals having commonregion § . Then the
set
� 5 ¥F �!¬ § � , which we call a GP recombinationdistribu-

tion, completelydefinesthebehaviour of aGPhomologous
crossover operator, differentoperatorsbeingcharacterised
by differentassignmentsfor the 5 ¥F . For example,the GP
recombinationdistribution for uniform GP crossover with
50%probabilityof exchangingnodesis 5 ¥F �­��xy�>®I�
� J ¥ P .
GP crossover masksand GP recombinationdistributions
generalisethe correspondingGA notions. Indeed,asalso
discussedin [8], GAs operatingon fixed-lengthstringsare
simply a specialcaseof GP with homologouscrossover.
This canbeshown by consideringthecaseof functionsets

includingonly unaryfunctionsandinitialising thepopula-
tion with programsof the samelength. Sincein a linear
GPsystemwith fixedlengthprogramsevery individualhas
exactly thesamesizeand(linear)shape,only onecommon
region § is possible. Therefore,only onefixed-size-and-
shaperecombinationdistribution 5 ¥F is requiredto charac-
terisecrossover. In variablelengthGAs andGP, multiple
fixed-size-and-shaperecombinationdistributions are nec-
essary, onefor everypossiblecommonregion § .
4 Exact GP Schema Theory for Homologous

Crossovers

Using hyperschemataandGP recombinationdistributions
for homologouscrossover, weobtainthefollowing:

Theorem 1. Thetotal transmissionprobability for a fixed-
size-and-shapeGPschema� underhomologouscrossover
is givenbyEquation2 with� xo �����
	
��� (5); ¨ © ; ¨ ª 59��w Y �
	
�W58�Rw Z �
	
� ;F�GI¯°JM¨ © ? ¨ ª P 5 H�JM¨�© ? ¨�ª
PF E± ��w Y «V²&������T2�
� ± �Rw Z «³²&�����q£ T2�
�
where: the first two summationsare over all the individu-
als in thepopulation; ]S��w�Y!�vw�Z�� is thecommonregion be-
tweenprogram w Y andprogram w Z ; ¤���w Y �vw Z � is thesetof
crossovermasksassociatedwith ]S��w�Y��\wuZ�� ; ± �W´�� is a func-
tion which returns1 if ´ is true, 0 otherwise; ²&������T�� is
definedbelow; £ T is thecomplementof crossover maskT .²:�����
T2� is definedto betheemptysetif T containsany node
not in � . Otherwiseit is thehyperschemaobtainedby re-
placingcertainnodesin � with either= or # nodes:µ If anodein � correspondsto (i.e.,hasthesamecoor-

dinatesas)a non-leafnodein T that is labelledwith a
0, thenthatnodein � is replacedwith a=.µ If a nodein � correspondsto a leaf nodein T that is
labelledwith a 0, thenit is replacedwith a#.µ All othernodesin � areleft unchanged.

If, for example, �¶� (* = (+ x =)), as indicatedin
Figure3(a),then ²&��������x0�·x��
� is obtainedby first replac-
ing the root nodewith a = symbol(becausethe crossover
maskhasa function node0 at coordinates(0,0)) andthen
replacingthe subtreerootedat coordinates(1,1) with a #
symbol (becausethe crossover maskhasa terminal node
0 at coordinates(1,1)) obtaining(= = #). The schema²:�������
�Vx¸����� , which forms a complementarypair with
thepreviousone,is insteadobtainedby replacingthesub-
treerootedat coordinates(1,0) with a# symbolobtaining
(* # (+ x =)), asillustratedin Figure3(b).
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Figure3: A complementarypair of hyperschemata¹8cWeSfqº�h for
theschemae�i (* = (+ x =)).

Thehyperschemata²:�����
T2� and²:�����q£ T2� aregeneralisations
of the schemataX4�����
T2� and QS�����
T2� usedin Equation2
(compareFigures1 and3). In generalif onecrossesover
usingcrossover mask T any individual in ²:�����
T2� with any
individual in ²:�����q£ T2� , the resultingoffspring is alwaysan
instanceof � .

Oncethe conceptof ²&������T2� is available,the theoremcan
easilybeproven.

Proof. Let 58��w Y �vw Z �
Tv�
	
� betheprobabilitythat,at genera-
tion 	 , the selection-crossover processwill chooseparentsw Y and w Z andcrossover mask T . Then,let usconsiderthe
function» �Rw Y �\w Z �
Tv�\�C�K� ± �Rw Y «�²:�����
T2��� ± ��w Z «�²:�����q£ T2�
�¼�
Given two parentprograms,w�Y and w�Z , anda schemaof
interest� , this functionreturnsthevalue1 if crossingoverw�Y and wuZ with crossovermask T yieldsanoffspringin � .
It returns0 otherwise.This functioncanbeconsideredas
ameasurementfunction(see[27]) thatwewantto applyto
theprobabilitydistribution of parentsandcrossovermasks
at time 	 , 58�Rw Y �\w Z �
Tv��	
� . If w Y , w Z and T arestochasticvari-
ableswith joint probability distribution 58��w Y �vw Z �
Tv�
	
� , the
function

» ��w�Y!�vw�ZI�
Tv���½� canbeusedto definea stochastic
variable¾³� » �Rw Y �\w Z ��T\�\�C� . Theexpectedvalueof ¾ is:��
 ¾u�'�¿; ¨ © ; ¨ ª ; F » ��w Y �vw Z �
Tv���½�758�Rw Y �\w Z �
Tv��	
��� (6)

Since ¾ is a binary stochasticvariable,its expectedvalue
alsorepresentstheproportionof timesit takesthevalue1.

Thiscorrespondsto theproportionof timestheoffspringofw Y and w Z arein � .

We canwrite58�Rw Y �\w Z ��T\��	
�K� 59�WT¼� w Y �vw Z �759��w Y �
	
�W58�Rw Z �
	
���
where 58�WT¼� wdY��\wuZ�� is the conditional probability that
crossover mask T will be selectedwhen the parentsarew Y and w Z , while 58�Rw Y �
	
� and 58��w Z ��	
� are the selection
probabilities for the parents. In homologouscrossover58��T¼� w Y �vw Z ��� 5 HKJM¨�© ? ¨�ª
PF ± �WT:«V¤&�Rw Y �\w Z ��� , so58�Rw Y �\w Z ��T\��	
�� 58�Rw Y �
	
�W58�Rw Z �
	
�75 HKJM¨�© ? ¨�ª�PF ± �WT&«6¤���w Y �vw Z �
���
Substitutingthis into Equation6 with minorsimplifications
leadsto theexpressionof � xo in Equation5. À
Equations2 and 5 allow one to computethe exact total
transmissionprobability of a GP schemain termsof mi-
croscopicquantities.It is possible,however, to transform
this modelinto the following exactmacroscopicmodelof
schemapropagation

Theorem 2. Thetotal transmissionprobability for a fixed-
size-and-shapeGPschema� underhomologouscrossover
is givenbyEquation2 with� xo ������	
�:��;�Á�;�= ;FWGI¯�J%LÃÂ ? L N P 5 H�J%L Â ? L N PF E (7)58��²:�����
T2�'UVD Á �
	
�W58��²&�����q£ T2�ÃUVD = �
	
�¼�
Proof. Let usstartby consideringall thepossibleprogram
shapesD+Y , D[Z , $�$"$ . Theseschematarepresentdisjoint
setsof programs.Their unionrepresentsthewholesearch
space,so ; Á ± ��w Y «VD Á ���1�|�
We insertthe l.h.s.of this expressionandof ananalogous
expressionfor

± ��wuZ�«�D = � in Equation5 andreorderthe
termsobtaining:2Ä

xo cWeSf�g2hi Å¼Æ�Å!Ç�ÅÉÈ © ÅÉÈ ª b�cWÊ�Ëvfqg2hMbdcWÊ�Ì"fqg�hÅÍ7Î!Ï�Ð È ©vÑ È ª\Ò byÓ Ð È ©vÑ È ª\ÒÍ Ô cWÊuËKÕS¹8cWeSfqº�h�h Ô cWÊuË�Õ�Ö Æ hÔ cWÊ�Ì�ÕS¹�cWeSf n ºRh�h Ô cWÊ�Ì&Õ0Ö Ç hi Å Æ Å Ç ÅÈ © Î!× Â ÅÈ ª Î�× N b�cWÊ�Ëvfqg2hMbdcWÊ�Ì"fqg�hÅÍ7Î!Ï�Ð È ©vÑ È ª\Ò b Ó Ð È ©vÑ È ª\ÒÍ Ô cWÊ Ë ÕS¹8cWeSfqº�h�h Ô cWÊ Ì Õ0¹�cWe0f n º�h�h
2Notethat Ê Ë Õ0Ö ÆKØ Ê Ì Õ�Ö Ç�ÙÛÚ cWÊ Ë f2Ê Ì h�i Ú c�Ö Æ f
Ö Ç h .



i Å¼Æ�Å!ÇÜÅÈ © Î!× Â ÅÈ ª Î�× N b�cWÊ�Ëvfqg2hMbdcWÊ�Ì"fqg�hÅÍ7Î!Ï�ÐÝ× Â Ñ × N Ò b Ó ÐÝ× Â Ñ × N ÒÍ Ô cWÊuË�Õ�¹8cWeSfqº�h�h Ô cWÊ�Ì�Õ0¹�cWe0f n º�h�hi Å Æ Å Ç ÅÍWÎ�ÏIÐÉ× Â Ñ × N Ò b Ó ÐÝ× Â Ñ × N ÒÍ ÅÈ © Î�× Â bdcWÊ Ë fqg2hÔ cWÊ Ë ÕS¹�cWeSfqº�h�h ÅÈ ª Î!× N b�cWÊ Ì fRg2h Ô cWÊ Ì ÕS¹�cWe0f n ºqh�h�Þ
Since ß ¨�©vGIL Â 58��w�Y!��	
� ± �RwdY1«o²&������T2�
�¸�à58��²:�����
T2�·UD Á �
	
� (andsimilarly for 59��²:����� £ T2�ÃU³D = �
	
� ), this equation
completestheproofof thetheorem. À
This theoremis a generalisationof Equations2 and 3.
These,asindicatedin Section2,areageneralisationof are-
centGA schematheoremfor one-pointcrossover [21, 22]
anda refinement(in the absenceof mutation)of both the
GPschematheoremin [6] andGoldberg’s version[19] of
Holland’s schematheory [18]. The schematheoremsin
this paperalsogeneraliseotherGA results(suchasthose
summarisedin [29]), aswell astheresultin [27, appendix],
sincethey canbeappliedto linearschemataandevenfixed-
lengthbinary strings. So, in the absenceof mutation,the
schematheoryin thispapergeneralisesandrefinesnotonly
earlier GP schematheoremsbut also old andmodernGA
schematheoriesfor one- and multi-point crossover, uni-
form crossover andall otherhomologouscrossovers.

Oncethe valueof �&�����
	
� is available, it is trivial to ex-
tend(aswe did in [10, 11]) the notion of effective fitness
providedin [21, 22] obtainingthefollowing:

Corollary 3. Theeffectivefitnessof a fixed-size-and-shape
GPschema� underhomologouscrossover isá!âqã ������	
��� ��������	
�59������	
� á �����
	
�� á �����
	
�yäR�å3V5 xo æ �å3 ; Á ? = ;FWGI¯�J%L Â ? L N P 5 H�J%LÃÂ ? L N PF E

58��²:�����
T2�'UVD Á �
	
�W58��²&�����q£ T2�ÃUVD = �
	
�58�����
	
� çåè � (8)

5 Example

Since the calculations involved in applying exact GP
schematheoremscanbecomequite lengthy, we will limit
ourselveshereto oneextremelysimpleexample. For ap-
plicationsof this andrelatedschematheoriessee[12, 13,
14, 15, 30]. To make clearer the relationshipbetween
this work andour theoryfor one-pointcrossover, we will
usethe sameexampleas in [10], this time usinggeneral
homologouscrossover operatorsinsteadof just one-point
crossover.

Let us imagine that we have a function set� t�éy�\ê�é��\]ëé���ì0é�� � éy� including only unary func-
tions, and the terminal set

� t4í\�\ê4í��v]&í\�\ì�í\� � í\� . Since,
all functionsare unary, we can unambiguouslyrepresent
expressionswithoutparenthesis.In addition,sincetheonly
terminal in eachexpressionis the rightmostnode,we can
remove the subscriptswithout generatingany ambiguity.
Thus,every memberof the searchspacecanbe seenasa
variable-lengthstring over the alphabet

� tî��ê#�\]��\ì�� � � ,
andGP with homologouscrossover is really a non-binary
variable-lengthGA.

Let usnow considertheschemaAB=. We wantto measure
its total transmissionprobability (with 5 xo �1� ) underfit-
nessproportionateselectionandan arbitraryhomologous
crossoveroperatorfor thefollowing population:

Population Fitness
AB 2
BCD 2
ABC 4
ABCD 6

In order to apply Equation7 we first needto numberall
thepossibleprogramshapesD Y , D Z , etc..Let D Y be=, D Z
be==, D[ï be=== and Dñð be====. We do not needto
considerother, larger shapesbecausethe populationdoes
not containany largerprograms.We thenneedto evaluate
theshapeof thecommonregionsto determine¤&��D Á ��D = �
for all valid valuesof ò and ó . In this casethe common
regionscanbe naturallyrepresentedusingintegerswhich
representthe length of the common region. Since the
length of the commonregion is the length of the shorter
parent,we know ]S��D Á ��D = ���{ôSõMö��%ò|�\ó�� . Then,for each
commonregion § we needto identify the hyperschemata²:� AB= �
T2� for all the meaningfulcrossover masksT0«�¤9¥
and calculate ²:� AB= ��T2�4U�D Á for all meaningfulvalues
of ò . Thesecalculationsareshown in Table1. Using this
tablewe canapplyEquation7, obtaining,aftersimplifica-
tion andomitting 	 andthesuperscript§ from 5 ¥F for brevity,Ä c AB= hÃi Ä xo c AB= hi ÷ÅÆ Ñ Çvø Ë ÅÍ7Î�ù2ú Ñ ËRû�ü�ý þ
ÿ Â�� N�� b Í b�cW¹8cWeSf�º�h��SÖ Æ hMb�cW¹�cWe0f n º�h��.Ö Ç hi c>b ú�� b Ë hMb�c	��
 iåhMb�c�iåh �c>b ú�ú�� b Ë�Ë hMb�c	�

�iåhMb�c�iåiåh �c>b ú Ë � buË ú hMb�c�i�
�iåhMb�c	� iåh �c>b ú�ú�ú�� b Ë�Ë�Ë hMb�c	�

�iåh\c>b�c�iåiåiåh � b�c�iåiåiåiåh�h �c>b ú�ú Ë � b Ë�Ë ú hMb�c�iåiåiåh\c>b�c	�

*iåh � b�c	�

�iåiåh�h �c>b ú Ë ú � buË ú Ë�hMb�c	� iåiåh\c>b�c�i�
 iåh � b�c�i�
 iåiåh�h �c>b ú Ë�Ë � b Ë ú�ú hMb�c�i�
�iåh\c>b�c	�½iåiåh � b�c	� iåiåiåh�h�Þ
This equationis valid for any homologouscrossover op-

erator, eachof which is definedby the set of 5 F . It is
easyto specialisesit for one-pointcrossover by usingthe



Mask ¹�c AB= f�º�h ¹�c AB= f�º�h���Ö Æº �^i�� �^i�� �4i�� �4i��
0 # = == === ====
1 AB= � � AB= �
00 =# � == === ====
01 =B= � � =B= �
10 A# � A= A== A===
11 AB= � � AB= �
000 ==# � � === ====
001 === � � === �
010 =B# � � =B= =B==
011 =B= � � =B= �
100 A=# � � A== A===
101 A== � � A== �
110 AB# � � AB= AB==
111 AB= � � AB= �
0000 � � � � �
...

...
...

...
...

...

Table1: Crossover masksandschematanecessaryto calculateÄ
xo c�����iåh .

recombinationdistribution 5���� � , 5������ 5�Y������!�I} ,5 ����� � 5 Y���� � 5 Y\Y�� ���!��z and 5 F � x for all other
crossovermasks.This leadsto thesameresultasin [10].

It is also easyto specialisethe previous equationto uni-
form crossover by using the recombinationdistribution5 F � ��x�� ®|�2� J%FMP , where �*�WT2� is the length of crossover
mask T . Doing so in this caseyields ��� AB= �
	
�! �xy�>}#"|xI¢ .
For the sameexample,in [10] we obtained��� AB= ��	
�$ xy�>}#%�}I® for one-pointcrossover, which indicatesthat uni-
form crossover is slightly less “friendly” towards the
schema.We canalso useEquation8 to computethe ef-
fective fitnessfor the schemaAB= for both uniform and
one-pointcrossover, obtainingvaluesof approximately3.9
and4.1, respectively. Thesevaluesare very closeto the
actualaveragefitnessof theschemain thecurrentpopula-
tion, 4, suggestingthat in this casedisruptionandcreation
effects tend to balanceout. This is not always the case,
however, asis shown in [10].

6 Conclusions

Unlike GA theory, which hasmadeconsiderableprogress
in the last ten yearsor so, GP theory hastypically been
scarce,approximateand,asa rule,not terribly useful.This
is not surprisinggiven the youth of GP andthe complex-
ities of building theoriesfor variablesize structures. In
thelastyearor so,however, significantbreakthroughshave
changedthissituationradically. Todaynotonly dowehave
exactschematheoremsfor GPwith a varietyof operators
including subtreemutation, headlesschicken crossover,
standardcrossover, one-pointcrossover, andall othersub-
tree swappingcrossovers, but this GP theory also gener-
alisesandrefinesa broadspectrumof GA theory, asindi-
catedin Section2.

We believe that this paperextendsthis seriesof break-
throughs. Here we have presenteda new schemathe-
ory applicableto geneticprogrammingandbothvariable-
and fixed-length genetic algorithms with homologous
crossover. The theory is basedon the conceptsof GP
crossover masksandGPrecombinationdistributions,both
introducedherefor thefirst time. Asdiscussedin Section4,
this theoryalsogeneralisesandrefinesabroadspectrumof
previouswork in GPandGA theory.

Clearly this paperis only a first step. We have not yet
madeany attemptto useour new schemaevolution equa-
tions to understandthedynamicsof GPor variable-length
GAs with homologouscrossover or to designcompetent
GP/GA systems.In otherrecentwork, however, we have
specialisedandappliedthetheoryfor otheroperatorsto un-
derstandphenomenasuchasoperatorbiasesandtheevolu-
tion of sizein variablelengthGAs [12, 13, 14, 15]. In the
futurewe hopeto be ableto do thesameandproduceex-
citing new resultswith thetheorypresentedhere.
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