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Abstract

In this paperwe presentanew exactschemahe-
ory for geneticprogrammingandvariable-length
genetic algorithms which is applicableto the
generalclassof homologouscrosseers. These
areagroupof operatorsincluding GP one-point
cross@er and GP uniform cross@er, wherethe
offspring are createdpreservingthe position of
the geneticmaterialtaken from the parents.The
theoryis basedon the conceptof GP crosseer
masksand GP recombinatiordistributions (both
introducedherefor thefirst time), aswell asthe
notionsof hyperschemandnodereferencesys-
temsintroducedin otherrecentresearch. This
theory generaliseand refinesprevious work in
GPandGA theory

1 Introduction

Genetic programmingtheory has had a difficult child-

hood. After someexcellent early efforts leadingto dif-

ferentapproximateschematheoremd, 2, 3, 4, 5, 6, 7],

only very recentlyhave schemaheoriesbecomeavailable
which give exact formulations(ratherthanlower bounds)
for the expectednumberof instancesof a schemaat the
next generation. Theseexact theoriesare applicableto

GPwith one-pointcrossweer[8, 9, 10], standarccrosseer
and other subtree-swapping crosseers[11, 12, 13], and
differenttypesof subtreemutationand headlesschicken
cross@er[14, 15].

Here we extend this work by presentinga new exact
schemaheoryfor geneticprogrammingwhich is applica-
bleto averyimportantandgeneraktlassof operatorsvhich
we call homologouscrosswers. This group of opera-
torsgeneralisesnostcommonGA crosseersandincludes
GP one-pointcrosseer and GP uniform crosswer [16].

Theseoperatordiffer from the standardsubtreeswapping
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crosswer [1] in that they requirethat the offspring being
createdpresere the position of the geneticmaterialtaken
from the parents.

The paperis organisedasfollows. Firstly, we provide are-
view of earlierrelevantwork on GPschematandcoverthe
key definitionsandtermsin Section2. Then,in Section3
we shov how theseideascan be usedto definethe class
of homologouscrosseer operatorsand build probabilis-
tic modelsfor them. In Section4 we usetheseto derive
schemaheory resultsand an exact definition of effective
fitnessfor GPwith homologousrosser. In Section5 we
give anexamplethatshavs how thetheorycanbeapplied.
Someconclusionsaredravn in Section6.

2 Background

Schemataare setsof points of the searchspacesharing
somesyntacticfeature.For example,in thecontext of GAs
operatingon binary strings,the syntacticrepresentatioof
a schemais usuallya string of symbolsfrom the alphabet
{0,1,*}, wherethe character* is interpretedas a “don’t
care”symbol. Typically schemaheoremsaredescriptions
of how thenumberf memberof thepopulationbelonging
to aschemavary overtime. Let a(H, t) denotethe proba-
bility attime ¢ thata newly createdndividual samplegor
matches}heschemaH , which we termthetotal transmis-
sionprobability of H. Thenanexactschemaheorentor a
generationasystemis simply [17]

E[m(H,t+1)] = Ma(H,1), (1)

whereM is thepopulationsize,m(H,t + 1) isthenumber
of individualssamplingH atgeneratiori+1 andE[-] isthe

expectationoperator Holland'’s [18] andotherworst-case-
scenarioschemaheoriesnormally provide a lower bound

for a(H,t) or, equivalently, for E[m(H,t + 1)].

One of the difficulties in obtainingtheoreticalresultson
GPusingtheideaof schemas thatfinding aworkabledef-
inition of a schemas much lessstraightforward than for
GAs. Severalalternatve definitionshave beenproposedn



the literature[1, 2, 3, 4, 6, 7, 5]. For brevity herewe will
describeonly the definitionintroducedin [6, 7], sincethis
is whatis usedin therestof this paper We will referto this
kind of schematasfixed-size-and-shamghemata

Syntactically a GP fixed-size-and-shape schema
is a tree composed of functions from the set
FuU{=} andterminalsfrom theset7 U {=}, whereF and
T arethefunctionandterminalsetsusedin aGPrun. The

primitive = is a“don’t care”symbolwhich standgor asin-

gleterminalor function. A schemaH representshe setof

all programshaving the sameshapeas H andthe samela-

belsfor the non= nodes.For example,if 7={+, *} and
T={x, y}theschema + x (= y =)) representshe

four programs(+ x (+y x)), (+ x (+y y)),

(+ x (*yx))and(+ x (*yy)).

In [6, 7] aworst-case-scenarg&chemaheoremwasderived
for GPwith pointmutationandone-pointcrosswer; asdis-
cussedn [8], this theoremis a generalisatiorof the ver
sion of Holland’s schemaheorem[18] presentedn [19]
to variablesize structures.One-pointcrosseer works by
using the samecrosseer point in both parentprograms,
andthenswappingthecorrespondingubtreedik e standard
crossw@er. To accountfor the possiblestructuraldiversity
of the two parentsthe selectionof the cross@er point is
restrictedto the commonregion, the largestrootedregion
wherethe two parenttreeshave the sametopology The
commonregionwill bedefinedformally in Section3.

One-pointcrosser can be consideredo be an instance
of a much broaderclassof operatorghat can be defined
throughthe notion of the commonregion. For example,
in [16] we definedand studieda GP operatoy called uni-
form crosswer (basedon uniform crosseer in GAs), in
which the offspringis createdby independentiyswapping
the nodesin the commonregion with a uniform proba-
bility. If a nodebelongsto the boundaryof the common
region andis a function then also the nodesbelow it are
swappedotherwiseonly the nodelabelis swapped.Many
otheroperatorof this kind arepossible We will call them
homola@ouscrosswers, noting that our definitionis more
restrictve thanthatin [20]. A formal descriptionof these
operatorswill begivenin Section3.

The approximateschemaheoremin [6, 7] wasimproved
in [9, 10], whereanexactschemaheoryfor GP with one-
point cross@er was derived which was basedon the no-
tion of hyperschemaA GP hypesdemais a rootedtree
composedof internal nodesfrom F U {=} and leaves
from 7 U {=,#}. Again, = is a “don’t care” symbols
which standsfor exactly onenode,while # standsfor ary
valid subtree For example thehyperschemé&* # (= x
=)) representsll the programswith the following char
acteristics:a) the root nodeis a product,b) the first argu-
mentof the root nodeis ary valid subtree c) the second
argumentof the root nodeis ary function of arity two, d)

the first agumentof this functionis the variablex, e) the
secondargumentof the functionis ary valid nodein the
terminalset. Oneof theresultsobtainedn [10] is

a(H,t) = (1 — pw)p(H, 1) + pxotxo(H, t) 2

where
1
X0 H; = N 3
%ol H, ) ;NC(GMGD 3
x Y, pUE)NG, Op(LH,i) N Gr,t)
i€C(Gy,G1)

and:py, isthecrosswerprobability; p(H, t) is theselection
probability of theschemaH ;! G, Gs, - - - areanenumer
ation of all the possibleprogramshapesi.e. all the possi-
ble fixed-size-and-shapehemata&ontaining= signsonly;
NC(Gk, Gp) is the numberof nodesin the commonre-
gion betweenshapeG), andshapeG;; C(G,Gi) is the
setof indicesof the cross@er pointsin sucha common
region; L(H, 1) is the hyperschemabtainedby replacing
all the nodeson the path betweencross@er point ¢ and
theroot nodewith = nodes andall the subtreesonnected
to thosenodeswith # nodes;U(H, 1) is the hyperschema
obtainedby replacingthe subtreebelown crosseer point
with a# node;if a crosswer points is in the commonre-
gion betweentwo programshut it is outsidethe schema
H, thenL(H,i) andU(H,1) aredefinedto be the empty
set. The hyperschematd.(H,:) andU(H,i) areimpor-
tant becauseif onecrossesver at point 4 any individual
in L(H,) with any individual in U(H, ), the resulting
offspring is alwaysan instanceof H. The stepsinvolved
in the constructionof L(H, ) andU(H, 1) for theschema
H=(* = (+ x =)) areillustratedin Figurel.

As discussedn [8], it is possibleto shav that, in the ab-
senceof mutation,Equations2 and3 generalisendrefine
not only the GP schemaheoremin [6, 7] but alsothever-
sion of Holland’s schemaheorem[18] presentedn [19],
aswell asmorerecentGA schemaheory[21, 22].

Very recently this work hasbeenextendedn [11] wherea
generalgxactschemaheoryfor genetigorogrammingwith
subtreeswappingcrossaer was presented.The theoryis
basednageneralisatiomf thenotionof hyperschemand
on a Cartesiamodereferencesystemwhich makesit pos-
sibleto describeprogramsasfunctionsoverthe spaceN?.

The Cartesiarreferencesystemis obtainedby considering
theidealinfinite tree consistingentirely of nodesof some
fixed maximumarity ama. This maximaltree would in-
clude 1 nodeof arity an.x at depth0, a.. nodesof arity
Amax at depthl, (ama)? Nodesof arity ay., at depth2, and

YIn  fitness proportionate selection p(H,t) =
m(H,t)f(H,t)/(Mf(t)), where m(H,t) is the number of
treesin theschemaH attimet, f(H,t) is theirmeanfitness,and
f(t) is themeanfitnessof thetreesin the population.
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Figurel: Exampleof a schemandsomeof its potentialhyper
schemabuilding blocks. Thecrosseer pointsin H arenumbered
asshavn in thetop left.
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Figure 2: Syntaxtree for the program(| F (AND x1 x2)
(OR x1 x3) x1) representeih atree-independer@artesian
nodereferencesystemfor nodeswith maximumarity 3. Unused
nodesandlinks of the maximaltreearedravn with dashedines.
Only four layersandsix columnsareshavn.

generally(an,.)? nodesat depthd. Thenonecouldimag-
ine organisinghenodedn thetreeinto layersof increasing
depth(seeFigure?) andassigninganindex to eachnodein
alayer. Thelayernumberd andtheindex ¢ canthenbeused
to definea Cartesiarcoordinatesystem.Clearly, onecould
alsousethis referencesystemto locatethe nodesof non-
maximaltrees.Thisis possiblebecaus@non-maximatree
can always be describedusing a subsetof the nodesand
links in the maximaltree. This is illustratedfor the pro-
gram(lF (AND x1 x2) (OR x1 x3) x1) in Fig-
ure 2. So, for example,the | F nodewould have coordi-
nates(0,0), the AND would have coordinateg1,0), andthe
x3 nodewould have coordinateq2,4). In this reference
systemit is always possibleto find the routeto the root
nodefrom ary valid coordinate.Also, if onechooseSimax
to be the maximumarity of the functionsin the function
set, it is possibleto usethis referencesystemto represent
the structureof any programthat canbe constructedwvith
thatfunctionset.

The theory in [11] is also applicableto standardGP
crosseer [1] with and without uniform selectionof the
cross@er points, one-point crosseer [6, 7], size-fir
crosswer[20], strongly-typedGP crosswver[23], context-
preservingcrosseer[24], andmary others.Thetheoryhas
alsobeenrecentlyextendedto subtreemutationandhead-
lesschickencrossaer [14, 15]. It doesnot, however, cur-
rently covertheclassof homologousoperatorandthegoal
of this paperis tofill thattheoreticagap.

3 Modelling Homologous Crossover s

Givenanodereferencesystemit is possibleto definefunc-
tions over it. An exampleof suchfunctionsis the arity
function A(d, i, h) which returnsthe arity of the nodeat
coordinateqd, 7) in h. For example,for the treein Fig-
ure2, A(0,0,h) = 3, A(1,0,h) = 2andA(2,1,h) =0
Similarly, it is possibleto definethe commorregion mem-
bership function C(d, 1, h1, ha) which returnstrue when
(d,1) is partof thecommonregionof h; andh,. Formally,
C(d,i, h1, h2) = true wheneither(d, ) = (0,0) or

Ad=1,i" ) = A(d—1,i',hy) #0
and C(d—1,i, h, hy) = true,

wherei’ = |i/ama and|-] is the integerpart function.
This allows usto formalisethe notionof commorregion:

(4)

This is the notion of commonregion usedin the schema
theorem for one-point crosseer in Equation 2. As

indicated before, one-point crosswer selectsthe same
cross@er point in both parentsby randomly choosinga

nodein the commonregion. An alternatve way to inter-

pret the action of one-pointcrosseer is to imagine that
the subsetof nodesin C(h;, h2) belov sucha crosswer
point are transferredfrom parenth, into an empty coor

dinatesystem while all the remainingnodesin C(h1, h2)

aretaken from parenth,. Clearly, nodesrepresentinghe
leavesof thecommorregionshouldbetransferredogether
with their subtreesjf arny. Otherhomologouscrosseers
cansimply be definedby selectingsubsetf nodesin the
commonregion differently.

C(hl,hz) = {(d, ’L) |C(d,i,h1,h2) = true}.

A goodwayto describeandmodeltheclassof homologous
crossersis to extendthe notionsof crosseer masksand
recombinatiordistributionsusedn genetic425] andin the
GA literature[26, 27, 28]. In a GA operatingon fixed-
length stringsa crosseer maskis simply a binary string.
Whencrosseer is executed the bits of the offspring cor-
respondingo the 1's in the maskwill be takenfrom one
parent,thosecorrespondingo 0's from the other parent.
For example,if the parentsare the stringsaaaaaa and
bbbbbb andthecrossaermaskis 110100, oneoffspring
wouldbeaababb. For operatorseturningtwo offspringit



is easyto show thatthesecondffspringcanbeobtainecby

simply complementingbit by bit, the crosseer mask.For

example,thecomplemenbf themask110100, 001011,

givesthe offspringbbabaa. If the GA operate®n strings
of length vV, then2? differentcrosseer masksare possi-
ble. If, for eachmaski, onedefinesa probability, p;, that
themaskis selectedor crosser, thenit is easyto seehow

differentcrosswer operatorscan simply be interpretedas
differentways of choosingthe probability distribution p;.

For example,for stringsof length N = 4 the probability
distribution for one-pointcrosseer would bep; = 1/3 for

thecrosseer masks; = 1000, 1100, 1110 andp; = 0 oth-

erwise,while for uniform crosswer p; = 1/16 for all 16

i'S. The probability distribution p; is calleda recombina-
tion distribution.

Letusnow extendthenotionof recombinatioristributions
to geneticprogrammingwith homologouscrosswer. For
ary given shapeand size of the commonregion we can
definea set of GP crossawer maskswhich correspondo
all possiblewaysin which a recombinatioreventcantake
placewithin the givencommonregion. Becausehenodes
in the commonregion are always arrangedso asto form
atree,it is possibleto representhe commonregion asa
treeor anequivalentS-expressionSo,GPcrosseermasks
can be thoughtof as treesconstructedusing 0’s and 1's
that have the samesize and shapeasthe commonregion.
So, for example,if the commonregion is representedby
the setof nodecoordinates{(0,0),(1,0),(1,1}, thenthere
areeightvalid GPcross@ermasks:(0 0 0),(0 0 1),
(010,(011),(100),(101),(110
and(1l 1 1). Thecomplemenbf a GP cross@er mask
is an obvious extension,wherethe complement hasthe
samestructureasmask: but with the0’sand1’s swapped.
In the following we will usex. to denotethe setof the
2NV(e) crosswer masksassociatedvith the commonregion
¢, where N (c) is the numberof nodesin ¢. Sincewe are
typically interestedn the commonregion definedby two
treeswe’'ll usex(hi, he) asashorthandor xc(p, h.)-

Oncey. is definedwe candefinea fixed-size-and-shape
recombinatiordistribution p§ which givesthe probability
that crosseer maski € x. will be chosenfor crosseer
betweenindividuals having commonregion ¢. Thenthe
set{p§ | Vc}, which we call a GP recombinatiordistribu-
tion, completelydefineghebehaiour of a GPhomologous
crosswer operatoy differentoperatordeingcharacterised
by differentassignmentsor the p;. For example,the GP
recombinatiordistribution for uniform GP cross@er with
50% probability of exchangingnodesis p§ = (0.5)V(¢).

GP crosseer masksand GP recombinationdistributions
generalisghe correspondindsA notions. Indeed,asalso
discussedn [8], GAs operatingon fixed-lengthstringsare
simply a specialcaseof GP with homologouscrosseer.
This canbe shown by consideringhe caseof functionsets

including only unaryfunctionsandinitialising the popula-
tion with programsof the samelength. Sincein a linear
GPsystemwith fixedlengthprogramsevery individual has
exactlythe samesizeand(linear)shapepnly onecommon
region ¢ is possible. Therefore,only one fixed-size-and-
shaperecombinatiordistribution p is requiredto charac-
terisecrossweer. In variablelength GAs and GR, multiple
fixed-size-and-shapecombinationdistributions are nec-
essaryonefor every possiblecommonregion c.

4 Exact GP Schema Theory for Homologous
Crossovers

Using hyperschematand GP recombinatiordistributions
for homologousrosswer, we obtainthefollowing:

Theorem 1. Thetotal transmissiomprobability for a fixed-
size-and-shap&P schemaH underhomol@ouscrosswer
is givenby Equation2 with

ay(H,t) = )
S b, t)plhn,t) Y B x
hi  ho i€x(h1,ha)

8(hy € T(H,i))d(hs € T(H,7))

whete: the first two summationsre over all the individu-
alsin the population;C'(hy, h2) is thecommorregion be-
tweenprogram hy and programhs; x(hi, h2) is the setof
crosswer masksassociatedvith C'(hy, ho); 6(x) isafunc-
tion which returns1 if z is true, 0 otherwise;T'(H, 1) is
definedbelow;s is the complementf crosswer maski.

T'(H,1) is definedto betheemptysetif 4 containsary node
notin H. Otherwiseit is the hyperschemabtainedby re-
placingcertainnodesn H with either= or # nodes:

o |f anodein H correspondso (i.e., hasthe samecoor
dinatesas)a non-leafnodein i thatis labelledwith a
0, thenthatnodein H is replacedvith a=.

¢ If anodein H correspondso a leaf nodein i thatis
labelledwith a0, thenit is replacedwith a#.

e All othernodesin H areleft unchanged.

If, for example,H =(* = (+ x =)), asindicatedin

Figure3(a),thenT'(H, (0 1 0)) is obtainedby first replac-
ing the root nodewith a = symbol(becauséahe crosseer

maskhasa function node0 at coordinateq0,0)) andthen
replacingthe subtreerootedat coordinateq1,1) with a #

symbol (becausehe crosswer maskhasa terminalnode
0 at coordinateq1,1)) obtaining(= = #). Theschema
T'(H,(1 0 1)), which forms a complementarypair with

the previousone, is insteadobtainedby replacingthe sub-
treerootedat coordinateg1,0) with a# symbolobtaining
(* # (+ x =)),asillustratedin Figure3(b).
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Figure3: A complementaryair of hyperschemat& (H, 1) for
theschemaH =(* = (+ x =)).

ThehyperschematB(H, i) andl'( H, i) aregeneralisations
of the schematal (H,4) andU(H, i) usedin Equation2
(compareFiguresl and3). In generalif onecrossesover
usingcross@er mask: anyindividual in T'(H, 1) with any
individual in T'(H, ), the resultingoffspring is alwaysan
instanceof H.

Oncethe conceptof T'(H, ) is available,the theoremcan
easilybeproven.

Proof. Let p(hy, ha,i,t) betheprobabilitythat,atgenera-
tion ¢, the selection-crosseer processwill chooseparents
hy andh, andcross@er maski. Then,let usconsiderthe
function

g(hl,hz,i,H) = (S(hl S F(H,Z))(S(hz € F(H,i))

Given two parentprograms,h; andh,, anda schemaof
interestH, this functionreturnsthevaluel if crossingover
hi andh. with cross@er mask: yieldsan offspringin H.
It returnsO otherwise. This function canbe consideredas
ameasuremerftinction (see[27]) thatwe wantto applyto
the probability distribution of parentsandcross@er masks
attimet, p(hy, ha,1,t). If hq, ho andi arestochastiosari-
ableswith joint probability distribution p(h1, hs,1,t), the
functiong(h4, ha,i, H) canbeusedto definea stochastic
variabley = g(hy, he,i, H). Theexpectedvalueof + is:

:ZZZg(hth;i;H)p(hlah27i7t)' (6)
hi ha i

Since+ is a binary stochasticvariable,its expectedvalue
alsorepresentshe proportionof timesit takesthevaluel.

This correspondso theproportionof timesthe offspring of
hy andhs arein H.

We canwrite

p(ha, ha,1,t) = p(ilhy, h2)p(ha, t)p(h2, t),

where p(i|hi, he) is the conditional probability that
cross@er maski: will be selectedwhen the parentsare
h1 and hs, while p(hy,t) and p(hs,t) are the selection
probabilitiesfor the parents. In homologouscrosseer

p(i|hy, ha) = p° P56 € x(hy, ha)), SO

p(h17 h27 7:7 t)
= p(h1, t)p(ha, t)p{ "™ 8(i € x(h1, ha)).

Substitutinghisinto Equation6 with minor simplifications
leadsto the expressiorof a,, in Equation5. O

Equations2 and 5 allow one to computethe exact total
transmissiorprobability of a GP schemain termsof mi-
croscopicquantities. It is possible however, to transform
this modelinto the following exact macroscopienodel of
schemaropagation

Theorem 2. Thetotal transmissiomprobability for a fixed-
size-and-shap&P schemaH underhomol@ouscrosswer
is givenby Equation2 with

=22 2

ik iex(G;,Gx)
p(T(H,i) NGy, t)p(T(H,i) N Gy, t).

oo H, 1) iC(Gj,Gk) x 7)

Proof. Let usstartby consideringall the possibleprogram
shapesGy, Gs, ---. Theseschematarepresentdisjoint
setsof programs.Their union representshe whole search

spaceso
Y 6 €Gy) =
j

We insertthel.h.s. of this expressiorand of ananalogous
expressiornfor 6(hs € Gy) in Equation5 andreorderthe
termsobtaining?

OZxo(H t)
- ZZZZP(’“’ p(h2,t)
hy ho
S pCMh5(h, € T(H, ))5(h € G;)
i€x(h1,h2)

8(hs € T(H,7))o(h2 € Gy)

= 22> > ey

J k h1€G; ho€Gy,

> w6 €T(H,0)d(ha € T(H, 1))
i€x(h1,h2)

2Notethath1 € Gj Ahs € Gy = C(hl,h2) =

p(h2,t)

C(Gj,Ghr)-



220> > phy

Jj k h1€G; ha€Gy

S pCs(hy € T(H,1))5(he € T(H, 7))

’iEX(Gj ,Gr)
€(G;.64)
p;
EY X 0y,

ik iex(G;,G)

8(h1 € T(H,i)) > p(h2,t)6(hz € T(H,7)).

ho€Gy,

p(ha,t)

(h1,t)

Sincezhleaj p(h1,t)o(hy € T'(H,i)) = p(T'(H,i) N
G;,t) (andsimilarly for p(T'(H, i) N Gy, t)), this equation
completeghe proof of thetheorem. O

This theoremis a generalisationof Equations2 and 3.

Theseasindicatedn Section2, areageneralisationf are-
centGA schemaheoremfor one-pointcrosswer[21, 22]

anda refinement(in the absenceof mutation)of both the
GP schemaheoremin [6] andGoldbeg’s version[19] of

Holland’s schematheory [18]. The schematheoremsin

this paperalsogeneraliseother GA results(suchasthose
summarisedh [29]), aswell astheresultin [27, appendix],
sincethey canbeappliedto linearschematandevenfixed-
lengthbinary strings. So, in the absenceof mutation,the
schematheoryin thispapergenemlisesandrefinesotonly
earlier GP schematheoremsbut also old and modernGA
schematheoriesfor one- and multi-point crosswer, uni-

form crosswer andall otherhomola@ouscrosswers.

Oncethe value of a(H,t) is available, it is trivial to ex-
tend (aswe did in [10, 11]) the notion of effective fithess
providedin [21, 22] obtainingthefollowing:

Corollary 3. Theeffectivefitnessof a fixed-size-and-shape
GP schemaH underhomolajouscrossweris

_ a(H,)
feﬁ'(Hat) - p(H,t) f(Hat)
C(G4,Ge) o

= JED[1-pe(1-2 3 8

Jk iex(G;,Gr)

p(T(H,i) N G;, )p(T(H, i) N Gi, )>]
p(H, 1) '

(8)

5 Example

Since the calculationsinvolved in applying exact GP
schemaheoremscanbecomeguite lengthy we will limit
ourseheshereto one extremely simple example. For ap-
plicationsof this andrelatedschemaheoriessee[12, 13,
14, 15, 30. To make clearerthe relationshipbetween
this work andour theoryfor one-pointcrossaer, we will
usethe sameexampleasin [10], this time usinggeneral
homologouscrosswer operatorsnsteadof just one-point
crosseer.

Let us imagine that we have a function set
{Af,B¢,C¢, Dy, Ef}  including only unary func-
tions, and the terminal set { A;, B, Cy, Dy, E¢}.  Since,
all functionsare unary we can unambiguouslyrepresent
expressionsvithout parenthesisin addition,sincetheonly
terminalin eachexpressionis the rightmostnode,we can
remove the subscriptswithout generatingary ambiguity
Thus, every memberof the searchspacecanbe seenasa
variable-lengthstring over the alphabet{ A, B, C, D, E'},
and GP with homologouscrosseer is really a non-binary
variable-lengtiGA.

Let usnow consideitheschemaAB=. We wantto measure
its total transmissiorprobability (with p,, = 1) underfit-
nessproportionateselectionand an arbitrary homologous
cross@eroperatoifor thefollowing population:

Population| Fitness
AB 2
BCD 2
ABC 4
ABCD 6

In orderto apply Equation? we first needto numberall
the possibleprogramshapes7:, G, etc..Let G; be=, G,
be ==, G3 be=== andG4 be====, We do not needto
considerother, larger shapesecauseahe populationdoes
not containary largerprograms We thenneedto evaluate
the shapeof the commonregionsto determinex (G, G)
for all valid valuesof j andk. In this casethe common
regions can be naturallyrepresentedisingintegerswhich
representthe length of the commonregion. Since the
length of the commonregion is the length of the shorter
parentwe know C(G;,G}) = min(j, k). Then,for each
commonregion ¢ we needto identify the hyperschemata
T'(AB=, %) for all the meaningfulcrosseer masksi € x.
and calculateI'(AB=,¢) N G; for all meaningfulvalues
of j. Thesecalculationsareshowvn in Table1. Usingthis
tablewe canapply Equation?, obtaining,after simplifica-
tion andomitting¢ andthesuperscript: from pf for brevity,

A(AB=) = o AB=)
>

J,k=1;e{0,1}min(i.k)

(po + p1)p(AB =)p(=) +

(Poo + p11)p(AB =)p(==) +

(Po1 + p1o)p(= B =)p(A =) +

(Pooo + p111)p(AB =) (p(===) + p(====)) +

(

(

(

pip(T(H, i) N Gj)p(P(H, Z) N Gg)

poo1 + p110)p(===)(p(AB =) + p(AB ==)) +
po1o + Pio1)p =)(p(=B =) +p(=B ==)) +

A==)(
poit + pioo)p(= B =)(p(A ==) + p(4 ===)).

AA,_\A

This equationis valid for any homologouscrosseer op-
erator eachof which is definedby the setof p;. It is
easyto specialisest for one-pointcrossaer by usingthe



Mask | T'(AB=, 1) I'(AB=,:) N G

i T=11j=2]j=3]j=4
0 # = == === ====
1 AB= 0 0 | AB= 0
00 = 0 == === ====
01 =B= 0 0 =B= 0
10 AH 0 = == ===
11 | AB= 0 0 | AB= 0
000 == 0 [} === ====
001 === 0 0 === 0
010 =B# 0 0 =B= =B==
011 =B= 0 0 =B= 0
100 A=# 0 0 == ===
101 == @ 0 == @
110 | AB# 0 0 | AB= | AB==
111 | AB= 0 0 | AB= 0
0000 | @ 0 0 0 0

Table 1. Crosswer masksandschematanecessaryo calculate
axo(AB =)

recombinationdistribution pg = 1, popo = p1o = 1/2,
Pooo = Pioo = p11o = 1/3 andp; = 0 for all other
cross@er masks.This leadsto the sameresultasin [10].

It is also easyto specialisethe previous equationto uni-
form crosswer by using the recombinationdistribution
pi = (0.5)V®, where N(i) is the length of crosswer
maski. Doing soin this caseyields a(AB=,t) ~ 0.2806.
For the sameexample,in [10] we obtaineda(AB=,t) =~
0.2925 for one-pointcrosseer, which indicatesthat uni-
form crosswer is slightly less “friendly” towards the
schema. We can also use Equation8 to computethe ef-
fective fitnessfor the schemaAB= for both uniform and
one-pointcrosser, obtainingvaluesof approximately3.9
and4.1, respectiely. Thesevaluesare very closeto the
actualaveragefitnessof the scheman the currentpopula-
tion, 4, suggestinghatin this casedisruptionandcreation
effectstendto balanceout. This is not always the case,
however, asis shavnin [10].

6 Conclusions

Unlike GA theory which hasmadeconsiderablgrogress
in the last ten yearsor so, GP theory hastypically been
scarceapproximateand,asarule, notterribly useful. This
is not surprisinggiven the youth of GP andthe comple-
ities of building theoriesfor variable size structures. In
thelastyearor so,however, significantbreakthroughbave
changedhis situationradically. Todaynotonly dowe have
exactschemaheoremdor GP with a variety of operators
including subtreemutation, headlesschicken crosswer,
standarctcrossw@er, one-pointcrosseer, andall othersub-
tree swapping crossaers, but this GP theory also gener
alisesandrefinesa broadspectrumof GA theory asindi-
catedin Section2.

We believe that this paperextendsthis seriesof break-
throughs. Here we have presenteda new schemathe-

ory applicableto geneticprogrammingandboth variable-
and fixed-length genetic algorithms with homologous
cross@er. The theory is basedon the conceptsof GP

cross&er masksand GP recombinatiordistributions,both

introducedherefor thefirsttime. As discussedh Sectior4,

thistheoryalsogeneraliseandrefinesa broadspectrunof

previouswork in GPandGA theory

Clearly this paperis only a first step. We have not yet
madeary attemptto useour new schemaevolution equa-
tionsto understandhe dynamicsof GP or variable-length
GAs with homologouscrosseer or to designcompetent
GP/GA systems.In otherrecentwork, however, we have
specialise@ndappliedthetheoryfor otheroperatorgo un-
derstangphenomenauchasoperatombiasesandthe evolu-
tion of sizein variablelengthGAs[12, 13, 14, 15]. In the
future we hopeto be ableto do the sameand produceex-
citing new resultswith thetheorypresentedhere.
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