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Abstract

In this paperwe presenta Markov chainmodel

for GP and variable-lengthGAs with homolo-
gouscrosswer: a setof GP operatoravherethe

offspring are createdpreservingthe position of

the geneticmaterialtaken from the parents.We

obtain this result by using the core of Voses

modelfor GAs in conjunctionwith a specialisa-
tion of recentGP schemaheoryfor suchopera-
tors. The modelis thenspecialisedor the case
of GPoperatingon 0/1 trees:atree-like general-
isationof the conceptof binary string. For these
symmetriesexist that canbe exploited to obtain

further simplifications. In the absenceof muta-
tion, thetheorypresentedheregeneralise¥oses

GA modelto GPandvariable-lengthGAs.

1 Intr oduction

After a stronginitial interestin schematd1, 2], theinter-
estof GA theoristshasshiftedin the last decadetowards
microscopicMarkov chainmodels,suchasVoses model,
possiblywith aggreyatedstateq3, 4,5, 6, 7, 8, 9, 10, 11].

In thelastyearor sothetheoryof schematdnasmadecon-
siderableprogressbothfor GAsandGR Thisincludesser-
eral new schematheoremswhich give exact formulations
(ratherthanthe lower boundspreviously presentedn the
literature[12, 13, 14, 15, 16, 17, 18]) for theexpectechum-
ber of instance®f a schemaat the next generation.These
exacttheoriesmodel GP with one-pointcrosseer [19, 20,
21], standardand other subtree-swppingcrosseers[22,
23, 24], homologouscrosseer[25], anddifferenttypesof
subtreemutationandheadleshicken crosseer [26, 27].
While considerablgrogresthasbeenmadein GP schema
theory no Markov chainmodelfor GP andvariable-length
GAs hasever beenproposed.

In this papemwe startfilling thistheoreticagapandpresent
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a Vose-like Markov-chainmodelfor geneticprogramming
with homologouscross@er [25]: a setof operators,in-
cluding GP one-point crosswer [16] and GP uniform
crosswer [28], wherethe offspring are createdpreserving
the positionof the geneticmaterialtakenfrom the parents.
We obtainthis resultby usingthe coreof Voses theoryin
conjunctionwith a specialisatiorof the schemaheoryfor
suchoperators.This formally links GP schemaheoryand
Markov chainmodels two worldsbelievedby mary people
to bequite separate.

The paperis organisedasfollows. Giventhe compleity
of the GP mechanicsgxact GP schematheories,suchas
the exactschemaheoryfor homologousrosseerin [25],
tendto be relatively complicated.Similarly, Voses model
for GAs [3] presentssignificantcomplexities. In the fol-
lowing sectionwe will summarisehesetheoriegproviding
asmuchdetail asreasonablepccasionallyreferringto [3]
and[25] for moredetails. Then,in Section3 we present
the extensionsto both theorieswhich allow the construc-
tion of a Markov chainmodelfor GP andvariable-length
GAs with homologouscross@er. In Section4 we indi-
catehow thetheorycanbesimplifiedthanksto symmetries
which exist whenwe restrictoursehesto 0/1 trees:atree-
like generalisatiorof the conceptof binary string. In Sec-
tion 5 we give anexample.Someconclusionsaredravn in
Section6.

2 Background

2.1 Nix and Voses Mark ov Chain Model of GAs

The descriptionprovided hereis largely basedon [3, 29
and[4]. Seg[30] for agentlerintroductionto this topic.

Let © be the setof all possiblestrings of lengthl, i.e.
Q = {0,1}. Letr = |Q| = 2! bethe numberof ele-
mentsof sucha space.Let P bea populationrepresented
asamultisetof elementfrom Q, letn = | P| bethepopula-
tion size,andlet N bethenumberof possiblepopulations;



in [3] it wasshawn that

N:<n+r—1 )
r—1

Let Z beanr x N matrix whosecolumnsrepresenthe
possiblepopulationsof size n. The ith column &; =
(20,i---,2r—1,i)T Of Z is theincidencevectorfor theith
populationP;. Thatis z, ; is the numberof occurrences
of stringy in P; (wherey is unambiguouslynterpretedas
anintegeror asits binary representatiodependingon the
context).

Oncethis staterepresentatiolis available,one canmodel
a GA with a Markov chainin which the N columnsof Z

representhe statesof the model. Thetransitionmatrix for

themodel,@, isan N x N matrixwheretheentry@Q;; rep-

resentghe conditionalprobability that the next generation
will be P; assuminghatthe currentgeneratioris P;.

In orderto determinethe valuesQ);; let usassumehatwe
know the probabilityp; (y) of producingindividualy in the
next generatiorgiventhatthe currentgenerationris P;. To
producepopulationP; we needto getexactly z,, ; copiesof
stringy fory = 0,...,r — 1. Theprobability of this joint
eventis given by a multinomial distribution with success
probabilitiesp;(y) fory =0,...,r — 1, s0[3]]

The calculationsnecessaryto computethe probabilities
p;i(y) depenctrucially ontherepresentatioandtheopera-
torschosen.n [4] resultsfor variousGA crosseer opera-
torswerereported.As notedin [3], it is possibleto decom-
posethe calculationsusingideasfirstly introducedin [29]
asfollows.

Assumingthatthe currentgeneratioris P;, we canwrite

r—1
pily) = Z Sm,isn,irm,n(y) ()

m,n=0

wherer,, »(y) is the probability that crossingover strings
m andn yieldsstringy ands, ; is theprobability of select-
ing z from P;. Assumindfitnessproportionateselection,

— zw,if(x) 3
S i G) ©

wheref(z) is thefitnessof stringz.

We can maptheseresultsinto a more recentformulation
of Voses model[4] by makinguseof matricesand oper

ators. We startby treatingthe fithessfunction asa vector
f of componentsfy, = f(k). Then,if z is theincidence

vector representinga particularpopulation,we definean
operatorF, calledthe selectionscheme! which computes
the selectionprobabilitiess, ; for all the membersof Q.
For proportionalselection

F(z) = diag(f)z/f =

Thenwe organisethe probabilitiesr,, ,(y) into r arrays
M, of sizer x r, calledmixing matrices the elementsof
whichare(My)m n = rmn(y). Wefinally defineanoper
ator M, calledthe mixingscheme

M(z) = (T Moz, 2" Myz, ..., x" M,_1z)

whichreturnsa vectorwhosecomponentsrethe expected
proportionof individualsof eachtype assuminghatindi-
vidualsareselectedrom the populationz randomly(with
replacementandcrossedver.

Finally we introducethe operatorG = M o F, which pro-
videsa compactway of expressingthe probabilitiesp; (y)
since(for fithessproportionateselection)

diag(f)®;
p(o) = (6@}, = {m (FED%)
e ),
wherethenotation{-}, is usedto representheyth compo-
nentof avector So,the entriesof the transitionmatrix for
the Markov chainmodelof a GA canconciselybe written
as
r—1 Zu 4
{9(2i)}y)™?

Qii=n']] T (4)
y=0 ’
In [29, 3, 4] it is shavn how, for fixed-lengthbinary GAs,
the operatorM canbe calculatedasa functionof the mix-
ing matrix My only. This is doneby using a setof per
mutationoperatorswvhich permutethe componentof any
genericvectorz € R”:

0’j<.’170,...,.’17r,-_1>T = <.’L'j®0,...,afj@r_1)T, (5)
wherea is a bitwise XOR.2 Thenonecanwrite
M(IL') = <(0'0117)TM00'0.’L', ey (UTfl.’L')TM()UTfl.Z')T.

(6)

2.2 Exact GP SchemaTheory for Homologous
Crosswer

In [25] the following exact schematheoremfor GP with
homologousrosseerwasreported:

1In this papemwe have choserto usethesymbolF to represent
both the selectionschemeof a GA andthe function setusedin
GR sincethis is the standardnotationfor both. This produces
no ambiguity sincethe selectionschemds not usedoutsidethis
section,andthefunctionsetis notreferredto insideit.

2Theoperator87j canalsobeinterpretedaspermutatiorma-
trices.



Py, 3. p G
j ok lEXc(Gj,Gk)

p(F(H, l) N Gj7 t)p(F(Ha l) n Gka t)

where

e H is a GPschemaj.e. atreecomposedf functions
from thesetF U {=} andterminalsfrom theset7 U
{=}, whereF and7 arethe function andterminals
setsusedin our GP systemand the primitive = is a
“don’t care”symbolwhich standgor asingleterminal
or function.

e o(H,t) istheprobabilitythatanewly createdndivid-
ual matchegheschemaH.

® p., iSthecross@erprobability.
o p(H,t) istheselectiomprobability of the schemaH .

e GG1, G, - -- areall the possibleprogramshapesi.e.
all thepossibleschemata&ontaining= signsonly.

e C(Gj,Gy) is the commonregion betweenprograms
of shapelr; andprogramsof shapei,. Thecommon
region betweertwo generictreesh, andh, is theset

C(h‘17 hz) = {(d7 Z)|C(d7 i: h17 h2)}7

where (d,7) is a pair of coordinatesin a Cartesian
node referencesystem (see[22, 25] for more de-
tails on the referencesystemused). The predicate
C(d,i,h1,h) is true if (d,i) = (0,0). It also
trueif A(d—1,i',h1) = A(d—1,i",h2) # 0 and
C(d— 1,4, hy,hs) is true, where A(d, i, h) returns
the arity of the nodeat coordinategd, ) in h, i’ =

li/amax| @nd |- is the integerpart function. The
predicatds falseotherwise.

e For ary given commonregion ¢ we candefinea set
of GP crossower masks X, which containsall differ-
enttreeswith the samesizeandshapeasthecommon
regionwhich canbebuilt with nodedabelled0 and1.

e The GP recombinatiordistribution p; givesthe prob-
ability that, for a given commonregion ¢, crosseer
maskl will bechoserfrom thesetX..

¢ A GPhypesdemais arootedtreecomposef inter-
nalnodesrom F U {=} andleavesfrom 7T U {=, #}.
Again, = is a “don’t care” symbolswhich standsfor
exactlyonenode,while # standgor ary valid subtree.

e I'(H, 1) is definedto betheemptysetif I containsany
nodenotin H. Otherwiseit is the hyperschemab-
tainedby replacingcertainnodesin H with either=
or # nodes:

— If anodein H correspondso (i.e., hasthe same
coordinatesas) a non-leafnodein [ thatis la-
belledwith a 0, thenthatnodein H is replaced
with a=.

— If anodein H correspondso aleafnodein [ that
is labelledwith a 0, thenit is replacedwith a #.

— All othernodesin H areleft unchanged.

e [ is the complemenbf the GP crosswer maski. The
complemenbf amaskis atreewith thesamestructure
but with the0’sand1’s swapped.

3 Mark ov Chain Model for GP

In orderto extendVoses modelto GP andvariable-length
GAs with homologouscrossaer we define( to beanin-

dexed setof all possibletreesof maximumdepth? that
canbe constructedvith a givenfunctionsetF andagiven
terminalset7. Assumingthattheinitialisation algorithm
selectgprogramsn 2, GPwith homologousrossaercan-
not produceprogramsputsides?, ands? is thereforeafinite

searchspace. Again,r = || is thenumberof elementsn

the searchspacethis time, however, r is not 2!, All other
guantitiesdefinedin Section2.1 canbe redefinedoby sim-

ply replacingthe word “string” with the word “program”,

providedthatthe elementof 2 areindexed appropriately
With theseextensionsall the equationdn thatsectionare
alsovalid for GP, exceptEquationss and6.

Theseare all minor changes.A major changeis instead
requiredto computethe probabilitiesp;(y) of generating
the yth programin 2 when the populationis P;. For-
tunately theseprobabilities can be computedby apply-
ing the schemaheorydevelopedin [25] and summarised
in Section2.2. Sinceschemaequationsare applicableto
schemataswell asto individual programsit is clearthat:

pi(y) = a(y,t) (8)

wherea is calculatedfor populationP;. This canbedone
by specialisingequation7. Doingthis allows oneto instan-
tiate the transitionmatrix for the modelusing Equationl.
However, it is possibleto expressp;(y) in termsof more
primitive quantitiesasfollows.

Let usspecialiseEquation? for theyth programin Q:

pz(y) = (1 _pzo)p(y:t)+

DY

j ok leXc(Gj Gy)

plC(Gj’Gk) %

p(F(ya l) N Gja t)p(r(ya l) N Gka t)



= (1—puo) Y (= y)p(ha,t) x Y p(ho,t)

h1€Q ho €EQ
———
=1
e DY > p

J k lEX(Gj,Gk)
> p(ha, )5(hy € T(y,1))d(hy € G;) x

h1€Q
S plha, 1)3(hz € Ty, 1)3(hs € Gy
ho€Q
= Z p(h1,t)p(ha,t) x
h1,h2€Q
ey T S0

1€Xc(hy,h)

6(h € T(y,1))d(ha € T(y,1))],

wherewe usedthefactthat)”, d(z € G) = 1.

Assuming the current populationis P;, we have that
p(h,t) = si(t). So,thelastequationcanbe rewrittenin
thesameform asEquation2 providedwe set

Fman(y) = [ (1= peo)d(m = y)+ ©)
oo Y B ™Ma(m € T(y,1)d(n € T(y, D).
lEXc(m,n)

Note that this equationcould have beenobtainedby di-

rect calculation,ratherthan throughthe specialisatiorof

a schemaheorem However, this would still have required
the definition and useof the hyperschema-returninfginc-
tion T' andof the conceptof GP crosswer masksandGP
recombinatiordistributions. Also, noticethatthe setof GP
cross@er masksalso include maskscontainingall ones.
Thesecorrespondo cloningthefirst parent.Therefore by
suitablereadjustementf the probabilitieSplC(m’") , wecan
rewrite Equation9 as

Z plC(m,n)(;(m € I'(y,1))d(n € T(y,1)).
lEXc(m,n)

""m,n(y) =

(10)
This formulais analogougo the caseof crosseer defined
by maskdfor fixed-lengthbinary strings[4].

4 Mixing Matrices for 0/1 Trees

As hasalreadybeenstatedin Section2.1, for the caseof

fixed-lengthbinary strings,the mixing operatorM canbe
written in termsof a singlemixing matrix My andagroup
of permutatiommatrices.This works becausehe permuta-
tion matricesarearepresentationf agroupthatactstransi-
tively onthe searchspace.This groupactiondescribeghe
symmetrieghatareinherentin the definition of crosseer

for fixed-lengthstrings[4]. This ideacanbe generalised
to otherfinite searchspaceqsee[32] for the detailedthe-
ory). However, in thecaseof GR, wherethesearchspacds
a setof trees(up to somedepth),the amountof symmetry
is morelimited and doesnot seemto give rise to a single
mixing matrix.

In this sectionwe will look at what symmetrydoesexist

andthe simplificationsof the mixing operatorit produces
whenwe restrictourselesto the spaceof 0/1 trees These
aretreesconstructedusing primitivesfrom a terminal set
T = {00, 1o} andfrom afunctionsetF = | J,., F; where
Fi = {0;,1;}, ¢ is afinite subsebf N, andthe subscripts
0 andi representhe arity of a 0/1 primitive It should
be notedthatthe semanticof the primitivesin 0/1 treesis

unimportantor thetheory andthatO/1 treesarea general-
isationof thenotionof binarystrings?

Let 2 bethesetof 0/1treesof depthatmost/ (wherea pro-
gramcontainingonly aterminalhasdepthl). Let L({2) be
thesetof full treesof exactly depth? obtainedby usingthe
primitivesetT UF;,, wherei,, isthemaximumelemenin
t. We termnode-wiseXORthe operatiorwhich, giventwo
treesa andb in L(12), returnsthe 0/1 treewhosenodesare
labelledwith the resultof the addition (modulo2) of the
binarylabelsof thenodesin a andb having corresponding
coordinatesthis operatoris denoteds & b.

For example, if we represent0/1 trees in prefix
notation, (1(101)(001)) ® (0(100)(011)) =
(1(001)(010)). L(Q) isagroupundermnode-wiseXOR.
Noticethatthe definitionof & extendsnaturallyto pairsof
treeswith identicalsizeandshape.

For eachtreek € Q we defineatruncationfunction
7 L(Y) — Q

asfollows. Givenary treea € L(2) we matchup the
nodesin k£ with thenodesn a, recursvely:

1. Therootnodesarematched.

2. Thechildrenof a matchednodein k are matchedto
childrenof the correspondingnodein a from the left.
Recallthat eachnodein a hasthe maximum possi-
ble arity, andthata hasthe maximumpossibledepth.
Note that the arity of nodesin a will be reduced(if
necessaryjo thatof thematchingnodesn k.

This procedurecorrespondg¢o matchingby co-ordinates.
The effect of the operatorr, on atreea € L(R) is to
throw away all nodeghatarenot matchedagainsinodesn

3Subscriptsvill bedroppedvheneerit is possibleto infer the
arity of a primitive from the context.

“The spaceof 0/1 treesobtainedwhenF = F; is isomorphic
to the spaceof binary stringsof arbitrarylength.



k. Theremainingtreen(a) will thenbe of the samesize
andshapeask.

For example, supposethe maximum depthis ¢ = 3
and the maximum arity is also 3. Let a € L(f)
be the tree (1(0110)(1011)(1110)) andlet k¥ =
(0(110)(01)). Thenmatchingnodesand truncatinga
producesry (a) = (1(011) (10)).

The group L(f2) actson the elementsf 2 asfollows. Let
a € L(Q) andk € Q. Thendefine
a(k) =mr(a) ®k

which meanswve applyadditionmodulo2 oneachmatched
pair of nodes.We have usedthe extendeddefinition of ®
sincer(a) andk areguaranteetb have the samesizeand
shape. In our previous examplewe would have a(k) =
(1(101)(12)).

We canextendthedefinitionof & furtherby setting
a®k=a(k)

forany k € Q anda € L(2). Theeffectof thisis essen-
tially arelabellingof the nodesof thetreek in accordance
with the patternof onesfoundin a.

For eacha € L(Q2) we definea corresponding: x r per
mutationmatrix o, with

(0a)i; = ((a i) = j)

Lemmal. Letm,n,y € Q andleta € L(f2). Thenfor
homol@ouscrosswer

Tm,n(y) = TaEBm,aEBn(a ©y)

Proof: Interpretingequation9 for 0/1treesm, n andy, the
following hold:

adm=ady<—m=y

Cla®m,a®n) =C(m,n)
(@@ m) € N(a®y,l) < meT(y,l)

andtheresultfollows. Thethird assertiorfollows from the
factthatwe arerelabellingthenodesn treem accordingo
the patternof onesin a, andwe relabelthenodesn the hy-
perschem@'(y, 1) accordingo exactly thesamepattern.

Let us considerthe GP schemaG consistingonly of “=”
nodegepresentingheshapeof someof theprogramsn €.
We denotewith 0¢ the elemeniof Q obtainedby replacing
the= nodesn G with 0 nodes.

Theorem?2. Onthespaceof 0/1 treeswith depthat most¢
homola@ouscrosswer givesrise to a mixing opemator

M(z) = (2T Moz, 2T Mz, ...)

(whereweareindexing vectos by theelement®f(2). Then
for eadh fixed shapeG of depthnot bigger than £ there
existsa mixing matrix

M = Mys
sud thatif y € Q is of shapeG then

M, =d'Moa,
for somea € L(2).

Proof: Lety € Q beof shapeG asrequired. Constructa
maximalfull treea of depthnotbiggerthan/ by appending
a sufficient numberof 0 nodesto the treey so that each
internalnodein a hasi,, children®

Now supposen,n € () aretreeswhich crosstogetherto
form y with probabilityr,,, ,(y). Becauserosseeris as-
sumedto be homologousthe setof the coordinaten the
nodesn m mustbeasuperseof thesetof nodecoordinates
of G. Likewisefor n.

Them, nth componenbf ol Mo, is

Z(U(TM)MJJ (Ua)v,n
= Z Z(Ga)w,me,v (Ua)v,n

M- 1@m,a-1an

(O'ZMO'G)mm =

Ta—leam,a—lean(og)
= Tmna(a®0%)
= rmn(y @09
= Tmn(y)
= (My)m,n

wherewe have usedthelemmato show

ra—l@m,a—l@n(OG) = Tm,n(a @ OG)

anda~! is theinverseof thegroupelementa. For 0/1trees
a~! = a sincea ® a = 0=, whereG,, is the schema
representinghe shapeof thetreesin L((2). O

5 A Linear Example

In this sectionwe will demonstrateéhe applicationof this
theoryto anexample. To keepthe presentatiorof the cal-
culationsmanageablén the spaceavailable this example
mustperforcebe quite simple,but shouldstill be sufficient
to illustratethe key concepts.

For this examplewe will assumehatthe functionsetcon-
tainsonly unaryfunctions,with the possibldabelsfor both

SFor example,if £ = 3, iy = 3, Gis (== (==2))
(11(111)),thena = (1(1000)(1110)(0000)).

andy =



functionsandterminalsbeing0andi (i.e., F = F; = T =

{0,1}). As aresultwe canthink of our structuresasbeing
variablelengthbinary strings. We will let£ = 2 (i.e., we

restrictourselesto stringsof length1 or 2), which means
thatr = 6 and

Q = {0,1,00,01,10,11}.

We will alsolimit ourseheshereto the mixing matrices
for GP one-pointcross@er and GP uniform cross@er; we
couldhoweverreadilyextendthisto arny otherhomologous
crosseeroperator

5.1 GP one-pointcrosswer

The key to applyingthis theoryis to computer,,, ,(y) as
describedn Equation9. In otherwords,for eachy € Q
we needto constructa matrix M, = rn, »(y) thatcontains
the probabilitiesthat GP one-pointcrosseer with parents
m andn will yield y. Sincer = || = 6, thiswill yield
six 6 x 6 matrices.In the (fixed-length)GA caseit would
only benecessario specifyonemixing matrix, sincesym-
metrieswould allow usto derive the othersthroughper
mutationsof theindices. As indicatedin the previoussec-
tion, the symmetriesin 0/1 treescaseare more comple,
andonecannotreducethe situationdown to just onecase.
In particularwe find, as mentionedabove, that the set of
mixing matricesfor our variable-lengthGA casesplitsinto
two differentsubsetspnefor y of length1, andonefor y
of length 2, andthe necessarpermutationsare generated
by thegroupL(©) = {00,01,10,11}.

To make this more concrete Jet us considerM, and My,
eachof which hasexactly onenon-zerocolumn®

0 1 00
01 0 0
111 0 0

My=|00{1/2 0 0
01|1/2 0 0
10[1/2 0 0
11(1/2 0 0
[ 0 1 00 i
0/0 1 o0
110 1 0

My=]00{0 1/2 0
01|0 1/2 0
10[0 1/2 0
110 1/2 0

®Sincethesematricesare indexed by variable length binary
stringsinsteadof naturalnumberswe have indicatedtheindices
(0,1, 00,01,10and11) alongthetop andleft-handsideof each
matrix. In My, for example,the valuein position(1, 0) is 1 and
(01,0)is1/2.

Clearly M, is very similar to My. Indeed, Theorem?2
shavs that M; canbe obtainedby applyinga permutation
matrix to My:

M1 = U%M()O'lo,

where
[ 0 1 00 01 10 11 ]
001 0 0 0 O
110 0 0 O O
ol=101/0 0 0 0 1 0
01|10 0 0 0 0 1
100 0 1 0 0 O
| 11j0 0 0 1 0 O |

The situationis more interestingfor the mixing matrices
for y of length2:

01 00 01 10 11
0/0 0 1 0 0 0
1100 1 0 0 0

Mo=|00|0 0 1 0 1/2 0
01|10 0 1 0 1/2 0
100 0 1/2 0 0 0

| 11/0 0 1/2 0 0 O |
[ 01 00 01 10 11
0/00 0 1 0 0
1100 0 1 0 O

Moy=|00/0 0 0 1 0 1/2
01|00 0 1 0 1/2
100 0 0 1/2 0 0

[ 11/0 0 0 1/2 0 0 |
[ 01 00 01 10 11 ]
0/00 0 0 1 0
1100 0 0 1 0

Mpy=|00|0 0 0 0 1/2 0
0Lj0 0 0 0 1/2 0
10(0 0 1/2 0 1 0
11(0 0 1/2 0 1 0
[ 0 1 00 01 10 11 ]
0/0 0 0 0 0 1
1100 0 0 0 1

My=|0]/00 0 0 0 1/2
01{0 0 0 0 0 1/2
1000 0 1/2 0 1
[ 11/0 0 0 1/2 0 1 |

Hereagainwe canwrite thesemixing matricesaspermuta-
tionsof My, i.e.,
T
Ms =0g4 MooUs

for s € {00,01,10,11}. My, for example,canbe written
as
Mo = o, Moooor

whereoy; is asabove.



5.2 GP uniform crosswer

Herewill justshov themixing matricesM, andMy, since,
aswe have seentheotherfour matricescanbereadily ob-
tainedfrom theseusingthe permutatiormatricess,:

0 1 00 01 10 11 ]
0 1 1/2 1/2 1/2 1/2 12
112 0 0 0 0 0

My=|00[|1/2 0 0 0 0 0
01{1/2 0 0 0 0 0
0(1/2 0 0 0 0 0
| 11]1/2 0 0 0 0 0 |
[ 0 1 00 01 10 11 7
00 0 12 0 0 0
110 0 1/2 0 0 0

Mop=|00[1/2 1/2 1 1/2 1/2 1/4
01| 0 0 1/2 0 1/4 0
00 0 1/2 1/4 0 0
11/ 0 0 14 0 0 O

Comparingthesematricesto thoseobtainedfor one-point
cross@eronecanseethatthesearesymmetricwherethose
for one-pointcross@er were not, pointing out that uni-

form crosswer is symmetricwith respectto the parents,
where one-pointcrosseer is not. The matricesfor uni-

form crosswer also have considerablymore non-zeroen-

tries than thosefor one-pointcrosseer, highlighting the

fact that uniform cross@er provides more ways to con-

structary givenstring.

6 Conclusions

In this paperwe have presentedhefirst ever Markov chain

model of GP and variable-lengthGAs. Obtaining this

model has beenpossiblethanksto very recentdevelop-

mentsin the GP schemaheory which have givenus exact

formulasfor computingthe probability that reproduction
andrecombinatiorwill createary specificprogramin the

searchspace.Our GP Markov chainmodelis theneasily
obtainedby plugging this ingredientinto a minor exten-

sion of Voses model of GAs. This theoreticalapproach
providesanexcellentframeawvork for studyingthedynamics
of evolutionaryalgorithms(in termsof transientandlong-

termbehaiour). It alsomakesexplicit therelationshipbe-

tweenthe local actionof geneticoperatorson individuals
andtheglobalbehaiour of the population.

The theory is applicableto GP and variable-lengthGAs
with homologouscrosswer [25]: a setof operatoravhere
the offspring arecreatedpreservinghe positionof the ge-
netic materialtaken from the parents. If one usesonly
unaryfunctionsandthe populationis initialised with pro-
gramshaving a fixed commonlength,a GP systemusing

theseoperatorsis entirely equivalentto a GA acting on
fixed-lengthstrings. For this reasonjn the absencef mu-
tation,our GP Markov chainmodelis a propergeneralisa-
tion Voses model of GAs. Thisis anindicationthat per
hapsin thefutureit will be possibleto completelyunify the
theoreticaimodelsof GAs andGP.

In the paperwe analysedin detail the caseof 0/1 trees
(whichincludevariablelengthbinary strings),wheresym-
metriescanbeexploitedto obtainfurthersimplificationsin

the model. The similarity with Voses GA modelis very
clearin this case.

This paperis only a first step. In future researchwe in-
tendto analysein moredepththe generalcaseof tree-like
structuredo try to identify symmetriesn the mixing ma-
tricessimilar to thosefoundfor 0/1 trees.Also, we intend
to studythecharacteristicsf thetransitionmatricedor the
GP model,to gaininsightsinto thedynamicsof GP
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