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Abstract

In this paperwe presenta Markov chainmodel
for GP and variable-lengthGAs with homolo-
gouscrossover: a setof GPoperatorswherethe
offspring are createdpreservingthe position of
the geneticmaterialtaken from the parents.We
obtain this result by using the core of Vose’s
modelfor GAs in conjunctionwith a specialisa-
tion of recentGPschematheoryfor suchopera-
tors. The model is thenspecialisedfor the case
of GPoperatingon 0/1 trees:a tree-likegeneral-
isationof theconceptof binarystring. For these
symmetriesexist that canbe exploited to obtain
further simplifications. In the absenceof muta-
tion, thetheorypresentedheregeneralisesVose’s
GA modelto GPandvariable-lengthGAs.

1 Intr oduction

After a stronginitial interestin schemata[1, 2], the inter-
estof GA theoristshasshifted in the last decadetowards
microscopicMarkov chainmodels,suchasVose’s model,
possiblywith aggregatedstates[3, 4, 5, 6, 7, 8, 9, 10, 11].

In thelastyearor sothetheoryof schematahasmadecon-
siderableprogress,bothfor GAsandGP. Thisincludessev-
eral new schematheoremswhich give exact formulations
(ratherthanthe lower boundspreviously presentedin the
literature[12, 13, 14, 15, 16, 17, 18]) for theexpectednum-
berof instancesof a schemaat thenext generation.These
exact theoriesmodelGPwith one-pointcrossover [19, 20,
21], standardandother subtree-swappingcrossovers [22,
23, 24], homologouscrossover [25], anddifferenttypesof
subtreemutationandheadlesschickencrossover [26, 27].
While considerableprogresshasbeenmadein GPschema
theory, no Markov chainmodelfor GPandvariable-length
GAs haseverbeenproposed.

In thispaperwestartfilling this theoreticalgapandpresent

a Vose-like Markov-chainmodelfor geneticprogramming
with homologouscrossover [25]: a set of operators,in-
cluding GP one-point crossover [16] and GP uniform
crossover [28], wherethe offspringarecreatedpreserving
thepositionof thegeneticmaterialtakenfrom theparents.
We obtainthis resultby usingthecoreof Vose’s theoryin
conjunctionwith a specialisationof theschematheoryfor
suchoperators.This formally links GPschematheoryand
Markov chainmodels,two worldsbelievedby many people
to bequiteseparate.

The paperis organisedas follows. Given the complexity
of the GP mechanics,exact GP schematheories,suchas
theexactschematheoryfor homologouscrossover in [25],
tendto berelatively complicated.Similarly, Vose’s model
for GAs [3] presentssignificantcomplexities. In the fol-
lowing section,wewill summarisethesetheoriesproviding
asmuchdetail asreasonable,occasionallyreferringto [3]
and[25] for moredetails. Then, in Section3 we present
the extensionsto both theorieswhich allow the construc-
tion of a Markov chainmodel for GP andvariable-length
GAs with homologouscrossover. In Section4 we indi-
catehow thetheorycanbesimplifiedthanksto symmetries
which exist whenwe restrictourselvesto 0/1 trees:a tree-
like generalisationof theconceptof binarystring. In Sec-
tion 5 wegiveanexample.Someconclusionsaredrawn in
Section6.

2 Background

2.1 Nix and Vose’sMark ov Chain Model of GAs

The descriptionprovided hereis largely basedon [3, 29]
and[4]. See[30] for a gentlerintroductionto this topic.

Let
�

be the set of all possiblestrings of length � , i.e.�������	��

���
. Let � ��� ���������

be the numberof ele-
mentsof sucha space.Let � bea populationrepresented
asamultisetof elementsfrom

�
, let � ��� � � bethepopula-

tion size,andlet � bethenumberof possiblepopulations;



in [3] it wasshown that� ��� �����! 
�" 
 #%$
Let & be an �('�� matrix whosecolumnsrepresentthe
possiblepopulationsof size � . The ) th column *,+ �-/.�021 + � $�$�$ � .43�57681 +/9;: of & is the incidencevectorfor the ) th
population �<+ . That is

.4= 1 + is the numberof occurrences
of string > in � + (where > is unambiguouslyinterpretedas
an integeror asits binaryrepresentationdependingon the
context).

Oncethis staterepresentationis available,onecanmodel
a GA with a Markov chainin which the � columnsof &
representthestatesof themodel.Thetransitionmatrix for
themodel, ? , is an �@'A� matrixwheretheentry ? +CB rep-
resentstheconditionalprobability that thenext generation
will be � B assumingthatthecurrentgenerationis � + .
In orderto determinethevalues? +DB let usassumethatwe
know theprobability EF+HG/>JI of producingindividual > in the
next generationgiventhat thecurrentgenerationis � + . To
producepopulation�KB weneedto getexactly

.4= 1 B copiesof
string > for > �L�M� $�$2$ � �N 
 . Theprobabilityof this joint
event is given by a multinomial distribution with success
probabilitiesEF+OGP>MI for > �Q�	� $�$2$ � �" 
 , so[31]

?�+ 1 B � �SR.�0�1 B R .
6T1 B R $�$�$ .43U5K6T1 B R 3U5K6V=UW 0 GXEY+ZGP>MIOIO[O\T] ^ $ (1)

The calculationsnecessaryto computethe probabilitiesEY+HGP>MI dependcruciallyontherepresentationandtheopera-
torschosen.In [4] resultsfor variousGA crossoveropera-
torswerereported.As notedin [3], it is possibleto decom-
posethecalculationsusingideasfirstly introducedin [29]
asfollows.

Assumingthatthecurrentgenerationis �_+ , wecanwrite

E + GP>MI � 3�576`a 1 b W 0Fc a 1 + c bd1 + � a 1 b G/>JI (2)

where � a 1 b GP>MI is theprobability thatcrossingover stringse and � yieldsstring > and c�f 1 + is theprobabilityof select-
ing g from �<+ . Assumingfitnessproportionateselection,

c�f 1 + � . f 1 +ihjG/gFIk 3U5K6B W 0 . B 1 + hjGmldI � (3)

where hjGPgnI is thefitnessof string g .

We canmaptheseresultsinto a more recentformulation
of Vose’s model [4] by makinguseof matricesandoper-
ators. We startby treatingthe fitnessfunctionasa vectorh of componentshpo � hjGiq	I . Then, if g is the incidence

vector representinga particularpopulation,we definean
operatorr , calledtheselectionscheme,1 which computes
the selectionprobabilities c f 1 + for all the membersof

�
.

For proportionalselectionrsGPgFI �utJvxw
y Gih7I;gnz
h : g $
Then we organisethe probabilities � a 1 b GP>MI into � arrays{ =

of size �|'(� , calledmixingmatrices, the elementsof
which are G { = I a 1 b � � a 1 b G/>JI . We finally defineanoper-
ator } , calledthemixingscheme,}�G/gFI � - g : { 0 g � g : { 6 g � $�$2$ � g : { 3U5K6 g 9
which returnsa vectorwhosecomponentsaretheexpected
proportionof individualsof eachtype assumingthat indi-
vidualsareselectedfrom thepopulationg randomly(with
replacement)andcrossedover.

Finally we introducetheoperator~ � }���r , which pro-
videsa compactway of expressingthe probabilitiesE + G/>MI
since(for fitnessproportionateselection)E + GP>MI ��� ~,G�* + I � = ��� } � tJvmwpy G�h7IH* +h : *,+ #�� =
wherethenotation

����� =
is usedto representthe > th compo-

nentof a vector. So,theentriesof thetransitionmatrix for
theMarkov chainmodelof a GA canconciselybewritten
as ? + 1 B � �SR 3U5K6V=�W 0 G � ~,G�*,+�I � = I [O\T] ^. = 1 B R $ (4)

In [29, 3, 4] it is shown how, for fixed-lengthbinaryGAs,
theoperator} canbecalculatedasa functionof themix-
ing matrix

{ 0
only. This is doneby using a setof per-

mutationoperatorswhich permutethe componentsof any
genericvector g���� 3 :� B - g 0 � $�$2$ � g 3�576 9 : � - g BZ� 0 � $�$2$ � g BZ� 3�576 9 : � (5)

where � is a bitwiseXOR.2 Thenonecanwrite}�GPgFI � - G � 0 gFI : { 0 � 0 g � $�$�$ � G � 3�576 gFI : { 0 � 3�576 g 9 : $
(6)

2.2 Exact GP SchemaTheory for Homologous
Crossover

In [25] the following exact schematheoremfor GP with
homologouscrossoverwasreported:

1In thispaperwehavechosento usethesymbol� to represent
both the selectionschemeof a GA andthe function setusedin
GP, sincethis is the standardnotationfor both. This produces
no ambiguitysincetheselectionschemeis not usedoutsidethis
section,andthefunctionsetis not referredto insideit.

2Theoperators�
� canalsobeinterpretedaspermutationma-
trices.



� G/� �O� I � G 
  �E f4� IPE_G/� �O� IH� (7)E f4� ` B ` o `���
�j�J�D� ^ ] �d�U  EF¡S¢�£ ^
1 £ �8¤�

E_G/¥�G/� � �iIK¦�§ B �H� I�E_Gi¥¨Gi� �8©��IK¦ª§«o �O� I
where¬ � is a GP schema,i.e. a treecomposedof functions

from theset r�­ ���®� andterminalsfrom theset ¯°­�
�®�
, where r and ¯ arethe function andterminals

setsusedin our GP systemandthe primitive
�

is a
“don’t care”symbolwhichstandsfor asingleterminal
or function.¬ � G/� �H� I is theprobabilitythatanewly createdindivid-
ualmatchestheschema� .¬ E f�� is thecrossoverprobability.¬ E<G/� �H� I is theselectionprobabilityof theschema� .¬ § 6 , §�± , �2��� areall the possibleprogramshapes,i.e.
all thepossibleschematacontaining= signsonly.¬³² Gi§ B � §«o
I is the commonregion betweenprograms
of shape§!B andprogramsof shape§ o . Thecommon
regionbetweentwo generictreeś

6
and ´	± is theset² Gi´ 6 � ´ ± I �L� G/µ � );I � ¶ G/µ � ) � ´ 6 � ´ ± I �·�

where G/µ � );I is a pair of coordinatesin a Cartesian
node referencesystem(see [22, 25] for more de-
tails on the referencesystemused). The predicate¶ G/µ � ) � ´ 6 � ´ ± I is true if Giµ � )¸I � G �M�Z� I . It also
true if ¹�Giµ® 
�� )¸º � ´ 6 I � ¹³G/µ« 
p� )¸º � ´Y±2I¼»���

and¶ Giµ� 
p� )¸º � ´ 6 � ´Y±2I is true, where ¹®Giµ � ) � ´YI returns
the arity of the nodeat coordinatesG/µ � );I in ´ , )¸º �½ );z
¾·¿SÀOÁ�Â and

½ � Â is the integer-part function. The
predicateis falseotherwise.¬
For any given commonregion Ã we candefinea set
of GP crossover masks, �<Ä , which containsall differ-
enttreeswith thesamesizeandshapeasthecommon
regionwhichcanbebuilt with nodeslabelled0 and1.¬
TheGP recombinationdistribution E Ä� givestheprob-
ability that, for a given commonregion Ã , crossover
mask� will bechosenfrom theset �jÄ .¬
A GPhyperschemais arootedtreecomposedof inter-
nalnodesfrom r�­ ���®� andleavesfrom ¯Å­ ���A�8Æ|� .
Again, = is a “don’t care” symbolswhich standsfor
exactlyonenode,while# standsfor any valid subtree.

¬ ¥�G/� � �iI is definedto betheemptysetif � containsany
nodenot in � . Otherwiseit is the hyperschemaob-
tainedby replacingcertainnodesin � with either=
or # nodes:

– If a nodein � correspondsto (i.e., hasthesame
coordinatesas) a non-leafnode in � that is la-
belledwith a 0, thenthatnodein � is replaced
with a=.

– If anodein � correspondsto aleafnodein � that
is labelledwith a 0, thenit is replacedwith a#.

– All othernodesin � areleft unchanged.
¬ ©� is thecomplementof theGPcrossover mask � . The

complementof amaskis atreewith thesamestructure
but with the0’sand1’sswapped.

3 Mark ov Chain Model for GP

In orderto extendVose’s modelto GPandvariable-length
GAs with homologouscrossover we define

�
to bean in-

dexed set of all possibletreesof maximumdepth Ç that
canbeconstructedwith a givenfunctionset r anda given
terminalset ¯ . Assumingthat the initialisation algorithm
selectsprogramsin

�
, GPwith homologouscrossovercan-

notproduceprogramsoutside
�

, and
�

is thereforeafinite
searchspace.Again, � ��� ���

is thenumberof elementsin
thesearchspace;this time, however, � is not

�
�
. All other

quantitiesdefinedin Section2.1 canbe redefinedby sim-
ply replacingthe word “string” with the word “program”,
providedthat theelementsof

�
areindexedappropriately.

With theseextensions,all theequationsin thatsectionare
alsovalid for GP, exceptEquations5 and6.

Theseare all minor changes.A major changeis instead
requiredto computethe probabilitiesE + G/>MI of generating
the > th programin

�
when the populationis �<+ . For-

tunately, theseprobabilitiescan be computedby apply-
ing the schematheorydevelopedin [25] andsummarised
in Section2.2. Sinceschemaequationsareapplicableto
schemataaswell asto individualprograms,it is clearthat:EF+OG/>JI � � GP> �O� I (8)

where � is calculatedfor population� + . This canbedone
by specialisingEquation7. Doingthisallowsoneto instan-
tiate the transitionmatrix for the modelusingEquation1.
However, it is possibleto expressEF+OG/>JI in termsof more
primitivequantitiesasfollows.

Let usspecialiseEquation7 for the > th programin
�

:EY+HGP>MI � G 
  �E f4� I�E<GP> �O� IZ�E f�� ` B ` o `���
�<�J�D� ^ ] �d�2  EY¡S¢m£ ^
1 £ � ¤� '

E<G/¥¨G/> � �iI7¦È§ B �H� I�E_Gi¥¨G/> �U©�/IK¦�§«o �H� I



� G 
  ÈE f�� I `É4Ê �pËÍÌ G�´ 6 � >MI�E_G�´ 6 �O� I,' `É�Î �pË E<Gi´Y± �H� IÏ Ð8Ñ ÒW 6��E f�� ` B ` o `���
� ¢�£ ^ 1 £ �T¤ EF¡S¢�£ ^
1 £ � ¤� '`É Ê �pË E_Gi´ 6 �H� I Ì G�´ 6 �s¥¨G/> � �iIHI Ì G�´ 6 �Ó§ B IÔ'`É�Î �pË E_Gi´ ± �H� I Ì G�´ ± �s¥¨G/> � ©�/IHI Ì Gi´ ± �Ó§ o I� `É Ê 1 É Î �pË E_G�´ 6 �O� I�E<Gi´Y± �H� IÔ'Õ G 
  �E f4� I Ì Gi´ 6 � >MIK�(E f4� `���
� �J�XÖ Ê ] Ö Î   E ¡S¢ É Ê

1 É Î ¤� '
Ì G�´ 6 �s¥¨G/> � �iIHI Ì Gi´Y±��s¥¨G/> �U©�/IOI¸× �

whereweusedthefactthat
k°Ø Ì G/g(��§ Ø I �L
 .

Assuming the current population is �_+ , we have thatE_G�´ �H� I � c É G � I . So, the last equationcanbe rewritten in
thesameform asEquation2 providedwe set� a 1 b G/>JI � Õ G 
  �E f4� I Ì G e � >MIH� (9)E f4� `���
�j�J�CÙ ] Ú   E ¡S¢ a

1 b ¤� Ì G e �s¥¨GP> � �iIOI Ì GP�Å�Ó¥¨GP> � ©�/IOI × $
Note that this equationcould have beenobtainedby di-
rect calculation,ratherthan throughthe specialisationof
a schematheorem.However, this would still haverequired
the definition anduseof the hyperschema-returningfunc-
tion ¥ andof theconceptsof GPcrossover masksandGP
recombinationdistributions.Also, noticethatthesetof GP
crossover masksalso include maskscontainingall ones.
Thesecorrespondto cloningthefirst parent.Therefore,by
suitablereadjustementof theprobabilitiesE ¡S¢ a 1 b ¤� , wecan
rewrite Equation9 as� a 1 b G/>JI � `��� � �d�DÙ ] Ú   E ¡S¢ a

1 b ¤� Ì G e �Ó¥¨GP> � �iIOI Ì GP�Å��¥�GP> � ©�iIOI $
(10)

This formula is analogousto thecaseof crossover defined
by masksfor fixed-lengthbinarystrings[4].

4 Mixing Matrices for 0/1Trees

As hasalreadybeenstatedin Section2.1, for the caseof
fixed-lengthbinarystrings,themixing operator} canbe
written in termsof a singlemixing matrix

{ 0
anda group

of permutationmatrices.This worksbecausethepermuta-
tion matricesarearepresentationof agroupthatactstransi-
tively on thesearchspace.This groupactiondescribesthe
symmetriesthatareinherentin the definitionof crossover

for fixed-lengthstrings[4]. This ideacanbe generalised
to otherfinite searchspaces(see[32] for the detailedthe-
ory). However, in thecaseof GP, wherethesearchspaceis
a setof trees(up to somedepth),theamountof symmetry
is morelimited anddoesnot seemto give rise to a single
mixing matrix.

In this sectionwe will look at what symmetrydoesexist
andthe simplificationsof the mixing operatorit produces
whenwe restrictourselvesto thespaceof 0/1 trees. These
are treesconstructedusingprimitivesfrom a terminalset¯ �Û�4� 0 �2
 0 �

andfrom a functionset r ��Ü + ��Ý rÍ+ wherer + �@��� + ��
 + � , Þ is a finite subsetof ß , andthe subscripts
0 and ) representthe arity of a 0/1 primitive.3 It should
benotedthat thesemanticsof theprimitivesin 0/1 treesis
unimportantfor thetheory, andthat0/1 treesareageneral-
isationof thenotionof binarystrings.4

Let
�

bethesetof 0/1treesof depthatmost Ç (whereapro-
gramcontainingonly a terminalhasdepth1). Let à�G � I be
thesetof full treesof exactlydepthÇ obtainedby usingthe
primitiveset ¯Ó­Ír + Ù where) a is themaximumelementinÞ . We termnode-wiseXORtheoperationwhich,giventwo
trees¾ and á in à�G � I , returnsthe0/1 treewhosenodesare
labelledwith the resultof the addition(modulo2) of the
binarylabelsof thenodesin ¾ and á having corresponding
coordinates;thisoperatoris denoted¾N�âá .
For example, if we represent 0/1 trees in prefix
notation, (1 (1 0 1) (0 0 1)) � (0 (1 0 0) (0 1 1))

�
(1 (0 0 1) (0 1 0)). à!G � I is agroupundernode-wiseXOR.
Noticethatthedefinitionof � extendsnaturallyto pairsof
treeswith identicalsizeandshape.

For eachtree qª� � wedefinea truncationfunctionã o®ä�à�G � I, nå �
as follows. Given any tree ¾Û�æà!G � I we matchup the
nodesin q with thenodesin ¾ , recursively:

1. Therootnodesarematched.

2. The childrenof a matchednodein q arematchedto
childrenof thecorrespondingnodein ¾ from theleft.
Recall that eachnodein ¾ hasthe maximumpossi-
ble arity, andthat ¾ hasthemaximumpossibledepth.
Note that the arity of nodesin ¾ will be reduced(if
necessary)to thatof thematchingnodesin q .

This procedurecorrespondsto matchingby co-ordinates.
The effect of the operator ã o on a tree ¾��@à�G � I is to
throw awayall nodesthatarenotmatchedagainstnodesin

3Subscriptswill bedroppedwhenever it is possibleto infer the
arity of aprimitive from thecontext.

4Thespaceof 0/1 treesobtainedwhen �èçé�ëê is isomorphic
to thespaceof binarystringsof arbitrarylength.



q . Theremainingtree ã o G/¾JI will thenbeof thesamesize
andshapeas q .
For example, supposethe maximum depth is Ç � ì
and the maximum arity is also 3. Let ¾í� à�G � I
be the tree (1 (0 1 1 0) (1 0 1 1) (1 1 1 0)) and let q �
(0 (1 1 0) (0 1)). Then matchingnodesand truncating ¾
producesã o	G/¾JI � (1 (0 1 1) (1 0)).

Thegroup à�G � I actson theelementsof
�

asfollows. Let¾|�sà�G � I and qª� � . Thendefine¾nGiq	I � ã o G/¾JIî�âq
whichmeansweapplyadditionmodulo2 oneachmatched
pair of nodes.We have usedthe extendeddefinition of �
sinceã oMG/¾JI and q areguaranteedto havethesamesizeand
shape. In our previous examplewe would have ¾FG�qMI �
(1 (1 0 1) (1 1)).

We canextendthedefinitionof � furtherby setting¾N�³q � ¾nGiqMI
for any q%� � and ¾é�âà�G � I . Theeffect of this is essen-
tially a relabellingof thenodesof thetree q in accordance
with thepatternof onesfoundin ¾ .
For each ¾%�ïà!G � I we definea corresponding�ª'(� per-
mutationmatrix �Yð withG � ð I;+ 1 B � Ì GOGi¾N��);I � ldI
Lemma1. Let e � � � >ñ� � and let ¾ï�°à!G � I . Thenfor
homologouscrossover� a 1 b G/>JI � � ð � a 1 ð � b Gi¾"��>MI
Proof: InterpretingEquation9 for 0/1treese � � and > , the
following hold:¾N� e � ¾N�³>óòõô e � >² G/¾�� e � ¾"���îI � ² G e � �îIG/¾�� e I,�Ó¥¨Gi¾"��> � �iIöòõô e ��¥�GP> � ��I
andtheresultfollows. Thethird assertionfollowsfrom the
factthatwearerelabellingthenodesin tree e accordingto
thepatternof onesin ¾ , andwerelabelthenodesin thehy-
perschema¥¨G/> � �iI accordingto exactly thesamepattern.÷
Let us considerthe GP schema§ consistingonly of “=”
nodesrepresentingtheshapeof someof theprogramsin

�
.

We denotewith
� £ theelementof

�
obtainedby replacing

the= nodesin § with
�

nodes.

Theorem2. Onthespaceof 0/1 treeswith depthat mostÇ
homologouscrossover givesrise to a mixingoperator}�G/gFI � - g : { 0 g � g : { 6 g � $�$2$ 9

(whereweareindexingvectorsbytheelementsof
�

). Then
for each fixed shape § of depthnot bigger than Ç there
existsa mixingmatrix { � { 0 �
such that if >|� � is of shape§ then{ = � � :ð { �Yð
for some¾|�sà�G � I .
Proof: Let >%� � beof shape§ asrequired.Constructa
maximalfull tree ¾ of depthnotbiggerthan Ç by appending
a sufficient numberof 0 nodesto the tree > so that each
internalnodein ¾ has) a children.5

Now supposee � �ø� � aretreeswhich crosstogetherto
form > with probability � a 1 b G/>MI . Becausecrossover is as-
sumedto behomologous,thesetof thecoordinateson the
nodesin e mustbeasupersetof thesetof nodecoordinates
of § . Likewisefor � .

The e � � th componentof � :ð { �Fð isG � :ð { �Fð I a 1 b � `�ù G � :ð { I a 1 ù G �Fð I ù 1 b� `�ùú` Ø G �Yð I Ø 1 a { Ø 1 ù G �Yð I ù 1 b� { ð�û Ê � a 1 ð�û Ê � b� � ð û Ê � a 1 ð û Ê � b G � £ I� � a 1 b Gi¾"� � £ I� � a 1 b G/>N� � £ I� � a 1 b G/>JI� G { = I a 1 b
wherewehaveusedthelemmato show� ð û Ê � a 1 ð û Ê � b G � £ I � � a 1 b G/¾�� � £ I
and ¾ 576 is theinverseof thegroupelement¾ . For 0/1 trees¾ 576 � ¾ since ¾��è¾ ��� £ Ù , where § a is the schema
representingtheshapeof thetreesin à�G � I . ÷
5 A Linear Example

In this sectionwe will demonstratethe applicationof this
theoryto anexample.To keepthepresentationof thecal-
culationsmanageablein the spaceavailable this example
mustperforcebequitesimple,but shouldstill besufficient
to illustratethekey concepts.

For this examplewe will assumethat thefunctionsetcon-
tainsonly unaryfunctions,with thepossiblelabelsfor both

5For example,if ü!çèý , þ/ÿèçèý , � is (= = (= = =)) and ��ç
(1 1 (1 1 1)), then �Nç (1 (1 0 0 0) (1 1 1 0) (0 0 0 0)).



functionsandterminalsbeing0 and1 (i.e., r � r 6 � ¯ ����	��
p�
). As a resultwe canthink of our structuresasbeing

variablelengthbinary strings. We will let Ç � �
(i.e., we

restrictourselvesto stringsof length1 or 2), which means
that � ���

and �ñ�ø�4�M�2
p�H���M�Z�M
p�2
2�	��
p
p� $
We will also limit ourselveshereto the mixing matrices
for GPone-pointcrossoverandGPuniform crossover; we
couldhoweverreadilyextendthis to any otherhomologous
crossoveroperator.

5.1 GP one-pointcrossover

The key to applyingthis theoryis to compute� a 1 b GP>MI as
describedin Equation9. In otherwords, for each >ñ� �
we needto constructa matrix

{ = � � a 1 b GP>MI thatcontains
the probabilitiesthat GP one-pointcrossover with parentse and � will yield > . Since � ��� ���î���

, this will yield
six

� ' � matrices.In the(fixed-length)GA caseit would
only benecessaryto specifyonemixing matrix,sincesym-
metrieswould allow us to derive the othersthroughper-
mutationsof theindices.As indicatedin theprevioussec-
tion, the symmetriesin 0/1 treescasearemore complex,
andonecannot reducethesituationdown to just onecase.
In particularwe find, asmentionedabove, that the setof
mixing matricesfor ourvariable-lengthGA casesplitsinto
two differentsubsets,onefor > of length1, andonefor >
of length2, andthe necessarypermutationsaregenerated
by thegroup à�G � I �ø�4�p�	�H�M
���
��M��
�

� .
To make this moreconcrete,let us consider

{ 0
and

{ 6
,

eachof whichhasexactlyonenon-zerocolumn:6
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6Sincethesematricesare indexed by variable length binary
stringsinsteadof naturalnumbers,we have indicatedtheindices
(0, 1, 00, 01,10 and11) alongthetop andleft-handsideof each
matrix. In 
�� , for example,thevaluein position(1, 0) is 1 and
(01,0) is ����� .

Clearly
{ 6

is very similar to
{ 0

. Indeed,Theorem2
shows that

{ 6
canbeobtainedby applyinga permutation

matrix to
{ 0

: { 6 � � :6¸0 { 0 � 6¸0 �
where
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The situationis more interestingfor the mixing matrices
for > of length2:
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Hereagainwecanwrite thesemixing matricesaspermuta-
tionsof

{ 0H0
, i.e., {�� � � :� { 0H0 � �

for c � �����M�H�	
p�2
2�M�2
p
p� . { 0U6 , for example,canbewritten
as { 0U6 � � :0U6 { 0Z0 � 086
where � 0U6 is asabove.



5.2 GP uniform crossover

Herewill justshow themixing matrices
{ 0

and
{ 0Z0

since,
aswe haveseen,theotherfour matricescanbereadilyob-
tainedfrom theseusingthepermutationmatrices� � :
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Comparingthesematricesto thoseobtainedfor one-point
crossoveronecanseethatthesearesymmetric,wherethose
for one-pointcrossover were not, pointing out that uni-
form crossover is symmetricwith respectto the parents,
whereone-pointcrossover is not. The matricesfor uni-
form crossover alsohave considerablymorenon-zeroen-
tries than thosefor one-pointcrossover, highlighting the
fact that uniform crossover provides more ways to con-
structany givenstring.

6 Conclusions

In thispaperwehavepresentedthefirst everMarkov chain
model of GP and variable-lengthGAs. Obtaining this
model has beenpossiblethanksto very recentdevelop-
mentsin theGPschematheory, which have givenusexact
formulasfor computingthe probability that reproduction
andrecombinationwill createany specificprogramin the
searchspace.Our GP Markov chainmodel is theneasily
obtainedby plugging this ingredientinto a minor exten-
sion of Vose’s model of GAs. This theoreticalapproach
providesanexcellentframework for studyingthedynamics
of evolutionaryalgorithms(in termsof transientandlong-
termbehaviour). It alsomakesexplicit therelationshipbe-
tweenthe local actionof geneticoperatorson individuals
andtheglobalbehaviour of thepopulation.

The theory is applicableto GP and variable-lengthGAs
with homologouscrossover [25]: a setof operatorswhere
theoffspringarecreatedpreservingthepositionof thege-
netic material taken from the parents. If one usesonly
unaryfunctionsandthe populationis initialisedwith pro-
gramshaving a fixed commonlength,a GP systemusing

theseoperatorsis entirely equivalent to a GA acting on
fixed-lengthstrings.For this reason,in theabsenceof mu-
tation,our GPMarkov chainmodelis a propergeneralisa-
tion Vose’s modelof GAs. This is an indicationthat per-
hapsin thefutureit will bepossibleto completelyunify the
theoreticalmodelsof GAs andGP.

In the paperwe analysedin detail the caseof 0/1 trees
(which includevariablelengthbinarystrings),wheresym-
metriescanbeexploitedto obtainfurthersimplificationsin
the model. The similarity with Vose’s GA model is very
clearin this case.

This paperis only a first step. In future researchwe in-
tendto analysein moredepththegeneralcaseof tree-like
structuresto try to identify symmetriesin the mixing ma-
tricessimilar to thosefoundfor 0/1 trees.Also, we intend
to studythecharacteristicsof thetransitionmatricesfor the
GPmodel,to gaininsightsinto thedynamicsof GP.
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