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Abstract
In this paper we present a Markov chain model
for GP and variable-length GAs with homologous crossover: a set of GP operators where the
offspring are created preserving the position of
the genetic material taken from the parents. We
obtain this result by using the core of Vose’s
model for GAs in conjunction with a specialisation of recent GP schema theory for such operators. The model is then specialised for the case
of GP operating on 0/1 trees: a tree-like generalisation of the concept of binary string. For these
symmetries exist that can be exploited to obtain
further simplifications. In the absence of mutation, the theory presented here generalises Vose’s
GA model to GP and variable-length GAs.

1 Introduction
After a strong initial interest in schemata [1, 2], the interest of GA theorists has shifted in the last decade towards
microscopic Markov chain models, such as Vose’s model,
possibly with aggregated states [3, 4, 5, 6, 7, 8, 9, 10, 11].
In the last year or so the theory of schemata has made considerable progress, both for GAs and GP. This includes several new schema theorems which give exact formulations
(rather than the lower bounds previously presented in the
literature [12, 13, 14, 15, 16, 17, 18]) for the expected number of instances of a schema at the next generation. These
exact theories model GP with one-point crossover [19, 20,
21], standard and other subtree-swapping crossovers [22,
23, 24], homologous crossover [25], and different types of
subtree mutation and headless chicken crossover [26, 27].
While considerable progress has been made in GP schema
theory, no Markov chain model for GP and variable-length
GAs has ever been proposed.
In this paper we start filling this theoretical gap and present
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a Vose-like Markov-chain model for genetic programming
with homologous crossover [25]: a set of operators, including GP one-point crossover [16] and GP uniform
crossover [28], where the offspring are created preserving
the position of the genetic material taken from the parents.
We obtain this result by using the core of Vose’s theory in
conjunction with a specialisation of the schema theory for
such operators. This formally links GP schema theory and
Markov chain models, two worlds believed by many people
to be quite separate.
The paper is organised as follows. Given the complexity
of the GP mechanics, exact GP schema theories, such as
the exact schema theory for homologous crossover in [25],
tend to be relatively complicated. Similarly, Vose’s model
for GAs [3] presents significant complexities. In the following section, we will summarise these theories providing
as much detail as reasonable, occasionally referring to [3]
and [25] for more details. Then, in Section 3 we present
the extensions to both theories which allow the construction of a Markov chain model for GP and variable-length
GAs with homologous crossover. In Section 4 we indicate how the theory can be simplified thanks to symmetries
which exist when we restrict ourselves to 0/1 trees: a treelike generalisation of the concept of binary string. In Section 5 we give an example. Some conclusions are drawn in
Section 6.

2 Background
2.1

Nix and Vose’s Markov Chain Model of GAs

The description provided here is largely based on [3, 29]
and [4]. See [30] for a gentler introduction to this topic.
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We can map these results into a more recent formulation
of Vose’s model [4] by making use of matrices and operators. We start by treating the fitness function as a vector
of components
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both the selection scheme of a GA and the function set used in
GP, since this is the standard notation for both. This produces
no ambiguity since the selection scheme is not used outside this
section, and the function set is not referred to inside it.
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is a GP schema, i.e. a tree composed of functions
from the set
and terminals from the set
, where and are the function and terminals
sets used in our GP system and the primitive is a
“don’t care” symbol which stands for a single terminal
or function.
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to be the empty set if  contains any
. Otherwise it is the hyperschema ob
tained by replacing certain nodes in  with either =
or # nodes:
– If a node in  corresponds to (i.e., has the same
coordinates as) a non-leaf node in  that is labelled with a 0, then that node in  is replaced
with a =.
– If a node in  corresponds to a leaf node in  that
with a 0, then it is replaced with a #.
¬ – isAlllabelled
other nodes in are left unchanged.
© is the complement of the GP crossover mask  . The
complement of a mask is a tree with the same structure
but with the 0’s and 1’s swapped.

3 Markov Chain Model for GP
In order to extend Vose’s model to GP and variable-length
GAs with homologous crossover we define to be an indexed set of all possible trees of maximum depth that
can be constructed with a given function set and a given
terminal set . Assuming that the initialisation algorithm
selects programs in , GP with homologous crossover cannot produce programs outside , and is therefore a finite
search space. Again,
is the number of elements in
the search space; this time, however, is not . All other
quantities defined in Section 2.1 can be redefined by simply replacing the word “string” with the word “program”,
provided that the elements of are indexed appropriately.
With these extensions, all the equations in that section are
also valid for GP, except Equations 5 and 6.
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where is calculated for population . This can be done
by specialising Equation 7. Doing this allows one to instantiate the transition matrix for the model using Equation 1.
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5 A Linear Example
the pattern of ones
in ¾ , and we relabel the nodes in the hy
perschema ¥¨G/> iI according to exactly the same pattern. ÷
In this section we will demonstrate the application of this
theory to an example. To keep the presentation of the calLet us consider the GP schema § consisting only of “=”
culations manageable in the space available this example
nodes representing
the
shape
of
some
of
the
programs
in
.

must perforce be quite simple, but should still be sufficient
We denote with £ the element of obtained by replacing
to illustrate the key concepts.
the = nodes in § with nodes.
For this example we will assume that the function set conTheorem 2. On the space of 0/1 trees with depth at most Ç
tains only unary functions, with the possible labels for both
homologous crossover gives rise to a mixing operator
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variable length binary strings. We will let
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GP one-point crossover

The key to applying this theory is to compute
as
described in Equation 9. In other words, for each
we need to construct a matrix
that contains
the probabilities that GP one-point crossover with parents
and will yield . Since
, this will yield
matrices. In the (fixed-length) GA case it would
six
only be necessary to specify one mixing matrix, since symmetries would allow us to derive the others through permutations of the indices. As indicated in the previous section, the symmetries in 0/1 trees case are more complex,
and one can not reduce the situation down to just one case.
In particular we find, as mentioned above, that the set of
mixing matrices for our variable-length GA case splits into
two different subsets, one for of length 1, and one for
of length 2, and the necessary permutations are generated
by the group
.
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We will also limit ourselves here to the mixing matrices
for GP one-point crossover and GP uniform crossover; we
could however readily extend this to any other homologous
crossover operator.
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Since these matrices are indexed by variable length binary
strings instead of natural numbers, we have indicated the indices
(0, 1, 00, 01, 10 and 11) along the top and left-hand side of each
matrix. In
, for example, the value in position (1, 0) is 1 and
(01, 0) is
.
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GP uniform crossover
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Comparing these matrices to those obtained for one-point
crossover one can see that these are symmetric, where those
for one-point crossover were not, pointing out that uniform crossover is symmetric with respect to the parents,
where one-point crossover is not. The matrices for uniform crossover also have considerably more non-zero entries than those for one-point crossover, highlighting the
fact that uniform crossover provides more ways to construct any given string.

these operators is entirely equivalent to a GA acting on
fixed-length strings. For this reason, in the absence of mutation, our GP Markov chain model is a proper generalisation Vose’s model of GAs. This is an indication that perhaps in the future it will be possible to completely unify the
theoretical models of GAs and GP.
In the paper we analysed in detail the case of 0/1 trees
(which include variable length binary strings), where symmetries can be exploited to obtain further simplifications in
the model. The similarity with Vose’s GA model is very
clear in this case.
This paper is only a first step. In future research we intend to analyse in more depth the general case of tree-like
structures to try to identify symmetries in the mixing matrices similar to those found for 0/1 trees. Also, we intend
to study the characteristics of the transition matrices for the
GP model, to gain insights into the dynamics of GP.
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