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Abstract

This paper extends recent results in the GP
schematheory by formulating a proper exact
schemaheorenfor GPwith one-pointrosser.

This givesan exact expressionfor the expected
numberof instance®f a schemaatthenext gen-
erationin termsof macroscopiguantities.This

resultallows the exactformulationof the notion
of effectivefitnessin GRP

1 INTRODUCTION

Schemataare traditionally usedto explain why GAs and

morerecentlyGPwork [1, 2, 3, 4, 5]. Schemataresim-

ilarity templatesrepresentingsetsof pointsin the search
space.Schemaheoremsaaredescriptionf how the num-

ber of membersof the populationbelongingto a schema
vary overtime [6].

The usefulnesof schematheoremshasbeenoften criti-
cisedonthebasisthatthey give only alower boundfor the
expectedvalue of the numberof instanceof a schemaH
atthenext generatiorE[m(H, t + 1)]. Thepresencef the
expectatioroperatomeanghatit is noteasyto usethethe-
oremsto predictthe behaiour of a geneticalgorithmover
multiple generationsAlso, sinceschemaheoremsgprovide
only lower bounds,someresearcherarguethattheir pre-
dictionsarenot usefulevenfor a singlegeneratiorahead.

In very recentwork [7] | have presentechew theoretical
resultson GP andGA schematavhich overcomesomeof
theweaknessesf theschemaheorem For example | have
extendedto GPrecentwork on GA theory[8, 9] andmade
theeffectsandthemechanismsf schemareationexplicit.
This hasallowed an exactformulation(ratherthana lower
bound)for the expectednumberof instanceof a schema
atthenext generation.

One of the problemswith this exact accountis that

E[m(H,t + 1)] is expressedasa function of microscopic
guantities(i.e. propertiesof the individualsin the popu-
lation, like their selectionprobability) ratherthan macro-
scopicquantities(i.e. propertienf schemataljk e their fit-

nessor numberof instances).Nonethelessthis is a very
usefulresult. For example,| usedit to to derive an im-

proved versionof an earlier GP schemaheorem(3, 4] in

which someschemareationeventsareaccountedor [7].

This paperextendsthe work describedabove by reformu-
lating the exactexpressiorfor E[m(H,t + 1)] in termsof
macroscopiquantitiesonly. This leadsto a properexact
schemaheoremfor GP with one-pointcross@er. Thisre-
sultallowstheuseof someof thetheorydevelopedfor GAs
in [8, 9], includingthenotionof effective fithes(firstly ap-
pliedto GPin [10, 11]).

The structureof the paperis as follows. Earlier rele-
vant work on GP and GA schematds reviewed in Sec-
tion 2. Then,in Section3 our recentexactformulationfor
E[m(H,t+1)] issummarisedSection4 presentshemain
contributionsof this paper:the macroscopiexactschema
theoremandthe exactdefinition of effective fitnessfor GP
with one-pointcrossaer. Section5 givesa detailedexam-
ple on how to usethetheoryin practice.Someconclusions
aredrawn in Section6.

2 BACKGROUND

2.1 GP SCHEMA THEORIES

Severalalternatve definitionsof GPschemaave beenpro-
posedin the literature (see[6, 4] for more details). All
of them define schemataas templatescomposedof one
or multiple treesor fragmentsof trees. In somedefini-
tions[12, 13, 14] schemacomponentg&renon-ootedand,
therefore,a schemacan be presentmultiple timeswithin
the sameprogram. This leadsto considerablanathemati-
cal difficulties. In morerecentdefinitions[3, 5] schemata
are representedy rootedtreesor tree fragments,which
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Figure2: GPone-pointcrosseer. Thethick linesarelinks
thatcanbe selectechscommoncrosseer points.

make schemaheoremcalculationsasier

Rosca[5] proposeda definition of schemacalledrooted
tree-sbiemain whicha schemas arootedcontiguougree
fragment.For example therootedtree-schemé+ # x)
representsll the programsvhoserootnodeis a + the sec-
ondargumentof whichis x. Thesymbol# is “don’t care”
symbolwhich standsfor ary valid subtree.Roscaderived
a schemaheoremfor GP with standardc:rosseer. Oneof
the problemsof this resultis thatit providesonly a lower
bound.Anotherproblemis thatsucha boundis afunction
of somemicroscopicuantities.

In [3] we proposeda simplerdefinition of schemdor GP
in whichasdemais atreecomposeaf functionsfrom the
setF U {=} andterminalsfrom theset7 U {=}, whereF
and7 arethefunctionsetandtheterminalsetusedin aGP
run. Thesymbol= is a“don’t care” symbolwhich stands
for a singleterminalor function. A schemaH represents
programshaving the sameshapeas H andthe samdabels
for the non= nodes.In the following we will referto our
schematas fixed-size-and-shapghemata An example
of schemawith someof its instancess shawvn in Figurel
assuminghatF={+, -}and7={x, y}!

1For symmetry in this paperwe usethe corventionthatalso
theroot nodeof a programor a schemehasanoutputlink. This
leadsto minorchangesn theresultsobtainedn our earlierwork.
Wheneer theseare reportedherewe also modify themto take

To derive a GP schemaheoremfor theseschemata new
form of crossw@er, one-pointcrosswer, was used. This
worksby selectinga commoncross@er pointin the parent
programsand then swappingthe correspondingubtrees,
like standarccrosseer. To accountfor the possiblestruc-
tural diversityof thetwo parentspne-pointcrosseeranal-
ysesthetwo treesfrom therootnodesandconsidergor the
selectionof the crosswer point only the partsof the two
trees(commonregion) which have the sametopology(i.e.
thesamearity in thenodesencounterettaversingthetrees
from therootnode)[3, 4] asillustratedin Figure2.

In the absenceof mutation,the resultingschemaheorem
is:

Efm(H, ¢ + 1)] > Mp(H, )

{1-peo[pan®) A -pGE), 1) @)
L(H)
N an WG 0 — 0]}

where G(H) is the zero-thorder schemawith the same
structureof H whereall thedefiningnodesn H have been
replacedvith “don’t care”symbols,M isthenumberof in-

dividualsin the population pg;s (t) is theconditionalprob-
ability that H is disruptedby cross@er whenthe second
parenthasa differentshape(i.e. doesnot sampleG(H)),

Do IS the probability of crosswer, E[m(H,t + 1)] is the
expectednumberof individuals matchingthe schemaH

at generatiort + 1, p(H, t) is the probability of selection
of the schemaH, N (H) is the total numberof nodesin

the schemaand £L(H) is the numberof links in the mini-

mumtreefragmentincludingall thenon= symbolswithin

a schemaH (seel[3, 4] for more detailsand the proof).
In fitnessproportionateselectionp(H,t) = %{gﬂ

wherem(H,t) is the numberof programsmatchingthe
schemaH at generatiort, f(H,t) is the meanfithessof

the programsmatchingH, and £(t) is the meanfitnessof

the programsn the population. The probability pgig (¢) is

hardto modelmathematicallyln theabsenc®f additional
informationoneshouldassumeyg;s (t) = 1.

As we notedin [15] the selection/crosseer/mutationpro-

cesscanbe seenasa Bernoullitrial (a newly createdndi-

vidual eithersample®r doesnotsampleH ) and,therefore,
m(H,t + 1) is a binomial stochasticvariable. So, if we

denotewith a(H,t) the succesgprobability of eachtrial

(i.e. the probability that a newly createdindividual sam-
ples H), which we term the total transmissiormprobabil-
ity of H, we have thatan exactschemaheoremis simply
E[m(H,t + 1)] = Ma(H,t). Unfortunately until very
recentlynobodyknew how to expressa(H, t) exactly.

this extralink into account.



2.2 EXACT GA SCHEMA THEORY

Thanksto StephenandWaelbroecK8, 9] it is now possi-
ble to expressexactly a(H, t) for GAs operatingon fixed-
lengthbit strings.In a GA with onepointcrosseerapplied
with a probabilityp,.,, a(H, t) is givenby:?

o(H,t) = (1 - pso)p(H,t) )
N-1
ﬁ%ﬁgmummmmwmw

where L(H, ) is the schemaobtainedby replacingwith
“don’t care” symbols(*) all the elementsof H from po-
sition ¢ + 1 to position N, R(H,%) is the schemaob-
tainedby replacingwith “don’t care” symbolsall the el-
ementof H from positionl to position:, and: variesover
the valid crosseer points. The symbol L standsfor “left
part of”, while R standsfor “right part of”. For exam-
ple,if H =1*111, L(H,1) =1**** R(H,1) =**111,
L(H,3) =1*1** R(H,3) =***11.

2.3 EFFECTIVE FITNESS

The conceptof effective fitnesswas introducedin GP
in [10, 11] to explainthereasondor bloatandactive-code
compressionThe effective fithessof programj is defined
asfollows:

Ce
I =1 (1 — pcc—f_lpg’!) , 3)
J

assuminditnessproportionateselection. In this equation
C¢ isthenumberof nodesin programyj, C'¢ is thenumber
of nodesn theactive part(in contrasto theintron part) of
programyj, p. is the crosseer probability, pj is the proba-
bility thatcrosseerin anactive block of programj leads
to worsefitnessfor the offspringof j and f; is thefitness
of individual j. If PJ’? is the proportionof programs; at
generationt, P;*! is the averageproportionof offspring
of j whichbehae like j atgeneratiort + 1, and f¢ is the
averagepopulationfitnessat generatiort, then

fe

Pt~ P;?fT{5 4)
which describesthe proliferationof individualsfrom one
generationto the next” [11]. The “=~" signin the equa-
tion shouldreally be “>" but it wasusedwith the justifi-
cationthatthe reconstructiorof individualswith the same
behaiour asj (dueto crosseer appliedto individualsdif-
ferentfrom j) wasa rareevent. Equation4 clearly indi-
catesthat an alternatve way of interpretingthe effects of

2SinceEquation2 wasdevelopedusingthe simplerapproach
describedn [7], it is considerablydifferentfrom the equivalent
resultsin [8, 9]. However, by performingsomeminor calculations
the GA schemaheoremin [8, 9] canbe obtainedrom it.

crosseer is to imaginea GA in which selectiononly is
used,but in which eachindividual is given a fitness f7
ratherthantheoriginalfitnessf;.

Stephensand Waelbroeck[8, 9] independentlyrediscw-
eredthe notion of effective fithess. Using our own nota-
tion, asin Section2.2, the effectivefitnessof a schemais
implicitly definedthroughtheequation

> [m(H,t+ 1)] _m(H,t) fer(H,1)

M M f@& 7
assuminghatfitnessproportionateselectionis used. This
has basicallythe sameform as Equation4. Indeedthe
two equationgepresenhearlythe sameidea, althoughin
differentdomains. Since E [W] = a(H,t) and
m(H,t) _ p(H,t)
Mf(t) — f(H)?

fenH.6) = SEH 1LY ©

= f(H,1) [1 _pzo(l -y p(L(H,9), t)p(R(H, i),t))}

oneobtains

(N - ]-)p(Ha t)

wherewe usedthevalueof a(H, t) in Equation2.

Equation5 is similarto Equation3, but thereareimportant
differencesf; is anapproximation(of unknavnaccurag,
beingin facta lower bound)of thetrue effective fithessof
anindividual in a standardGP systemwhile fex(H,1t) is
thetrue effective fitnessfor a schemain a standarcbinary
GA. In addition, the true effective fitness fes(H,t) of a
schemaanbebiggerthanf (H, t) if thebuilding blocksfor
H arealundantandrelatively fit. Onthecontrarytheesti-
mate/boundjivenby f7 is alwayssmallerthan f; (which
maybeincorrect).

3 GPHYPERSCHEMA THEORY

In [16, 7] | extendour fixed-size-and-shapehemaheory
for GPwith one-pointtrosseerobtainingresultssimilarto
thosein Section2.2. Thissectionsummarisetheseresults.

If one had a populationof programsall having exactly
the samesize and shape,it would be possibleto express
thetotal transmissiomprobability of afixed-size-and-shape
schemajn the presencef one-pointcrosseer, in exactly
thesameway asin Equation2, i.e.

a(H, ) = (1= pao)p(H, ) (6)
N(H)-1
PNy L P, Op(u(H,), )
=0

where: N (H) is thenumbemodesn theschemaH (which
is assumedo have the samesize and shapeof the pro-
gramsin the population);!(H, ) is the schemaobtained
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Figure 3: Exampleof schemaand someof its potential
fixed size-and-shapmiilding blocks.
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Figure4: Exampleof schemandsomeof its potentialhy-
perschemauilding blocks.

by replacingall the nodesabove cross@er point ¢ with =
nodes;u(H, i) is the schemaobtainedby replacingwith a
= nodesall thenodeshelow cross@er pointi; i variesover
the valid N (H) crosswer points® The proof of this re-
sultis reportedn [7]. Thesymboll standgor “lower part
of”, while u standsfor “upperpartof”. For example,Fig-
ure 3 shows how I(H,1), u(H,1), I(H,3), andu(H,3)
are obtainedassumingthat H =(* = (+ x =)) and
thecrosswer pointsarenumberedasin Figure3 (top left).

To extendthis resultto populationsncluding programsof
differentsizesandshapesin [7] | introduceda moregen-
eraldefinitionof schema:

Definition 1 GP hyperschema.A GP hypesdemais a
rootedtree composedf functionsfrom the setF U {=}
andterminalsfrom theset7 U {=,#}. F andT arethe
functionsetandtheterminalsetusedin a GPrun. Theop-
erator= is a“don’t care”symbolswhich standgor exactly

A simplerversionof this equationyalid whenp,, = 1, was
presentedn [16] wherel failedto statethatthe equationis only
applicableto populationof programsof fixedsizeandshape.

onenode while theoperatort standgor ary valid subtree.

For examplethehyperschem& (* # (+ x =)) repre-
sentsll the programsawith thefollowing characteristicsa)
theroot nodeis a product,b) thefirst argumentof the root
nodeis ary valid subtree,c) the secondargumentof the
rootnodeis +, d) thefirst algumentof the + is thevariable
X, e)thesecondargumentof the + is ary valid nodein the
terminal set. Hyperschematare a generalisatiorof both
Roscas andourfixed-shape-and-sizezhemata.

Using hyperschematd,obtainedthe following generake-
sultwhichis valid for populationsof programsf ary size
andshapgse€[7] for theproof):

Theorem?2 Individual-centred Exact GP SchemaThm.
The total transmissionprobability for a fixed-size-and-
shapeGP schema H under one-pointcrosswer and no
mutationis

(h1,t)p(he,
a(H,t) = (1 - pso)p(H, t) + zoZZlec hy h22 :

> 6(h € L(H,4))5(hy € U(H, i) (7)

1€C(h1,h2)

whete: the first two summationsre over all the individu-

alsin the population; NC(h1, h2) is the numberof nodes
in the tree fragmentrepresentingthe commonregion be-
tweenprogramh; andprogramhs; C(h1, hs) is thesetof

indicesof the crosswer pointsin sud a commonregion;

0(z) is a functionwhich returnsl if z is true, O otherwise;
L(H, 1) is the hypeschemaobtainedby replacingwith =

nodesall the nodeson the path betweercrosswer pointi

andtheroot node and with # nodesall the subteescon-
nectedo the nodesreplacedwith =; U(H, ) is the hyper

schemaobtainedby replacingwith a # nodethe subtee
belowcrosswer pointi. If a crosswer pointi in the com-
monregion betweentwo programsis outsidethe schema
H,thenL(H,:) andU(H,1) are emptysets.

The hyperschematd.(H,i) and U(H,i) are generalisa-
tions of the schematd(H,4) andu(H,4) usedin Equa-
tion 6 (compareFigures3 and 4). They arevery im-
portant: if one crossesover at point ¢ any individual in
L(H,i) andwith anyindividual in U(H, ), the resulting
offspringis alwaysaninstanceof H. Let ustry to under
standhow L(H,4) andU(H,1) arebuilt with anexample.
If H=(* = (+ x =)), asindicatedin the secondcol-
umnof Figure4, L(H, 1) is obtainedby first replacingthe
root nodewith a = symbolandthenreplacingthe subtree
connectedo theright of root nodewith a# symbolobtain-
ing (= = #). TheschemalU(H,1) is insteadobtained
by replacingthe subtreebelaw the crosswer pointwith a#
symbolobtaining(* # (+ x =)), asillustratedin the
third column of Figure 4. The fourth andfifth columns



of Figure4 shov how L(H,3) = (= # (= x #)) and
U(H,3)=(* = (+ # =)) areobtained.

If onerestrictsthe first two summationsn Equation? to
include only the individuals which belongto G(H), one
obtaing[7]:

Theorem3 GP S.T. with SchemaCreation Corr ection.
For a fixed-size-and-shap@P schemaH underone-point
crosswer andno mutation

a(H,1) > (1= peoplH, 1) + 3t ®)
N(H)—1
> pLH,) NGH),Op(U(H,i) N G(H), 1),
i=0

theequalityapplyingwhenall the programsin the popula-
tion sampleG(H).

A comparisonbetweenthe r.h.s. of Equationl (divided
by M) andthe r.h.s.of Equation8 whenp,, = 0 and
paig(t) = 1 revealedthat Theorem3 providesa betteres-
timateof thetruetransmissioprobabilityof a schemd7].
This is becauseunlike the older version,the theoremac-
countsfor someschemareationevents.

4 MACROSCOPIC EXACT GP SCHEMA
THEOREM AND EFFECTIVE FITNESS

In orderto transformEquation7 into a macroscopiae-
scriptionof schemapropagationlet us startby numbering
all the possibleprogramshapesi.e. all the possiblefixed-
size-and-shapschemataof order0. Let us denotesuch
schemataas Gy, Gs, ---. Theseschemataepresentis-
joint setsof programs. Their union representshe whole
searchspace For thesereasonsye canrewrite

(hy € L(H,i)) = Y d(h € L(H,i)NG))
J
= ) 6(hi € L(H,i))é(h € Gj).
J
We substitutethis expressiorandan analogougxpression
for §(he € U(H,14)) into the triple summationin Equa-
tion 7 andreorderthetermsobtaining:

DI e P
NC h17h2) 1€C (h1,h2)
-y 8(h € L(H,i))d(h € Gj)
J

-25 (hy € U(H,))d(hs € Gi)

hl; h25
- EYE S 2

> (k€ L(H,i))5(h € Gy)

1€C(h1,h2)
5(hy € U(H,))5(hy € Gy)
hl: )
SD IO IR

ik hi€Gj ho€Gy,

Y. (€ L(H,i)s(hs € U(H, i)
i1€C(h1,h2)

222 X

J k h1€G; ha€Gy

p hl: h27 )
NC(G;,Gr)

Y. 8 € L(H,i))5(hs € U(H, 1))

i€C(G;,Gy)
1
= %:%:NC(Gj,Gk)
> 2 plu)
i€C(Gy,Gu) h1€G;

3" plha, t)8(ha € U(H, i)

h2€Gy

hl € L(H, Z))

Fromthis oneobtainsthefollowing

Theorem4 Exact GP SchemaTheorem. Thetotal trans-
missionprobability for a fixed-size-and-shapéP schema
H underone-pointcrossawer and no mutationis

a(H,t) = (1 — pzo)p(H,t) +pzozzm
ik 7

> p(L(H,i) NGy, t)p(U(H,i) N Gy, t) (9)
1€C(G;,Gr)

The setsL(H,i) N G; andU(H,i) N G}, eitherare (or
can be representedby) fixed-size-and-shapschemataor
arethe emptyset(). So,thetheoremindeedexpresseshe
totaltransmissiomprobabilityof H only usingtheselection
probabilitiesof a setof lower orderschemata.

Thistheorems ageneralisationf Equation8 whichcanbe
obtainedfrom Equation9 by consideringonly onetermin
thesummationsn j andk (thetermfor whichG; = Gy =
G(H)). Thetheoremis alsoageneralisationf Equationt.

Oncethevalueof a( H, t) is available,it is easyto extendto
GPwith one-pointcrosseer the notion of effective fitness
providedin [8, 9]. By usingthe definitionin Section2.3
andthevalueof a(H, t) in Equation9, we obtain:

feff(Hat) = Zg_g-,I;f(Ha t)

= JEH[1-po (1= >

7 k i€C(G;,Gxr)
p(L(Hai) N G],t)p(U(H,l) N Gk;t))]
NC(Gj,Gy)p(H,t) .

(10)




This equationgives the true effective fitnessfor a GP

schemaunderone-pointcrosseer: it is notanapproxima-
tion or a lower bound. Thanksto this definitionit is easy
to seethatthe effective fithessof a GP schemacanbebig-

gerthanits actualfitnessif its building blocksareatundant
andrelatively fit. This shavs that cross@er doesnot al-

wayshave thedestructve connotatioroftenattributedto it

in the GPliterature(e.g.[13, 11]).

5 EXAMPLE

Sincethe calculationsinvolved in applyingthe exact GP
schemaheoremanay becomequite lengthy we will con-
sideroneof thesimplestnon-trivial examplespossible.

Let us imagine that we have a function set
{Af,B¢,Cy¢, Dy, Ef} including only 1-arity func-
tions, and the terminal set{ A, By, Cy, Dy, E}. So, for
example,a programin this searchspacemight look like
(Af(ByBy)). Since,the arity of all functionsis 1, we
canremove the parentheseom the expressiornobtaining
A;B¢B;. In addition, sincethe only terminalin each
treeis the rightmostnode, we canremove the subscripts
without generatingary ambiguity obtainingABB. This
canbe donefor every memberof the searchspacewhich
canbe seenasthe spaceof variable-lengthstringsover the
alphabet{A, B,C, D, E}. So, in this example GP with
one-pointcrosseer is really a non-binaryvariable-length
GA.

Let usnow consideitheschemaAB=. We wantto measure
its total transmissiorprobability underfitnessproportion-
ateselectiorandone-pointcrosseer (with p,, = 1) in two
slightly differentpopulations:

Populationl | Fitness|| Population2 | Fitness
AB 2 AB 2
BCD 2 BCD 2
ABC 4 ABC 4
ABCD 6 BCDE 6

In orderto dothatwe needfirst to computehe“lowerpart”
and“upperpart” building blocksof AB=. Theseare:

i | L(AB=,3) | U(AB=,1)
0 | AB= #

1| =B= A#

2 | === AB#
310 0

Let usstartby calculatinga(AB=, t) for Populationl, us-
ing Equation?:

p h17 h27 )
a(AB=,t -
Z NC( hl,hQ)
hi,h2
-> " 8(h1 € L(AB=,i))3(hy € U(AB=, 1))
p(hlvt) p(h27t) l/No(h11h2)
> T
= \ﬁ X 17 X 3 x(Oxl-i—Oxl)J
hi=AB,hy=AB,i=0,1
+ 2 x 2 x 1 x(0x14+0x0)+
4 1 2 ~ ~ (13terms
h1=AB,ho=BCD,i=0,1 areomitted)
+ E><E><1><(1><1+1x1-|—1x1-1—1><1)
14714 4 !
—ABCD,hy=ABCD,i=0,1,2,3
43
= — =x0.292
147 0.2925

So, clearly this is a lengthy calculation,which can only
producea numericalresult. It cannotreally be usedto un-
derstandhow instance®f AB= arecreatedn differentpop-
ulations.

Let usnow useEquation9 to dothe samecalculation.First
we needtio numbernall thepossiblgrogranshapessy, G»,
etc..Let Gy be=, G, be==, G3 be===andG4 be====,
We do not needto considerother, biggershapedecause
the populationdoesnot containary larger programs(i.e.
G; = 0 forl > 4). Thenwe needto identify the schemata
resultingfrom calculatingL(AB=, i) N G for all meaning-
ful valuesof 7 andj:

L(AB=,i)NG;
J
i11]2 3 4
0|0 |0|AB=|0
1100 =B=]0
2 @ @ === @
3100 0 |0

We do thesamefor U (AB=, i) N G, obtaining:

U(AB=,%) N Gy,
k
iT17 2 3 Z
0| =| == === ====
110 = == ===
20| 0 | AB=| AB==
310| 0 0 0

Finally we need to evaluate the shape of the com-
mon regionsto determineNC(G;, G) andthe links in
C(G;,G},) for all valid valuesof j andk. In generalthis



canbenaturallyrepresentedsingthe programshapes+y,
G, etc.. For theexampleunderconsideration:

Shapeof CommonRegion
k
112 ] 3 4
G | Gi | Gy e
Gi | G2 | G2 G
G1 G2 G3 G3
Gi | G2 | Gs Gy

B wWN R

By usingthisandtheprevioustableswe cansimplify Equa-
tion 9 remaoving all the null termsasfollows:

1
(A= = D e Gl

=Y p(L(AB=,i) N Gy, t)p(U(AB=, i) N G, 1)

VNC(G3Gr) S (L (AB=,i)nG;,6)p(U(AB=,i)NGy 1)

——N—
0% P(=) ]

]

= x [
) j=1,k:1,i=0 .
+ % x [0 x P(==)]+--- (6 moreterms)
+ % x [P(AB =)P(==)]
h j:3,k‘:rl,z':0 ”
+ % x [P(AB =)P(==)+ P(= B =)P(A =)]
) j:3,k:§,z’:0,1 .
+ .- (6moreterms)

wherefor brevity we have usedthe notationP(.) to repre-
sentp(., t). Simplifying yields

+ %P(: B=)P(4 =)+ éP(AB =)P(===)
+ P(=B=)P(A==)+ 3 P(===)P(4B =)
+ 3P(AB=)P(====)+ ; P(= B=)P(4 ===)

+ %P(===)P(AB ==)

The compleity of this equationcanbe reducedby using
hyperschematen represengroupsof schematagbtaining:

o(AB=,1) = P(AB =)P(=) +  P(AB =)P(==)
+ 3P(=B=)P(4=)+ ;P(4B=)P(==#)
+ %P(: B=)P(A=#)+ %P(===)P(AB#)

Thisis equivalentto reorderinghetermsby sizeandshape
of commonregion andthenby crosseer point.

This equationis quite differentfrom the oneobtainedwith
theearlierexactschemaheoremlt is generalj.e.indepen-
dentfrom a particularpopulation.Also, it clearlyindicates
how individualssamplingAB= canbe assembledrom in-
dividualshaving differentshapesandnodes.Theschemata
in this equationaretherealbuilding blocksfor AB=.

If we calculateheprobabilitiesof selectiorof theschemata
in the previousequationusingPopulationl, we obtain:

4 1 4 2 1 4 2
a(MB=t) = — x0+ - X — X —+ =

T 14 2 T a2 1111
371 e 3 w3
43

= =2 ~0.2925
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Theresultis the samein the two calculationsaasexpected.
However, oncethe exact macroscopidormulation of the
transmissiorprobability of a schemais available, this is
mucheasiero usein calculationsthanthe corresponding
microscopialescription.Indeedwe canuseit to calculate
a(AB=, t) for Populatior?2 with a simplepocketcalculator
obtaininga(AB=,t) ~ 0.1905. For comparisonfor either
population the schemaheoremwith schemacreationcor-
rectionwould have providedthelower bound:

o(AB=,1) > %P(AB =)P(===)
+ IP(= B=)P(4==) + LP(===)P(B =)
~ 0.1088

whichis nearlyonethird of thecorrectvaluefor Population
1andahalf of thecorrectvaluefor Populatior?. Thisis be-
causdhetheoremaccount®nly for schemareationevents
in G(AB=). Sincethereareno creationeventsof this type
in this example,the old GP schemaheorem(Equationl)

givesexactly the samebound.

With theseresultswe cannow computeheeffectivefitness
for theschemaAB= for bothpopulationsFor Populationl

fur(AB=, 1) = a(AB=,t)

= — 2 f(AB=,t) v 4.1
p(AB:,t) f( ? ) ’

i.e. thanksto the collaborationof other schematathe
schemaAB= propagatedasterwith 100% crosseer than
with no crosseeratall! Onthecontraryfor Population?

a(AB=,t)

fer(AB=,8) = 2=

F(AB=,t) ~ 2.7.

So, in Population2 the schemais effectively a below-
averageschemd fox (AB=,t) = 2.7 < f(t) = 3.5) despite
thefactthatits fithess(f (AB=, t) = 4) is above average.



6 CONCLUSIONS

In this paper a macroscopi@xactschemaheoremnmfor ge-
netic programmingwith one-pointcrosseer is provided.
Thistheoremextendsto GP (andalsoto a form of variable
lengthGAs) recentGA theory usingamoregenerahotion
of GPschemathehyperschema.

Thanksto thistheoremit is now possibleto expressexactly
the notion of effective fitness. This was originally intro-
ducedin GPin approximatdormin [10, 11] to explainthe
reasongor bloatandactive-codecompressiorandlaterre-
definedmoreformally for GAsin [8, 9] to describethe ef-
fectsof the searchoperatorn thereproductve efficiency
of a schema.So, this paperestablishes formal link be-
tweenthetwo mainareasof theoreticaresearclin GP:the
study of bloat andthe theory of schemata.In future re-
searchl hopeto be ableto usethis rigorousformulation
of theeffective fitnessto modelmathematicallyandunder
standbetterthe reasondor bloat, intron proliferationand
codecompression.
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