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Abstract

This paper extends recent results in the GP
schematheory by formulating a proper exact
schematheoremfor GPwith one-pointcrossover.
This givesan exact expressionfor the expected
numberof instancesof aschemaat thenext gen-
erationin termsof macroscopicquantities.This
resultallows theexact formulationof thenotion
of effectivefitnessin GP.

1 INTRODUCTION

Schemataare traditionally usedto explain why GAs and
morerecentlyGP work [1, 2, 3, 4, 5]. Schemataaresim-
ilarity templatesrepresentingsetsof points in the search
space.Schematheoremsaredescriptionsof how thenum-
ber of membersof the populationbelongingto a schema
varyover time [6].

The usefulnessof schematheoremshasbeenoften criti-
cisedon thebasisthatthey giveonly a lowerboundfor the
expectedvalueof thenumberof instancesof a schema

�
at thenext generation��� ��� ���
	������� . Thepresenceof the
expectationoperatormeansthatit is noteasyto usethethe-
oremsto predictthebehaviour of a geneticalgorithmover
multiplegenerations.Also,sinceschematheoremsprovide
only lower bounds,someresearchersarguethat their pre-
dictionsarenotusefulevenfor a singlegenerationahead.

In very recentwork [7] I have presentednew theoretical
resultson GPandGA schematawhich overcomesomeof
theweaknessesof theschematheorem.Forexample,I have
extendedto GPrecentwork on GA theory[8, 9] andmade
theeffectsandthemechanismsof schemacreationexplicit.
This hasallowedanexactformulation(ratherthana lower
bound)for the expectednumberof instancesof a schema
at thenext generation.

One of the problems with this exact account is that

��� ��� ����	������� is expressedasa functionof microscopic
quantities(i.e. propertiesof the individuals in the popu-
lation, like their selectionprobability) ratherthanmacro-
scopicquantities(i.e. propertiesof schemata,like their fit-
nessor numberof instances).Nonetheless,this is a very
useful result. For example,I usedit to to derive an im-
provedversionof an earlierGP schematheorem[3, 4] in
whichsomeschemacreationeventsareaccountedfor [7].

This paperextendsthework describedabove by reformu-
lating theexactexpressionfor ��� ��� ����	������� in termsof
macroscopicquantitiesonly. This leadsto a properexact
schematheoremfor GPwith one-pointcrossover. This re-
sultallowstheuseof someof thetheorydevelopedfor GAs
in [8, 9], includingthenotionof effectivefitness(firstly ap-
plied to GPin [10, 11]).

The structureof the paper is as follows. Earlier rele-
vant work on GP and GA schematais reviewed in Sec-
tion 2. Then,in Section3 our recentexactformulationfor��� ��� ����	������� is summarised.Section4 presentsthemain
contributionsof this paper:themacroscopicexactschema
theoremandtheexactdefinitionof effectivefitnessfor GP
with one-pointcrossover. Section5 givesa detailedexam-
pleonhow to usethetheoryin practice.Someconclusions
aredrawn in Section6.

2 BACKGROUND

2.1 GP SCHEMA THEORIES

Severalalternativedefinitionsof GPschemahavebeenpro-
posedin the literature(see[6, 4] for more details). All
of them define schemataas templatescomposedof one
or multiple treesor fragmentsof trees. In somedefini-
tions[12, 13, 14] schemacomponentsarenon-rootedand,
therefore,a schemacanbe presentmultiple timeswithin
thesameprogram.This leadsto considerablemathemati-
cal difficulties. In morerecentdefinitions[3, 5] schemata
are representedby rooted treesor tree fragments,which
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Figure2: GPone-pointcrossover. Thethick linesarelinks
thatcanbeselectedascommoncrossoverpoints.

makeschematheoremcalculationseasier.

Rosca[5] proposeda definition of schema,called rooted
tree-schema, in whichaschemais a rootedcontiguoustree
fragment.For example,therootedtree-schema(+ # x)
representsall theprogramswhoserootnodeis a+ thesec-
ondargumentof which is x. Thesymbol# is “don’t care”
symbolwhich standsfor any valid subtree.Roscaderived
a schematheoremfor GPwith standardcrossover. Oneof
theproblemsof this resultis that it providesonly a lower
bound.Anotherproblemis thatsucha boundis a function
of somemicroscopicquantities.

In [3] we proposeda simplerdefinitionof schemafor GP
in whichaschemais atreecomposedof functionsfrom the
set � �"!�#%$ andterminalsfrom theset &'�"!�#%$ , where�
and & arethefunctionsetandtheterminalsetusedin aGP
run. Thesymbol # is a “don’t care”symbolwhich stands
for a single terminalor function. A schema

�
represents

programshaving thesameshapeas
�

andthesamelabels
for thenon-# nodes.In thefollowing we will refer to our
schemataasfixed-size-and-shapeschemata. An example
of schemawith someof its instancesis shown in Figure1
assumingthat � = ! +, - $ and & = ! x, y $ .1

1For symmetry, in this paperwe usetheconventionthatalso
theroot nodeof a programor a schemahasanoutputlink. This
leadsto minorchangesin theresultsobtainedin ourearlierwork.
Whenever theseare reportedherewe alsomodify themto take

To derive a GPschematheoremfor theseschemataa new
form of crossover, one-pointcrossover, was used. This
worksby selectingacommoncrossoverpoint in theparent
programsand then swappingthe correspondingsubtrees,
like standardcrossover. To accountfor thepossiblestruc-
turaldiversityof thetwo parents,one-pointcrossoveranal-
ysesthetwo treesfrom therootnodesandconsidersfor the
selectionof the crossover point only the partsof the two
trees(commonregion) which have thesametopology(i.e.
thesamearity in thenodesencounteredtraversingthetrees
from therootnode)[3, 4] asillustratedin Figure2.

In the absenceof mutation,the resultingschematheorem
is: ��� ��� ����	(�)����(*)+-, � ����	��. 0/",�1�243 ,6587 9 � 	�� � 0/:, �<;=� �>�?�
	���� (1)��@ � �>�A � �>� � , �B;=� �>�C��	��D/E, � ���
	�����F�G
where ;=� �>� is the zero-thorder schemawith the same
structureof

�
whereall thedefiningnodesin

�
havebeen

replacedwith “don’t care”symbols,
+

is thenumberof in-
dividualsin thepopulation,

,�587 9 � 	�� is theconditionalprob-
ability that

�
is disruptedby crossover whenthe second

parenthasa differentshape(i.e. doesnot sample;=� �>� ),,�1�2
is the probabilityof crossover, ��� ��� ���
	��H���� is the

expectednumberof individuals matchingthe schema
�

at generation
	��I

,
, � ���
	�� is the probabilityof selection

of the schema
�

,
A � �>� is the total numberof nodesin

theschema,and @ � �>� is thenumberof links in themini-
mumtreefragmentincludingall thenon-# symbolswithin
a schema

�
(see[3, 4] for more detailsand the proof).

In fitnessproportionateselection,
, � ���
	�� #KJMLONQP RTS<UVLWNQP RTSX-YUVLZRTSwhere ��� ���
	�� is the numberof programsmatchingthe

schema
�

at generation
	
, [D� ���
	�� is the meanfitnessof

theprogramsmatching
�

, and \[�� 	�� is themeanfitnessof
theprogramsin thepopulation.Theprobability

,�587 9 � 	�� is
hardto modelmathematically. In theabsenceof additional
informationoneshouldassume

, 587 9 � 	�� #  .
As we notedin [15] the selection/crossover/mutationpro-
cesscanbeseenasa Bernoulli trial (a newly createdindi-
vidualeithersamplesor doesnotsample

�
) and,therefore,��� ���
	]�^�� is a binomial stochasticvariable. So, if we

denotewith _]� ����	�� the successprobability of eachtrial
(i.e. the probability that a newly createdindividual sam-
ples
�

), which we term the total transmissionprobabil-
ity of

�
, we have thatanexactschematheoremis simply��� ��� ����	`�a���� # + _]� ����	�� . Unfortunately, until very

recentlynobodyknew how to express_Q� ����	�� exactly.

thisextra link into account.



2.2 EXACT GA SCHEMA THEORY

Thanksto StephensandWaelbroeck[8, 9] it is now possi-
ble to expressexactly _]� ����	�� for GAs operatingon fixed-
lengthbit strings.In aGA with onepointcrossoverapplied
with a probability

,b1�2
, _]� ����	�� is givenby:2_Q� ���
	�� # � c/:,b1�28�d, � ����	�� (2)� ,b1�2Ae/-Mfhg4ij kOl i , �<mM� ����no�C��	��d, �<pq� ����no�?�
	��where mM� ����no� is the schemaobtainedby replacingwith

“don’t care” symbols(*) all the elementsof
�

from po-
sition

nh�r
to position

A
, pq� ����no� is the schemaob-

tainedby replacingwith “don’t care” symbolsall the el-
ementsof

�
from position


to position

n
, and

n
variesover

the valid crossover points. The symbol m standsfor “left
part of”, while p standsfor “right part of”. For exam-
ple, if

� # 1*111, mh� ���s�� # 1****, pq� ���s�� # **111,mM� ���
tu� # 1*1**, pq� ���vtw� # ***11.

2.3 EFFECTIVE FITNESS

The conceptof effective fitness was introducedin GP
in [10, 11] to explain thereasonsfor bloatandactive-code
compression.Theeffective fitnessof programx is defined
asfollows: [4yz #�[ z%{ 0/",b|6} yz}�~z ,��z�� � (3)

assumingfitnessproportionateselection. In this equation} ~z is thenumberof nodesin programx , } yz is thenumber
of nodesin theactivepart(in contrastto theintronpart)of
programx , ,�| is thecrossoverprobability,

, �z is theproba-
bility thatcrossover in anactive block of programx leads
to worsefitnessfor theoffspringof x and [ z is thefitness
of individual x . If � Rz is the proportionof programsx at
generation

	
, � RT� iz is the averageproportionof offspring

of x which behave like x at generation
	���

, and \[ R is the
averagepopulationfitnessatgeneration

	
, then� RT� iz � � Rz [ yz\[ R (4)

which describes“the proliferationof individualsfrom one
generationto the next” [11]. The “ � ” sign in the equa-
tion shouldreally be “

*
” but it wasusedwith the justifi-

cationthat thereconstructionof individualswith thesame
behaviour as x (dueto crossoverappliedto individualsdif-
ferent from x ) wasa rareevent. Equation4 clearly indi-
catesthat an alternative way of interpretingthe effectsof

2SinceEquation2 wasdevelopedusingthesimplerapproach
describedin [7], it is considerablydifferent from the equivalent
resultsin [8, 9]. However, by performingsomeminorcalculations
theGA schematheoremin [8, 9] canbeobtainedfrom it.

crossover is to imaginea GA in which selectiononly is
used,but in which eachindividual is given a fitness [ yz
ratherthantheoriginalfitness[ z .
Stephensand Waelbroeck[8, 9] independentlyrediscov-
eredthe notion of effective fitness. Using our own nota-
tion, as in Section2.2, the effectivefitnessof a schemais
implicitly definedthroughtheequation�e� ��� ���
	4� ��+ �=# ��� ����	��+ � [�� 9 � ����	��\[D� 	�� �
assumingthatfitnessproportionateselectionis used.This
has basically the sameform as Equation4. Indeedthe
two equationsrepresentnearlythe sameidea,althoughin

different domains. Since � 3 JhLWNQP RT� i SX F #�_Q� ���
	�� andJhLWNQP RTSX YUVLZRTS #�� LWNQP RTSUVLWNQP RTS , oneobtains[ � 9 � ����	�� # _Q� ���
	��, � ���
	�� [D� ����	�� (5)#�[D� ����	��63�0/:,b1�26�w0/ j k , �BmM� ����no�?�
	��d, �Bpq� ���
n��C��	��� Ar/-��T, � ����	�� � F
whereweusedthevalueof _Q� ���
	�� in Equation2.

Equation5 is similar to Equation3, but thereareimportant
differences:[ yz is anapproximation(of unknown accuracy,
beingin facta lower bound)of thetrueeffective fitnessof
an individual in a standardGP system,while [ � 9 � ����	�� is
the true effective fitnessfor a schemain a standardbinary
GA. In addition, the true effective fitness [ � 9 � ����	�� of a
schemacanbebiggerthan[D� ����	�� if thebuildingblocksfor�

areabundantandrelatively fit. On thecontrarytheesti-
mate/boundgivenby [ yz is alwayssmallerthan [ z (which
maybeincorrect).

3 GP HYPERSCHEMA THEORY

In [16, 7] I extendourfixed-size-and-shapeschematheory
for GPwith one-pointcrossoverobtainingresultssimilarto
thosein Section2.2.Thissectionsummarisestheseresults.

If one had a populationof programsall having exactly
the samesizeandshape,it would be possibleto express
thetotal transmissionprobabilityof afixed-size-and-shape
schema,in thepresenceof one-pointcrossover, in exactly
thesamewayasin Equation2, i.e._]� ����	�� #a� 0/:,b1�2s�d, � ����	�� (6)� ,�1�2A � �>� f LWNQS g4ij kWl4� , �<�
� ���
no�?��	��T, �<��� ����no�?�
	��
where:

A � �>� is thenumbernodesin theschema
�

(which
is assumedto have the samesize and shapeof the pro-
gramsin the population); ��� ����no� is the schemaobtained
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Figure 3: Exampleof schemaand someof its potential
fixed-size-and-shapebuilding blocks.
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Figure4: Exampleof schemaandsomeof its potentialhy-
perschemabuilding blocks.

by replacingall the nodesabove crossover point
n

with =
nodes;�D� ����no� is theschemaobtainedby replacingwith a
= nodesall thenodesbelow crossoverpoint

n
;
n

variesover
the valid

A � �>� crossover points.3 The proof of this re-
sult is reportedin [7]. Thesymbol � standsfor “lower part
of”, while � standsfor “upperpartof”. For example,Fig-
ure 3 shows how ��� ���8�� , �D� ���s�� , ��� ���
tu� , and ��� ���
tu�
are obtainedassumingthat

� # (* = (+ x =)) and
thecrossoverpointsarenumberedasin Figure3 (top left).

To extendthis resultto populationsincludingprogramsof
differentsizesandshapes,in [7] I introduceda moregen-
eraldefinitionof schema:

Definition 1 GP hyperschema.A GP hyperschema is a
rootedtreecomposedof functionsfrom the set ����!�#%$
andterminalsfrom theset &H��!�# ��� $ . � and & arethe
functionsetandtheterminalsetusedin a GPrun. Theop-
erator= is a “don’t care”symbolswhichstandsfor exactly

3A simplerversionof this equation,valid when�����Q� � , was
presentedin [16] whereI failedto statethattheequationis only
applicableto populationsof programsof fixedsizeandshape.

onenode,while theoperator# standsfor any valid subtree.

For examplethehyperschemais(* # (+ x =)) repre-
sentsall theprogramswith thefollowing characteristics:a)
theroot nodeis a product,b) thefirst argumentof theroot
nodeis any valid subtree,c) the secondargumentof the
rootnodeis +, d) thefirst argumentof the+ is thevariable
x, e) thesecondargumentof the+ is any valid nodein the
terminalset. Hyperschemataarea generalisationof both
Rosca’sandourfixed-shape-and-sizeschemata.

Usinghyperschemata,I obtainedthefollowing generalre-
sult which is valid for populationsof programsof any size
andshape(see[7] for theproof):

Theorem2 Indi vidual-centredExact GP SchemaThm.
The total transmissionprobability for a fixed-size-and-
shapeGP schema

�
under one-pointcrossover and no

mutationis_]� ����	�� #a� 0/:,b1�2s�d, � ����	�����,b1�2 jO�¡ �jO��¢ , �B£ i ��	��d, �B£�¤ �
	��A } ��£ i � £ ¤ �� jkT¥V¦ L �¡  P ��¢ S¡§ ��£ ih¨ mh� ���
n��
� § ��£ ¤ ¨>© � ����no��� (7)

where: thefirst two summationsare over all the individu-
als in thepopulation;

A } �B£ i � £6¤ � is thenumberof nodes
in the tree fragmentrepresentingthe commonregion be-
tweenprogram £ i andprogram £ ¤ ; } �B£ i � £ ¤ � is thesetof
indicesof the crossover points in such a commonregion;§ �Tª � is a functionwhich returns1 if ª is true, 0 otherwise;mM� ����no� is the hyperschemaobtainedby replacingwith =
nodesall thenodeson thepathbetweencrossover point

n
and the root node, and with # nodesall the subtreescon-
nectedto thenodesreplacedwith =; © � ���
no� is thehyper-
schemaobtainedby replacingwith a # nodethe subtree
belowcrossover point

n
. If a crossover point

n
in thecom-

monregion betweentwo programsis outsidethe schema�
, then mh� ���
n�� and © � ����no� are emptysets.

The hyperschematamM� ����no� and © � ����no� are generalisa-
tions of the schemata��� ����no� and �D� ����no� usedin Equa-
tion 6 (compareFigures3 and 4). They are very im-
portant: if one crossesover at point

n
any individual inmM� ����no� andwith any individual in © � ���
n�� , the resulting

offspringis alwaysan instanceof
�

. Let us try to under-
standhow mM� ����no� and © � ���
n�� arebuilt with anexample.
If
� # (* = (+ x =)), asindicatedin thesecondcol-

umnof Figure4, mM� ���8�� is obtainedby first replacingthe
root nodewith a = symbolandthenreplacingthe subtree
connectedto theright of rootnodewith a# symbolobtain-
ing (= = #). The schema© � ���8�� is insteadobtained
by replacingthesubtreebelow thecrossoverpointwith a#
symbolobtaining(* # (+ x =)), asillustratedin the
third column of Figure 4. The fourth and fifth columns



of Figure4 show how mh� ���vtw� # (= # (= x #)) and© � ���
tu� # (* = (+ # =)) areobtained.

If onerestrictsthe first two summationsin Equation7 to
includeonly the individualswhich belongto ;=� �«� , one
obtains[7]:

Theorem3 GP S.T. with SchemaCreationCorr ection.
For a fixed-size-and-shapeGP schema

�
underone-point

crossoverandnomutation_Q� ���
	��`* � 0/:,b1�28�d, � ����	���� , 1�2A � �>� (8)

� f LON]S g¬ij kOl4� , �<mM� ����no�¬ ;=� �«�?��	��T, � © � ���
no�( ;=� �>�C��	��?�
theequalityapplyingwhenall theprogramsin thepopula-
tion sample;=� �>� .
A comparisonbetweenthe r.h.s. of Equation1 (divided
by
+

) and the r.h.s. of Equation8 when
, J #¯® and,65s7 9 � 	�� #  revealedthatTheorem3 providesa betteres-

timateof thetruetransmissionprobabilityof a schema[7].
This is because,unlike the older version,the theoremac-
countsfor someschemacreationevents.

4 MACROSCOPIC EXACT GP SCHEMA
THEOREM AND EFFECTIVE FITNESS

In order to transformEquation7 into a macroscopicde-
scriptionof schemapropagation,let usstartby numbering
all thepossibleprogramshapes,i.e. all thepossiblefixed-
size-and-shapeschemataof order 0. Let us denotesuch
schemataas ; i , ; ¤ , �s�8� . Theseschematarepresentdis-
joint setsof programs. Their union representsthe whole
searchspace.For thesereasons,wecanrewrite

§ ��£ i ¨ mh� ���
n��
� # j z § �B£ i ¨ mM� ����no�4 ; z �# j z § �B£ ih¨ mM� ����no��� § �B£ ih¨ ; z �?°
We substitutethis expressionandananalogousexpression
for § �B£�¤ ¨±© � ����no�
� into the triple summationin Equa-
tion 7 andreorderthetermsobtaining:jO�¡ �jO�s¢ , �B£ i �
	��d, �B£ ¤ ��	��A } �B£ i � £�¤ � jkT¥V¦ L �   P � ¢ S� j z § ��£ i ¨ mM� ����no�
� § �B£ i ¨ ; z �� j¡² § ��£ ¤ ¨�© � ����no��� § �B£ ¤ ¨ ;

² �
# j z j�²³j �  �j � ¢ , �B£ i ��	��T, ��£ ¤ ��	��A } �B£ i � £6¤ �

� jk<¥V¦ L ��  P ��¢ S�§ �B£ i ¨ mM� ����no��� § �B£ i ¨ ; z �� § �B£ ¤ ¨�© � ���
n��
� § ��£ ¤ ¨ ;
² �# j z j ² j��  ¥V´¬µ j��¢ ¥V´�¶ , �B£ i ��	��d, �B£�¤ �
	��A } ��£ i � £ ¤ �� jk<¥V¦ L �   P � ¢ S § �B£ i ¨ mM� ����no��� § �B£�¤ ¨�© � ���
n��
�# j z j ² j�   ¥V´ µ j� ¢ ¥V´�¶ , �B£ i ��	��d, �B£�¤ �
	��A } �<; z � ; ² �� jk<¥V¦ L ´¬µ P ´�¶ S¡§ �B£ ih¨ mh� ���
no��� § ��£ ¤ ¨�© � ����no���# j z j�² A } �<; z � ; ² �� jk<¥V¦ L ´¬µ P ´ ¶ S j�   ¥V´ µ , ��£ i ��	�� § �B£ i ¨ mh� ���
no���� j��¢ ¥V´ ¶ , ��£6¤ ��	�� § �B£�¤ ¨�© � ���
n��
�?°

Fromthisoneobtainsthefollowing

Theorem4 Exact GP SchemaTheorem. Thetotal trans-
missionprobability for a fixed-size-and-shapeGP schema�

underone-pointcrossoverandnomutationis_Q� ���
	�� #H� 0/:,b1�2s�d, � ����	�����,b1�2 j z j ² A } �<; z � ; ² �� jkT¥V¦ L ´ µ P ´�¶ S , �BmM� ����no�¬ ; z ��	��T, � © � ���
no�4 ;
² ��	��

(9)

The sets mh� ���
n��0 ; z and © � ���
n��0 ;
²

either are (or
can be representedby) fixed-size-and-shapeschemataor
aretheemptyset · . So, the theoremindeedexpressesthe
total transmissionprobabilityof

�
only usingtheselection

probabilitiesof asetof lowerorderschemata.

Thistheoremis ageneralisationof Equation8 whichcanbe
obtainedfrom Equation9 by consideringonly onetermin
thesummationsin x and ¸ (thetermfor which ; z #); ² #;=� �«� ). Thetheoremis alsoageneralisationof Equation6.

Oncethevalueof _Q� ���
	�� is available,it is easytoextendto
GPwith one-pointcrossover thenotionof effective fitness
provided in [8, 9]. By usingthe definition in Section2.3
andthevalueof _Q� ���
	�� in Equation9, weobtain:[ � 9 � ����	�� # _Q� ���
	��, � ���
	�� [D� ����	�� (10)# [D� ���
	��¹3�0/",�1�2��V0/ j z j ² jk<¥V¦ L ´ µ P ´�¶ S, �<mh� ���
no�4 ; z �
	��d, � © � ����no�¬ ;

² �
	��A } �<; z � ; ² �d, � ���
	�� � F °



This equationgives the true effective fitnessfor a GP
schemaunderone-pointcrossover: it is not anapproxima-
tion or a lower bound. Thanksto this definition it is easy
to seethattheeffectivefitnessof a GPschemacanbebig-
gerthanits actualfitnessif its building blocksareabundant
and relatively fit. This shows that crossover doesnot al-
wayshave thedestructiveconnotationoftenattributedto it
in theGPliterature(e.g.[13, 11]).

5 EXAMPLE

Sincethe calculationsinvolved in applying the exact GP
schematheoremsmaybecomequite lengthy, we will con-
sideroneof thesimplestnon-trivial examplespossible.

Let us imagine that we have a function set!�º U �v» U � } U �
¼ U � � U $ including only 1-arity func-
tions, and the terminal set !�º R �
» R � } R �
¼ R � � R $ . So, for
example,a programin this searchspacemight look like�<º U � » U » R ��� . Since, the arity of all functions is 1, we
canremove theparenthesesfrom theexpressionobtainingº U » U » R . In addition, since the only terminal in each
tree is the rightmostnode,we can remove the subscripts
without generatingany ambiguity, obtaining º »½» . This
canbedonefor every memberof thesearchspace,which
canbeseenasthespaceof variable-lengthstringsover the
alphabet !�º �
»�� } �
¼�� �q$ . So, in this exampleGP with
one-pointcrossover is really a non-binaryvariable-length
GA.

Let usnow considertheschemaAB=. We wantto measure
its total transmissionprobabilityunderfitnessproportion-
ateselectionandone-pointcrossover(with

, 1�2 #  ) in two
slightly differentpopulations:

Population1 Fitness Population2 Fitness
AB 2 AB 2
BCD 2 BCD 2
ABC 4 ABC 4
ABCD 6 BCDE 6

In orderto dothatweneedfirst to computethe“lowerpart”
and“upperpart” building blocksof AB=. Theseare:n mM� AB= ��no� © � AB= ��no�0 AB= #

1 =B= A #
2 === AB#
3 · ·
...

...
...

Let usstartby calculating_Q� AB= �
	�� for Population1, us-
ing Equation7:

_Q� AB= ��	�� # j�   P � ¢ , �B£ i ��	��T, ��£6¤ ��	��A } �B£ i � £6¤ �e�� j k § �B£ i ¨ mh� AB= ��no�
� § �B£�¤ ¨�© � AB= �
no���# � L �   P RTS¾�¿?À�ÁÂ8ÃÅÄ � L
� ¢ P RTS¾�¿?À�ÁÂ8ÃÆÄ i
Ç�f

¦ L �   P � ¢ S¾�¿CÀ�ÁÂ Ä �B® Ä ]� ® Ä ��À Á?¾ ¿�   l(È4É P � ¢ l(È4É P kOl4� P i� ÂsÃ�Ä Â8Ã�Ä Â Ä �B® Ä ]� ® Ä ® �À ÁC¾ ¿�¡  l¬È4É P ��¢ l¬É�¦(Ê P kWl4� P i
� �s�8�

(13 terms
areomitted)� ËsÃ Ä Ë8Ã Ä Ã Ä �  Ä ]�) Ä ]�) Ä ]�  Ä ��À Á?¾ ¿�¡  l¬È4É�¦(Ê P �s¢ l¬È4É�¦�Ê P kOl4� P i P ¤ P Ì# ÃutsÃÎÍ � ® ° ÂVÏwÂVÐ

So, clearly this is a lengthy calculation,which can only
producea numericalresult. It cannotreally beusedto un-
derstandhow instancesof AB= arecreatedin differentpop-
ulations.

Let usnow useEquation9 to dothesamecalculation.First
weneedto numberall thepossibleprogramshapes; i , ;�¤ ,etc..Let ; i be=, ;�¤ be==, ; Ì be=== and ;ÒÑ be====.
We do not needto considerother, biggershapesbecause
the populationdoesnot containany larger programs(i.e.;ÒÓD#a· for �]Ô Ã ). Thenwe needto identify theschemata
resultingfrom calculatingmh� AB= ��no�6 ; z for all meaning-
ful valuesof

n
and x : mh� AB= ��no�4 ; zxn

1 2 3 4
0 · · AB= ·
1 · · =B= ·
2 · · === ·
3 · · · ·

We do thesamefor © � AB= �
no�4 ;
²
, obtaining:

© � AB= �
n��4 ;
²¸n

1 2 3 4
0 = == === ====
1 · A= A== A===
2 · · AB= AB==
3 · · · ·

Finally we need to evaluate the shape of the com-
mon regions to determine

A } �B; z � ; ² � and the links in} �<; z � ; ² � for all valid valuesof x and ¸ . In generalthis



canbenaturallyrepresentedusingtheprogramshapes; i ,;�¤ , etc..For theexampleunderconsideration:

Shapeof CommonRegion¸x 1 2 3 4
1 ; i ; i ; i ; i2 ; i ;�¤ ;�¤ ;�¤
3 ; i ;�¤ ; Ì ; Ì
4 ; i ;�¤ ; Ì ;ÒÑ

By usingthisandtheprevioustableswecansimplify Equa-
tion 9 removing all thenull termsasfollows:_Q� AB= ��	�� # j z P ² A } �<; z � ; ² �6�� j k , �<mh� AB= ��no�4 ; z ��	��T, � © � AB= �
n��4 ;

² �
	��
# i
Ç�f

¦ L ´(µ P ´ ¶ S¾�¿CÀ�Á Ä�Õ)Ö � LW×�L AB= P
k S<Ø ´ µ P RTS � LdÙ�L AB= P k S<Ø ´�¶ P RTS¾ ¿?À Á�Ú® Ä �=��# �¯�À Á?¾ ¿z l i P

² l
i P
kWl¬�

�  Ä � ® Ä �=��#�# ���À Á?¾ ¿z l i P
² l ¤ P kWl¬�

� �8�s� (6 moreterms)

� �Ä � �=�Bº » # � �=��#�# ���À ÁC¾ ¿z l Ì8P ² l i P
kOl4�

� Â Ä � �=�Bº » # � �=��#�# �¬� �=��# » # � �=�<º�# ���À ÁC¾ ¿z l Ì8P ² l ¤ P kOl4� P i� �s�8� (6 moreterms)

wherefor brevity we have usedthenotation �=� °Û� to repre-
sent
, � °W�
	�� . Simplifying yields_Q� AB= ��	�� #��=�<º » # � �=��# �¬� Â �=�<º » # � �=��#�# �� Â �=��# » # � �=�<º�# �(� t �=�Bº » # � �=��#�#�# �� t �=��# » # � �=�<º�#�# �¬� t �=��#�#�# � �=�<º » # �� t �=�Bº » # � �=��#�#�#�# �4� t �=��# » # � �=�Bº�#�#�# �� t �=��#�#�# � �=�Bº » #�# �

The complexity of this equationcanbe reducedby using
hyperschematato representgroupsof schemata,obtaining:_Q� AB= ��	�� #)�=�<º » # � �=��# �¬� Â �=�<º » # � �=��#�# �� Â �=��# » # � �=�<º�# �¬� t �=�Bº » # � �=��#�# �Ü�� t¬�=��# » # � �=�<º�# �Ü�(� t��=��#�#�# � �=�<º »q�Ü�

This is equivalentto reorderingthetermsby sizeandshape
of commonregionandthenby crossoverpoint.

Thisequationis quitedifferentfrom theoneobtainedwith
theearlierexactschematheorem.It is general,i.e. indepen-
dentfrom aparticularpopulation.Also, it clearlyindicates
how individualssamplingAB= canbeassembledfrom in-
dividualshaving differentshapesandnodes.Theschemata
in thisequationaretherealbuilding blocksfor AB=.

If wecalculatetheprobabilitiesof selectionof theschemata
in thepreviousequationusingPopulation1, weobtain:_]� AB= ��	�� # Ã8Ã�Ä ® � Â Ä Ã8ÃÝÄ Â8Ã � Â Ä Ã8Ã�Ä Â8Ã� t�Ä ÃsÃÝÄ  ÂsÃ � t�Ä Ã8Ã�Ä  ®sÃ � t�Ä Ë8Ã�Ä  ®8Ã# Ãwt8ÃÎÍ � ® ° Â�ÏuÂVÐ
Theresultis thesamein thetwo calculationsasexpected.
However, oncethe exact macroscopicformulationof the
transmissionprobability of a schemais available, this is
mucheasierto usein calculationsthanthe corresponding
microscopicdescription.Indeed,wecanuseit to calculate_Q� AB= ��	�� for Population2 with a simplepocketcalculator
obtaining _Q� AB= �
	�� � ® °O Ï ® Ð . For comparison,for either
population,theschematheoremwith schemacreationcor-
rectionwouldhaveprovidedthelowerbound:_Q� AB= ��	��Q* t �=�Bº » # � �=��#�#�# �� t �=��# » # � �=�<º�#�# �¬� t �=��#�#�# � �=�<º » # �� ® °W ®VÞVÞ
whichis nearlyonethird of thecorrectvaluefor Population
1andahalfof thecorrectvaluefor Population2. Thisisbe-
causethetheoremaccountsonly for schemacreationevents
in ;=� AB= � . Sincethereareno creationeventsof this type
in this example,theold GP schematheorem(Equation1)
givesexactly thesamebound.

With theseresultswecannow computetheeffectivefitness
for theschemaAB= for bothpopulations.For Population1[�� 9 � AB= �
	�� # _Q� AB= �
	��, � AB= ��	��b[D� AB= �
	�� ��� Ã6°OV�
i.e. thanks to the collaboration of other schematathe
schemaAB= propagatesfasterwith 100%crossover than
with nocrossoveratall! On thecontraryfor Population2[ � 9 � AB= ��	�� # _]� AB= ��	��, � AB= �
	�� [D� AB= ��	�� � Â °ßÍÎ°
So, in Population2 the schemais effectively a below-
averageschema( [ � 9 � AB= ��	�� # Â °ßÍ½à \[�� 	�� # t¹° Ð ) despite
thefactthatits fitness( [D� AB= ��	�� # Ã ) is aboveaverage.



6 CONCLUSIONS

In this paper, a macroscopicexactschematheoremfor ge-
netic programmingwith one-pointcrossover is provided.
This theoremextendsto GP(andalsoto a form of variable
lengthGAs)recentGA theory, usingamoregeneralnotion
of GPschema:thehyperschema.

Thanksto thistheoremit is now possibleto expressexactly
the notion of effective fitness. This wasoriginally intro-
ducedin GPin approximateform in [10, 11] to explain the
reasonsfor bloatandactive-codecompression,andlaterre-
definedmoreformally for GAs in [8, 9] to describetheef-
fectsof thesearchoperatorson thereproductiveefficiency
of a schema.So, this paperestablishesa formal link be-
tweenthetwo mainareasof theoreticalresearchin GP:the
study of bloat and the theoryof schemata.In future re-
searchI hopeto be able to usethis rigorousformulation
of theeffectivefitnessto modelmathematicallyandunder-
standbetterthe reasonsfor bloat, intron proliferationand
codecompression.
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