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Abstract. In this paper, firstly we specialisethe exact GP schematheoremfor
one-pointcrossover to thecaseof linearstructuresof variablelength,for exam-
ple binarystringsor programswith arity-1 primitivesonly. Secondly, we extend
this to an exact schematheoremfor GP with standardcrossover applicableto
the caseof linear structures.Thenwe study, both mathematicallyandnumeri-
cally, theschemaequationsandtheirfixedpointsfor infinite populationsfor both
a constantand a length-relatedfitnessfunction. This allows us to characterise
the bias inducedby standardcrossover. This is very peculiar. In the caseof a
constantfitnessfunction,at thefixed-point,structuresof any lengtharepresent
with non-zeroprobability. However, shorterstructuresaresampledexponentially
muchmorefrequentlythanlongerones.

1 Introduction

In recentwork [6] anexactschematheoremfor GPwith one-pointcrossover hasbeen
introduced.This givesan exact expressionfor the expectednumberof instancesof a
schema

�
atgeneration���	� , 
�� 
�� ��� ��������� , in termsof macroscopicquantities(i.e.

propertiesof schemata,like their fitnessor numberof instances,asopposedto micro-
scopicpropertiesof the individualsin the population,like their selectionprobability)
measuredat generation� .

The theoremhasthe form 
�� 
�� ��� ����������������� � � �!� , where � is the num-
ber of individuals in the populationand ��� � � �!� , which we term the total transmis-
sion probability of

�
, is the probability that an individual createdthroughthe selec-

tion/crossover/mutationprocesssamples
�

[12]. [6] providesanexactvalueof ��� � � �!�
for a GP systemwith one-pointcrossover [9, 11]. This operatorworks by selectinga
commoncrossover point in theparentprogramsandthenswappingthecorresponding
subtrees,like standardcrossover. To accountfor thepossiblestructuraldiversityof the
two parents,one-pointcrossoverselectsthecrossoverpoint only in thepartof thetwo
treeswhichhave thesametopology. This is calledthecommonregion.

The theory is basedon the definition of GP schemaproposedin [9] in which a
schemais a treecomposedof functionsfrom theset "$#&%'��( andterminalsfrom the



set )	#*%'��( , where" and ) arethefunctionsetandtheterminalsetusedin aGPrun.
Thesymbol � is a “don’t care”symbolwhich standsfor a singleterminalor function.
A schema

�
representsprogramshaving the sameshapeas

�
and the samelabels

for the non-� nodes.In order to be ableto representprogramsof differentsizesand
shapesthetheoryrequiresalsothedefinitionof theconceptof hyperschema[7]. A GP
hyperschemais arootedtreecomposedof functionsfrom theset "+#,%'��( andterminals
from theset )-# %.� �0/ ( . Thesymbol= is asabove,while thesymbol# standsfor any
valid subtree.Thenotionof hyperschemais a generalisationof both theGPschemata
definedabove(whicharehyperschematawithout# symbols)andRosca’sschemata[13]
(whicharehyperschematawithout= symbols).

With thesedefinitionsonecanprove[6] thatthetotal transmissionprobabilityfor a
GPschema

�
underone-pointcrossoverandno mutationis:

��� � � �!�1�2�3�547698�:;�<6=� � � �!�>��698�:@?.AB?'C �DFE �HG A � G C �I ?JLKNMPORQ@SUT QWV0X 6=�LYZ� � �\[ �^]_G A � �!�`6W�bac� � �![ �@]7G C � �!� (1)

where: 698�: is the probability of crossover; 6W� � � �!� is the probability of selectingan
individualmatchingtheschema

�
; G � , G � , I;IdI areall thedifferentschematathatcanbe

built from = nodesonly;1 theindicese and f rangeoverall thedifferent G J ; gc�HG A � G C �
is the setof crossover points in the commonregion betweenschemaG A andschemaG C ; DFE �HG A � G C �,�ih gc�LG A � G C �;h is the numberof nodesin the commonregion; the
index

[
rangesover all thecrossoverpointsin gc�HG A � G C � ; Yj� � �![ � is thehyperschema

obtainedby replacingall thenodeson thepathbetweencrossover point
[

andtheroot
nodewith = nodes,andall thesubtreesconnectedto thesenodeswith # nodes;ac� � �\[ �
is thehyperschemaobtainedby replacingthesubtreebelow crossoverpoint

[
with a #

node(moredetailson thesedefinitionscanbefoundin [6, 7]). In fitnessproportionate
selection,6W� � � �!�k�ml ORn�T o<XLpNOqn�T o<Xr�spNOto<X where 
�� ��� �!� is thenumberof programsmatching

the schema
�

at generation� , uv� � � �!� is the meanfitnessof the programsmatching�
, and wuv�<�!� is themeanfitnessof theprogramsin thepopulation.ThehyperschemataYj� ���![ � and ac� � �\[ � areimportantbecausethey allow theidentificationof parentsthat

mayleadto thecreationof offspringin
�

: if onecrossesoverat point
[

any individual
in Yj� � �![ � with any individual in ac� � �![ � , theresultingoffspringis alwaysaninstance
of
�

.
In [6] anexamplewaspresentedwhichusedonlyunaryfunctions.With thisfunction

setonly lineartreescanbecreatedand,therefore,GPbecomesasortof variable-length
GA. In thatexample,thenew schematheoremwasappliedto a specificschemaanda
specificpopulation.In thispaperwestudyin muchgreaterdepthwhathappensin aGP
systemhandlinglinearstructures.Westartby specialisingtheschematheoremfor one-
point crossover to sucha case,but without focusingon any particularschema(aswas
thecasein theexamplein [6]), andby thenextendingthis to anexactschematheorem
for GPwith standardcrossoverapplicableto thecaseof linearstructures.

1 Thusthe xky canbeseenascataloguingall thedifferentprogramshapes.



2 Exact Schema Theory for Linear Structures

Whenonly unaryfunctionsareusedin GP, schemata(andprograms)canonly take the
form �bz � �Hz � �bz|{~}q}R}R}R�bz|�Z� � z|���U}R}R}q}��!�\� where ����� , z J�� "�#+%.��( for ��� [5� � , andz|� � )�#�%'��( . Therefore,they canbewrittenunambiguouslyasstringsof symbolsof
theform z � z � z|{N}q}R}q}�z9�j� � z9� .

In orderto make thespecialisationof Equation1 to thelinearcaseeasierwe repre-
sentrepeatedsymbolsin astringusingthepowernotationwhere��� means� repeated�
times.For example,theschema11100000===1 canbewritten as � {d��� �b��� { � . Since
in this caseall treesare linear, the spaceof programshapescan be enumeratedby%�G���( whereG�� is ����� � for �+�-� . Giventhis, thecommonregionbetweenshapesG A
and G C is simply theshorterof thetwo schemata,andthesizeof thecommonregion,DFE �HG A � G C � , is simply �c�R�>�qe � f�� . Therefore,the setof crossover points in the com-
monregion, gc�LG A � G C � , canbeidentifiedwith thesetof indices%�� � � � }q}R} � �c�q�@�Re � f��d4��N(
wheretheindex 0 representacrossoverpointbeforethefirst symbolin astring(theroot
node).In this linear representationthehyperschemataYZ� � �\[ � and a�� � �\[ � arepartic-
ularly simple: ac� ���![ � is z � }q}R} z J / and Yj� � �![ � is �b��� J z JR  � }R}q}�z9� , where ��� [,� �
(with theconventionthatfor

[ �¡� thehyperschemaz � }R}q}�z J / is simply
/

). So,

a�� � �\[ �>]�G C�¢¤£ z � }q}R}�z J �b��� C � J if
[1� f ,¥

otherwise,

and Yj� � �![ �^]7G A ¢ £ ����� J z JR  � }R}R} z � if e¦��� ,¥
otherwise,

where
¥

is theemptyset.Therefore,the summationin e in Equation1 disappearsbe-
cause6W�LYZ� � �\[ �v]FG A � �!���§� for all e	¨�B� . As a resultof thesesimplifications,one
cantransformEquation1 into:

Theorem 1. The total transmissionprobability for a linear GP schemaof the formz � }q}R} z9� underone-pointcrossover andnomutationis���bz � }R}q}�z � � �!�©�$�3�ª476 8�: �<6=�Hz � }q}R} z � � �!�@��6 8�: I (2)

? C ��c�q�>�H� � f|� I;«P¬ ­
O � T C X � �? JR®^¯ 6=�Hz � }R}R} z J ����� C � J � �!�`6W�!�b��� J z JR  � }R}R} z9� � �!�U}

This resultcanthenbeextendedto obtainthefollowing:

Theorem 2. The total transmissionprobability for a linear GP schemaof the formz � }q}R} z9� understandard crossover with uniform selectionof the crossover pointsand
no mutationis���bz � }R}q}�z|� � �!�©�2�3�547698�:°�<6=�Hz � }q}R} z9� � �!�\� (3)

6�8�:@? C �f «P¬ ­
O � T C X � �? JR®^¯ 6W�Hz � }R}q}�z J �b��� C � J � �!� ±?� ® �Z� J 6=�\�b��� � ���

 @J z JR  � }R}R} z9� � �!�� }



Proof. Thetheoremcanbederivedasaspecialcaseof themoregeneralresultreported
in [8]. However, herewe provide an direct proof which shows how this resultcanbe
derivedby modifying Equation2.

Equation2 clearly indicatesthat one-pointcrossover with a givencrossover point[
cancreatenew instancesof theschemaz � }q}R} z � only if selectionpicksup a first par-

ent whosefirst
[

nodesmatch z � }R}R} z J and a secondparentwhoselast �²4 [ nodes
match z JR  � }q}R}�z � . Given that one-pointcrossover forces the selectionof a common
crossover point, this meansthat thesecondparentmustbealwaysof length � . How-
ever, if oneusedstandardcrossover, onecouldcreateinstancesof z � }R}q}�z9� evenif the
length of the secondparentis different from � , provided that the last �³4 [ nodes
of the secondparentmatch z JR  � }q}R} z9� and the secondcrossover point excisedsuch
nodes.If thesecondcrossover point is at position ´ , this canhappenif selectionpicks
up a secondparentmatching �����¶µHz Jq  � }R}q}�z9� for any valueof ´�·i� . Thus,an extra
summationneedsto beaddedto Equation2 to dealwith standardcrossover. Theprob-
ability of choosingcrossover point ´ in a secondparentmatching �b���¶µbz JR  � }R}R} z9� is��¸¹�H´>����4 [ � . Therefore,after the changeof variable �$�º´=�»��4¼e oneobtains
that the probability of obtainingthe subschemaz JR  � }q}R}�z � from the secondparentis½ ±� ® �j� J�¾ O<Oq®@XL¿'À~Á^Â~Ã<Ä ÃRÂ�Å0Æ�Æ�Æ Ä Á T o<X� . This shouldreplacethe term 6=�!����� J z JR  � }q}R}�z|� � �!� in
Equation2. Sincestandardcrossoverdoesnot limit thecrossoverpoint in thefirst par-
entto belongto thecommonregion,theprobabilityof selectingcrossoverpoint

[
needs

to changefrom �'¸W�c�q�>�H� � f|� to �'¸.f . Thiscompletestheproofof thetheorem. Ç
Equation3 is in a form which makesit easyto seethesimilaritieswith Equation2.

However, thereadermightfind it easierto understandthesameresultrewrittenasin the
following:

Corollary 1. The total transmissionprobability for a linear GP schemaof the formz � }q}R} z9� understandard crossover with uniform selectionof the crossover pointsand
no mutationcanbewritten in thefollowing equivalentforms:���bz � }q}R}�z � � �!�©�2�3�5476 8�: �`6W�Hz � }R}R} z � � �!�\� (4)

698�: �Z� �? Jq®^¯ ? C�È J ?�ÊÉ �j� J �fÊ� 6W�Hz � }R}q}�z J �b���
C � J � �!�`6=�\�b��� � ���  @J z JR  � }q}R} z9� � �!� �

���Hz � }R}R} z � � �!�1�Ë�!�54_6 8�: �`6W�Hz � }R}q}�z � � �!�Ì� (5)

6 8�: �j� �? JR®^¯ ?C�È ¯ ?�ÊÉ ¯ ��bf,� [ �°�L�_4 [ ���F� 6=�Hz � }R}R} z J ����� C � �!�`6W�!�b��� � z Jq  � }q}R}�z � � �!�°}
Equation4 makestheideaof summingoverthesetof possiblecrossoverpointsclearer.
Equation5 makesthe ideaof summingover varying lengthsof “don’t care” symbols
clearer.

3 Evolution of Size in Linear Systems

Equations2 and3 canbe usedto study, amongotherthings,the evolution of size in
linearGP/GAsystems.This is becausethey canbespecialisedto describethetransmis-



sion probability of schemataof the form �b��� � . For one-pointcrossover (Equation2)
oneobtains:

���!����� � � �!�©�2�3�j4_6�8�:°�<6=�\�b��� � � �!�=� 6�8�:@? C «P¬ ­ O � T
C X � �? JR®^¯ 6W�!����� C � �!�`6=�\�b��� � � �!��¦�R�>�H� � f���2�3�j4_6 8�: �<6=�\�b��� � � �!�=� 6 8�: 6W�!����� � � �!� ?NC 6=�\�b��� C � �!�

�¼6=�\�b��� � � �!� � (6)

whereweexploitedthefactthat
½ C 6W�!����� C � �!�©�Ë� since Í C ����� C representstheentire

searchspaceand ����� C ]-����� A is the emptyset for any f�¨�Îe . This result indicates
that lengthevolvesunderone-pointcrossover asif selectiononly wasacting(6�8�: , for
example,hasnoeffect).So,one-pointcrossover is totally unbiasedwith respectto pro-
gramlength.This is madeparticularlyclearif oneassumesa flat fitnesslandscapein
which uv� ��� �!���Ïwuv�<�!� for all

�
. In theseconditionsall the dynamicsin the system

mustbecausedby crossover or by samplingeffects.For a flat landscapeunderfitness
proportionateselectionEquation6 becomes���!�b�,� � � �!���Ð
��!����� � � �!�Ì¸°� for finite
populations,and ���\�b��� � � �!���i���\�b��� � � ��4���� in the infinite populationlimit. This
is because,in the infinite populationcase,the quantity ��� � � �!� canbe interpretedin
two entirelyequivalentways:asthe total transmissionprobabilityof theschema

�
at

generation� or as the proportionof individuals in the populationin
�

at generation�=�»� . In this secondinterpretation,we conventionallydefine ��� � � 4���� asthepropor-
tion of programsin

�
at generation0. Clearly, ��� � � 4���� is entirelydeterminedby the

initialisationprocedureadopted.
Theequation���\�b��� � � �!�©�Ñ���!�b�,� � � �N4_��� obtainedfor theinfinite populationcase

is particularlyimportantbecauseit showsthatwhenone-pointcrossoveraloneis acting,
any initial distributionof lengths,���!�b�,� � � 4���� , is a fixedpoint for thesystem.

For standardcrossover (Equation3) oneobtains:���\�b��� � � �!�©�$�!�54_6�8�:d�`6=�\�b��� � � �!�>� (7)

6�8�:@? C «P¬ ­ O � T
C X � �? JR®^¯ 6W�!����� C � �!�f ±?� ® �Z� J 6=�\�b��� �

� �!�� �
which canbetransformedinto

���\�b��� � � �!�©�$�!�54_6�8�:;�`6=�\�b��� � � �!�@� 6�8�:@? C 6W�!�b��� C � �!�f I (8)

±?� ® «PÒ\Ó O � T �Z� C   � X
6=�\�b��� � � �!�� �c�R�=�L� � f � � � f��&�74��F�U}

Alternativeformulationsfor thisequationcanbeobtainedspecialisingCorollary1. For
example,from Equation4 oneobtains:

���!�b��� � � �!�1�2�3�5476 8�: �`6W�!�b��� � � �!�@��6 8�: �Z� �? JR®^¯ ? C�È J 6=�\�b���
C � �!�f ?�¹É �Z� J 6=�!����� �

� �!�� }



An alternative way of expressing���!�b��� � � �!� for standardcrossover in termsof
microscopicquantitiesis thefollowing:���\�b��� � � �!�©�$�!�54_6�8�:d�`6=�\�b��� � � �!�>� (9)

6 8�:�?Ô Å KNÕ ?Ô!Ö KNÕ
� O Ô Å X � �?8 Å ®@¯

� O Ô!Ö X � �?8 Ö ®^¯ 6W�L× �
� �!�`6=�H× � � �!��¼�L× � �3�¼�H× � �*Ø �<� � ���¼�L× � �P4+� � ���F�

in which Ù is thepopulationatgeneration� , × � and × � varyoverall thepossibleparents
(i.e. the membersof Ù ) while � � and � � vary over all the possiblecrossover points
in × � and × � , respectively. This equationexplicitly includesone term for eachof the
possibleways in which offspring can be createdfrom the parentsin the population
for all possiblecrossover points.In the equation,the term ¾ O Ô Å T o<X ¾ O Ô Ö T o<X� O Ô Å X � O Ô Ö X representsthe
probability thateachof sucheventbe thecase,while the term Ø �<� � �-���L× � ��4¼� � ��F� makessurethatonly the probabilitiesof the eventsthat leadto the creationof an
offspringof length � areincludedin thesum.

Theseequationsshow that for standardcrossover not every initial distribution of
programlengthsis a fixed point (for an infinite population)even if oneconsidersthe
caseof aflat landscape.For example,if onestartedat generation0 with only programs
of length Ú , i.e. ���!����� 8 � 4������ Ø �L�&��ÚÛ� , assuming6 8�: �Ü� onewould obtainthe
following distributionof lengthsat generation1:

���\�b��� � � �~�©���cÝ.Þ*ß ÚÎ4Ñh ÚÐ4���hÚ � � �.à�} (10)

Thisimpliesthat ���!�����3á � ���©���'¸�Ú whichis in generaldifferentfrom ���!�����3á � 4����©�� (exceptfor thetrivial casein which Úâ��� ).2 So,standardcrossover imposesits own
specificbiasonthedistributionof lengths,althoughweexpectthatsuchabiaswill have
noinfluenceontheaveragelengthof programs,sinceonaveragethesubtrees/substrings
swappedby crossoverareof thesamesize.Thisconjecturecanactuallybeprovenmath-
ematicallyobtainingthefollowing:

Theorem 3. Themeansizeof theprogramsat generation ��� � , ã©�<��� ��� , in a linear GP
systemwith standard crossover, uniformselectionof thecrossover points,no mutation
andan infinitepopulationis ã©�L�>�Ñ���©� ? � ��6=�\�b��� � � �!� (11)

with thesamemeaningof thesymbolsasin previoustheorems.

Proof. By definitionof meanã©�L�d�_���P� ½ � �F���\�b��� � � �!� . By substitutingEquation9
into this equationoneobtains:ã©�<�>�Ñ���©�$�!�54_6�8�:d�|? � ��6=�\�b��� � � �!�=� 6�8�:@? � �åä

2 If all programsincludeonlyonenode(aterminal),standardcrossover, likeone-pointcrossover,
cannotproduceprogramswith morethanonenode.



?Ô Å KNÕ ?Ô\Ö KNÕ
� O Ô Å X � �?8 Å ®^¯

� O Ô!Ö X � �?8 Ö ®^¯ 6W�L× �
� �!�`6W�L× � � �!��¼�H× � �3�¼�H× � � Ø �<� � ���¼�L× � �P4+� � ���+�

�$�!�54_6 8�: �|? � ��6=�\�b��� � � �!�=� 6 8�: ?Ô Å KNÕ ?Ô!Ö KNÕ 6=�H× �
� �!�<6=�L× � � �!����L× � �!�¼�L× � � ä� O Ô Å X � �?8 Å ®^¯

� O Ô\Ö X � �?8 Ö ®^¯ ? � � Ø �<� � �¼���L× � �v4Û� � �Ñ�F�°}
With a few calculationsit is possibleto show that� O Ô Å X � �?8 Å ®^¯

� O Ô\Ö X � �?8 Ö ®^¯ ? � � Ø �<� � ���¼�L× � �W4Û� � ���F�©���¼�L× � �3�¼�H× � � ���L× � �@���¼�L× � �æ
whereby

ã©�<�>�Ñ���©�$�!�54_6 8�: �|? � ��6=�\�b��� � � �!�=� 6 8�: ?Ô Å KNÕ ?Ô!Ö KNÕ 6=�H× � � �!�<6=�L× � � �!� ���L× � �@���¼�L× � �æ
�$�!�54_6�8�:;�|? � ��6=�\�b��� � � �!�=� 6�8�:�?Ô Å KNÕ 6=�H× � � �!� �¼�L× � �æ ?Ô Ö KNÕ 6=�L× � � �!�@�
6 8�: ?Ô\Ö KNÕ 6W�L× � � �!� �¼�H× � �æ ?Ô Å KNÕ 6=�H× � � �!��$�!�54_6 8�: � ? � ��6=�\�b��� � � �!�=� 6 8�:©?Ô KNÕ 6=�H× � �!�3�¼�H×���$�!�54_6�8�:;�|? � ��6=�\�b��� � � �!�=� 6�8�:@? C �¼�\�b���

C � I ?Ô KNÕ>ç9Oq®@X V 6=�L× � �!��$�!�54_6 8�: � ? � ��6=�\�b��� � � �!�=� 6 8�: ?NC f�6W�!�b���
C � �!�

�»? � ��6W�!�b��� � � �!�U} Ç
Corollary 2. Ona flat landscape, ã©�L�@�����©�Ñã©�<�!�°} (12)

It is very difficult to find the fixed points (or to prove that thereare none)for a
GPsystemusingstandardcrossoverevenon thehypothesisof infinite populationsand
flat landscapes.However, it is possibleto find suchfixedpointsnumericallyby imple-
mentingtheschemaequationsanditeratingthemasdescribedin thenext section.We
will show in Section5 how the informationprovidedby suchsimulations,alongwith
a substantialamountof luck, hasallowedusto identify a mathematicalfunctionwhich
is provably a fixed point for the sizedistribution in a linear GP systemwith standard
crossoveroperatingon aflat landscape.



4 Experimental Results

In our experimentswe wereinterestedin studyingthe evolution of programsizeand
thebiasimposedby differentcrossovers.Sincetheeffectsof selectionon its own have
beenalreadystudiedin greatdepthin variousstudies,we concentratedon the effects
producedby crossover, i.e. by setting 6�8�:��è� . In the experimentswe iteratedthe
schemaequationsprovidedin theprevioussectionon theassumptionof infinite popu-
lations.Thiscorrespondsto studyingeithertheexactbehaviour of aGPsystemwith an
infinite populationor theaveragebehaviour of theGPsystemwith a finite population
overaninfinite numberof runs.

In thesimulationswekepttrackof ���\�b��� � � �!� for �å�	� suchthat ���!�b�,� � � �!���-� .
Since in an infinite populationstandardcrossover nearly doublesthe length of the
longestprogramin eachgeneration,the numberof � that needto be tracked grows
exponentiallyasa functionof � . As a resultwe restrictedour attentionto �5�Ñé . Fortu-
nately, this smallnumberof generationswasstill sufficient to show thesystemconver-
gence.

In theexperimentswe usedthreedifferentinitial conditions:theonepeakdistribu-
tion, ���!�b�,� � � 4����P� Ø �L�i� æ �~�
whereonly programsof length20arepresent,thetwo peakdistribution

���\�b��� � � 4����P� £ ��}�ê if �Ð�$�;é or �i� æ.ë ,� otherwise,

andtheuniformdistribution

���!����� � � 4����©��ì ��¸.íNî if � � � � é~� ,� otherwise.
(13)

Thesethreedistributionsareall characterisedby thesameaveragelengthsof 20.
In additionto a flat fitnesslandscape,realisedby a fitnessfunction which always

returnedthevalue10,weusedthefollowing size-relatedfitnessfunctionuv�Hz � }R}q}�z � �©�2� æ ��4Ñh æ ��4Û�	h � Ø �L� � � � é~��� (14)

whichreturns20minusthedistancebetweentheprogramlength,� , andatargetlength
of 20 for � � � � é~� , and0 for �º·	é~� .

On the flat fitnesslandscapeone-pointcrossover behaved asexpected.All initial
distributions ���!����� � � 4���� we triedwerefixedpoints.

Thesituationwasverydifferentfor standardcrossover. As shown in Figure1, with
theone-peakinitialisation,afteroneiteration(i.e. at �5�§� ) we obtainedthetriangular
profile calculatedin the previous section.3 As hypothesised,in later generationsthe
averageprogramsizeremainedconstant.However, the distribution of sizesdoesnot
remainsymmetric.In fact,it quickly approachesa limit distribution,wheremostof the

3 In this andthe following figures,the plots for generation0 and1 areshown with thin lines.
Thelinesbecomeprogressively thicker asthenumberof generationsincrease.Becauseof the
quick convergenceto a fixedpoint, theplotsfor ï@ð¼ñ and ï>ð�ò areoftenindistinguishable.



programswerequite short.Exactly the samefixed point distribution wasapproached
wheninitialising thesystemusingthetwo-peakandtheuniformdistributionsasshown
in Figures2 and3.Thisfixedpointdistributioncloselyresemblesagammadistribution,
a factthatis exploredin moredetail in thenext section.

As a sanitycheckto makesurethattheseresultswerenot anartifactof our numer-
ical simulations,we performedreal GP runswith a populationof 10,000individuals
initialisedwith theuniform distribution of lengthsin Equation13.Thefitnessfunction
wasflat. Therunswerecontinuedfor 250generations.No depthlimit wasimposedon
theoffspringproducedby crossover. Thedistribution of lengthsin the last50 genera-
tionswasrecorded.Figure4 shows theaverageproportionof programsof eachlength
in the last50 generationsof onerun (middle line) alongwith the2-standard-deviation
wideconfidenceintervals.It is easyto seehow closetheaveragedistributionof lengths
is to thefixedpoint distribution obtainedby iteratingthe schemaequations(Figure3,
thick line).

In theschema-equationexperimentswe obtaineddifferentfixedpoint distributions
only whenwe usedinitial conditionswith a differentaveragesize,suggestingthat the
fixed point distribution for standardcrossover is only a function of the averagesize,
andindependentof theactualshapeof the initial distribution. This family of fix-point
distributionscharacterisesthesearchbiasimposedby standardcrossover whenacting
on linearstructures:in theabsenceof otherbiasesstandardcrossoverwill tendto more
heavily samplethe spaceof smaller-than-averageprogramsandwill be unableto fo-
cus its searchon programsof a particularsize.This meansthat if selectionprefers
longer-than-averageprogramsor programsof a certainlength,standardcrossovermay
negativelybiasthesearch.Thisdoesnothappenwith one-pointcrossover, providedthat
theinitial populationincludessufficient varietyof shapes.

Thiseffectbecomesevidentwhenthesize-relatedfitnessfunctionin Equation14 is
used.With this fitnessfunctionprogramsof length20 aremaximallyfit. However, due
to thebiasesof standardcrossover, thefixedpoint distribution obtainedwith different
initial conditions(seeFigures5, 6 and 7) all sharethesamefeatures:inability to focus
on themaximallyfit lengthandbiastowardsshortprograms.

For comparison,Figure8 shows thebehaviour of one-pointcrossover on thesame
functionwith uniforminitial conditions.Thiscorroboratesthetheoreticalresultsin Sec-
tion 3 which indicatedthatone-pointcrossover is a transparent(i.e. unbiased)operator
asfarasprogramlengthsareconcerned.

5 Fixed-point Size Distribution for Standard Crossover on a Flat
Landscape

As noted in the previous section,the fixed-pointdistribution of lengthsapproached
in the experimentswith a flat landscapeunderstandardcrossover stronglyresembles
a gammadistribution. This observation promptedus to try to verify mathematically
whetherthis is indeedthecase.

A gammadistributionhasthefollowing form:ó �Lô �Ìõ'� ���©� ��ö � �°÷ �ø8�ù0úû �Lô¹� õ ö (15)
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Fig. 1. Total transmissionprobabilityfor stan-
dard crossover on a flat landscapewith one-
peakinitial conditions.The first four genera-
tionsareshown.
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Fig. 2. Total transmissionprobabilityfor stan-
dard crossover on a flat landscapewith two-
peakinitial conditions.The first four genera-
tionsareshown.
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Fig. 3. Total transmissionprobabilityfor stan-
dard crossover on a flat landscapewith uni-
form initial conditions.The first four genera-
tionsareshown.
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Fig. 4. Proportionof programsof eachlength
in arealGPrunfor standardcrossoveronaflat
landscapewith uniform initial conditions.
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Fig. 5. Total transmissionprobabilityfor stan-
dard crossover on a size-relatedlandscape
(Equation 14) with one-point initial condi-
tions.Thefirst four generationsareshown.
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Fig. 6. Total transmissionprobabilityfor stan-
dard crossover on a size-relatedlandscape
with two-pointinitial conditions.Thefirst four
generationsareshown.
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Fig. 7. Total transmissionprobabilityfor stan-
dard crossover on a size-relatedlandscape
with uniform initial conditions.The first four
generationsareshown.
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Fig. 8. Total transmissionprobability for one-
point crossover on a size-relatedlandscape
with uniform initial conditions.The first four
generationsareshown.
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Fig. 9. Total transmissionprobabilityfor stan-
dardcrossover on a flat landscapewith initial
conditionsü�ý.þLÿ�� ��� .
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Fig. 10. Total transmission probability for
standardcrossoveronaflat landscapewith ini-
tial conditionsü�ý.þ���� ��� .
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Fig. 11. Total transmission probability for
standardcrossoveronaflat landscapewith ini-
tial conditionsü ý þ��
	�� ��� .
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Fig. 12. Total transmission probability for
standardcrossoveronaflat landscapewith ini-
tial conditionsü ý þ����
� ��� .



where
û �Lô¹� is ageneralisationof thefactorialfunction4 definedby

û �Lô¹�©� � ±¯ ÷ � o � ö � ��� �U}
The gammadistribution hastwo parametersô and

õ
that changeits shape.For values

of ô$� � , ó �Hô �Ìõ�� �~� �³� . Also �R�q��8�� ± ó �Hô �0õ�� �ø�F� � and the distribution hasits
maximumwhen �&� õ �Lôc4���� . Themeanof a gammadistribution is ã	�Bô õ . So,the
maximumof thedistribution is shiftedwith respectto themeanby adistance

õ
(i.e. the

maximumis when �*�-ã*4 õ ).
In orderto verify if ó �Lô �Ìõ'� ��� is afixed-pointdistributionfor standardcrossoverona

flat landscape,firstly onehasto specialiseEquation8 by setting6=� ��� �!�1����� � � �94F��� .
Thisproduces

���!����� � � �!�1�$�3�54*698�:°�!���\�b��� � � �=4����>��698�:@? C ���\�b��� C � �W4-���f I (16)

±?� ® «PÒ\Ó O � T �Z� C   � X
���\�b��� � � �W4	���� �c�q�>�H� � f � � � f��¼�_4��F�°}

Then one assumesthat the systemis in the hypothesisedfixed point andsubstitutes���\�b��� 8 � �14¡����� ó �Lô �Ìõ'� ��� in this equation.If ���!����� 8 � �14»����� ó �Lô �Ìõ�� ��� is indeed
a fixed-point for the system,then the r.h.s. resulting from this substitutionmust be
equivalentto ó �Lô �Ìõ'� �F� .

If one usesthe generalform for ���\�b��� 8 � �j4Ë���*� ó �Hô �Ìõ�� ��� , it is actually very
difficult to checkwhetherthisisafixedpointfor Equation16.However, theexperiments
in theprevioussectionsuggestedthatagoodvaluefor theparameterô wouldbe ô¦� æ ,
which gives ó � æ �Ìõ'� ���P� � ÷ ��8�ù0úõ � }
This function is intuitively very appealingasa potentialfixed point becauseit trans-
formstermsof theform � O<Oq®>X���T o � � X8 in Equation16into exponentialsof theform � À��
���ú Ö .
Indeed,assuming���\�b��� 8 � �>4����©� ó � æ �Ìõ�� ��� allowsoneto simplify ther.h.s.of Equa-
tion 16 dramatically, obtaining:

���\�b��� � � �!�©� ß � ÷ �ø�PùÌúõ � à$ß �õ � �3�54 ÷ � Å� �;� ÷ Å� 4���� à } (17)

So,

���\�b��� � � �!�������!����� � � �v4	���5ß �õ � �3�ª4 ÷ � Å� �;� ÷ Å� 4���� à&} (18)

4 For integer ����	 , �Zþ�� � ð-þ��! "� �$# .



Since,in general,
õ � �!�ª4 ÷ � Å� �;� ÷ Å � 4-����¨��� , we canconcludefrom this resultthatthe

assumedgammadistribution is not a fixed point for the system.5 This had to be ex-
pectedbecausethe gammadistribution is a continuousprobabilitydistribution. While% 8 É ¯ ó �Hô �0õ�� �ø� � �Û�Ü� , it is not true that

½ 8 É ¯ ó �Lô �Ìõ�� ���ª�Ü� . So,samplingó �Lô �0õ�� �ø�
doesnot producea discreteprobabilitydistribution.This is why ���!����� C �ª� ó � æ � ô � f��
cannotbea fixedpoint. However, thedistribution obtainedby samplingó � æ �0õ�� �ø� can
be transformedinto a probabilitydistribution by simply normalisingeachsample,ob-
taining: ó�& � õ�� ���1�Ñ� ÷ ��8�ù0ú �!�54 ÷ � Å � �°� ÷ Å � 4	���U} (19)

Naturally, ó�& � õ�� �~�k��� and �R�q��8�� ± ó�& � õ�� ���5��� andthedistribution hasa maximum
for ��� õ , like ó � æ �0õ�� �ø� . The meanof the discretegammadistribution is ã��å�3�Z�÷ � Å� �Ì¸¹�3��4 ÷ � Å� � , which is only slightly differentfrom (andquickly convergesto)

æ õ
.

So, the maximumof thedistribution is shiftedwith respectto the meanby a distance�7�-ã*4 õ('»õ .
This discretegammadistribution canbeshown mathematicallyto bea fixedpoint.

So,if ���\�b��� � � �=4����©�¡� ÷ ���Pù0ú �!�54 ÷ � Å � �°� ÷ Å� 4	��� � (20)

then ���\�b��� � � �@�*)Z�������\�b��� � � �W4-��� for any positivevalueof
õ

and ) . This canbe
reformulatedin termsof themeanã of ó & � õ�� �F� by setting

õ �Ë4���¸+�R�@�!�Lãª4����Ì¸¹�Lã��7���\�
in ó & � õ�� �+� , obtaining

���!�b��� � � �v4	���©�Ñ� ÷ �-, ­ �/. À�Å. Â�Å�� ß ã����ã*4�� 4	�dàËß^�54 ã*4��ã���� à � (21)

which canbewrittenmoresimply���\�b��� � � �=4����©�¡�10 �Z� � ��0�4	��� � � (22)

where 0��â�<ãÛ4¡���Ì¸¹�Lã*����� . (For an alternative derivationof this andrelatedresults
see[14].)

This result was also corroboratednumerically by initialising the system at���\�b��� � � 4����Z� ó & � õ�� �F� for differentvaluesof
õ

anditeratingthe schemaequations
for a few generations,asshown in Figures9–12wheretheplotsfor thefirst four gener-
ationscoincideperfectly.

Asnotedbefore,onaveragestandardcrossoverinsertsandremovesthesameamount
of geneticmaterial.Therefore,on a flat landscapeandwith an infinite populationno
change in mean length can occur. So, given any initial distribution of lengths���\�b��� � � 4���� , if oneassumesthattherearenofixedpointsotherthanthefamily of dis-
cretegammafunctions ó�& � õ�� ��� , then,by setting ã�� ½ � �����!����� � � 4���� (the mean

5 The relative difference between 2vþ¶þLð ��3 ��ï � and 2vþ¶þLð ��3 ��ï4 5� � , 6�þ�7 � ð8 Ö:9 ��;=< À Å ��> 9 < Å � ;9� > ;��8 Ö 9 ��;?< À Å �
> 9 < Å� ;9� > , is always very small and decreasesvery quickly as 7 increases.For

example, 6�þ�� �(@ 	�A 	/B , 6�þLÿ �(@ 	
A 	�ÿ , 6�þ�� �C@ 	
A 	/	�ñ , 6�þ��
	 �C@ 	�A 	/	D	/B , 6�þLÿE	 �C@ 	�A 	/	D	�ÿ
and 6�þ���	D	 �F@ BHGI�
	 ;?J . So, for most practical purposesa gammadistribution can be
consideredto be a fixed point for the evolution of size understandardcrossover on a flat
landscape.



lengthof the programsin the initial generation),Equation21 givesthe fixed point to
which GPwill converge.

At thisstageweareunableto provethattherearenootherfixedpointsin thesystem.
So,wecannotguaranteethatthelengthdistribution in GPwith standardcrossoverona
flat landscapewill alwaysconvergetowardsa discretegammadistribution or converge
atall. Theexperimentsdescribedin theprevioussectionalwaysseemedto doso,which
suggeststhat otherfixed pointsmight be unlikely. Also, even if thereareotherfixed
point distributions, it seemslikely that they will shareimportantcharacteristicswithó�& � õ�� �ø� . This is becauseGP with standardcrossover will alwaysbe able to produce
programswhich aremuchlongerthanaverage.So,theonly way in which theaverage
lengthcanremainconstantis to havemoreshorter-than-averageprogramsthanlonger-
than-averageones.

6 Search Space Sampling under Standard Crossover

It is importantto understandthe consequencesof the bias describedin the previous
section.Let us imaginethat our linear GP systemoperatingon a flat landscapeis at
the fixed point ó�& � õ�� �ø� for somevalueof

õ
. Since,thereare �©�<�ø����h " h 8.� � h )�h dif-

ferentprogramsof length � in the searchspace,it is possibleto computethe average
probability 6LK Ò\«NM , Od�<�ø� thateachof thesewill besampledby standardcrossover, namely6LK Ò\«NM , Od�<�ø�1� ó�& � õ�� �ø�\¸��©�L���°} (23)

It is easyto studythis functionandto concludethat,for a flat landscape,standardGP
will samplea particularshortprogrammuchmoreoften thanit will samplea partic-
ular long one.Figures13 and14 show theaveragesamplingprobability for programs
of a givenlengthfor standardcrossover on a flat landscapeat thefixedpoints ó�& � õ'� ���
for
õ � æ � ê � ��� � æ � � ê.� � �d�~� � �d�N�.� � �;�~�.�N�.� � �;�~�.�N�N�N� assumingh "*h��Üh )7h�� æ . In gen-

eral, an increasein length of oneorderof magnitudecorrespondsto a drop in sam-
pling probability of many ordersof magnitudeand this trend is largely independent
of the particularvalueof

õ
. For example,when

õ � ��� (i.e. when the averagepro-
gramlengthis about20), on average(andapproximately)GPwill resamplethe same
programof length5 every 1054crossovers,while it will resamplethe sameprogram
of length 50 every í�} íNí�äÑ�d� �QP crossoverswith a differenceof 13 ordersof magni-
tude! This differencedoesnot changesignificantlyeven for muchlarger valuesof

õ
.

Indeed�q�R� ú�� ± 6 K ÒÌ«NM , O �Hê~�\¸06 K ÒÌ«NM , O �bê.���v�R�R�q� ú�� ± �$SUT� ¯ ÷ S�T� � �QS�T� ¯ ' í�}�ê,ä+�d� �!� which
is still a hugenumber. An alternative way of looking at this is to calculatethe ratio¾EVXWUY[ZQ\ ] O 8 X¾:V^WUY[Z_\ ] O 8   � X � � 88   � ÷ Å� � � 88   � , which for largevaluesof � is approximately2.

Preliminarywork suggeststhatsimilar resultshold for GPwith standardcrossover
operatingon trees.If theseresultsareconfirmedthewidely reportedtendency to bloat
is particularlyremarkable.

7 Conclusions

In this paper, an exact schematheoremfor geneticprogrammingoperatingon linear
structuresusingstandardcrossoverhasbeenprovided.Usingthis theoremandthecor-
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Fig. 13. Plot of the averagesamplingproba-
bility `=acb�dfehg i0þ ��� vs. programlength

�
for

standardcrossover on a flat landscapeat the
fixed points üdý.þ�7D� ��� for 7�ðËÿ
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�h��	��\ÿE	 forj k-j ð j l�j ð¼ÿ . Thickerplotsrepresenthigher
valuesof 7 . Notetheuseof alogarithmicscale.
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Fig. 14. Plot of the averagesamplingprob-
ability `=acb�dfe
g iUþ ��� vs. program length

�
for standardcrossover on a flat landscape
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respondingversionfor one-pointcrossover, which is alsoreported,we have beenable
to studythe evolution of sizeandthe biasesintroducedby the operatorsboth mathe-
maticallyandin simulations.

This researchestablishesa link betweenimportantareasof theoreticalresearchin
GP: the studyof the evolution of shapeandsize[1], the biasesimposedby different
operators[10] andthe theoryof schemata[9, 7, 6]. In recentresearchwe have started
usingtheseresultsto studybloat in linearrepresentations[3]. In thefuturewe hopeto
beableto usethis theoryto modelmathematicallyandbetterunderstandtheoperator
biasaswell asthereasonsfor bloat,intronproliferationandcodecompression[2, 4, 5]
in non-linearstructures.
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