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Abstract. In this paper firstly we specialisehe exact GP schemaheoremfor
one-pointcross@er to the caseof linear structuresof variablelength,for exam-
ple binary stringsor programswith arity-1 primitivesonly. Secondlywe extend
this to an exact schematheoremfor GP with standardcrosseer applicableto
the caseof linear structuresThenwe study both mathematicallyand numeri-
cally, theschemaquationsandtheir fixedpointsfor infinite populationsfor both
a constantand a length-relateditnessfunction. This allows us to characterise
the biasinducedby standardcrosseer. This is very peculiar In the caseof a
constanffitnessfunction, at the fixed-point,structuresof ary lengthare present
with non-zeragprobability However, shorterstructuresaresampledexponentially
muchmorefrequentlythanlongerones.

1 Introduction

In recentwork [6] anexactschemaheoremfor GPwith one-pointcross@er hasbeen
introduced.This givesan exact expressionfor the expectednumberof instanceof a
schemaH atgeneratiort + 1, E[m(H,t + 1)], in termsof macroscopiguantities(i.e.
propertieof schematalik e their fithessor numberof instancesasopposedo micro-
scopicpropertiesof the individualsin the population like their selectionprobability)
measuret generatiort.

The theoremhasthe form E[m(H,t + 1)] = Ma(H,t), where M is the num-
ber of individualsin the populationand a(H, t), which we term the total transmis-
sion probability of H, is the probability that an individual createdthroughthe selec-
tion/crosswer/mutatiorprocessamplesH [12]. [6] providesanexactvalueof a(H, t)
for a GP systemwith one-pointcrossaer [9, 11]. This operatorworks by selectinga
commoncrosseer pointin the parentprogramsandthenswappingthe corresponding
subtreeslik e standard:rosswer. To accountfor the possiblestructuraldiversity of the
two parentspne-pointcrosseer selectshe crosswer point only in the partof the two
treeswhich have the sametopology Thisis calledthecommaorregion.

The theory is basedon the definition of GP schemaproposedin [9] in which a
schemais a treecomposef functionsfrom the setF U {=} andterminalsfrom the



setT U {=}, whereF andT arethefunctionsetandtheterminalsetusedin aGPrun.
The symbol= is a“don’t care” symbolwhich standsfor a singleterminalor function.
A schemaH representprogramshaving the sameshapeas H andthe samelabels
for the non= nodes.In orderto be ableto represenprogramsof differentsizesand
shapeghetheoryrequiresalsothe definition of the concepwof hyperschemér]. A GP
hypeischemais arootedtreecomposedf functionsfrom thesetF U {=} andterminals
fromthesetT U {=, #}. Thesymbol= is asabove, while the symbol# standsor ary
valid subtree The notion of hyperschemé#s a generalisatiorof both the GP schemata
definedabove (whicharehyperschemataithout# symbols)andRoscasschemat§1 3]
(which arehyperschemataithout= symbols).

With thesedefinitionsonecanprove [6] thatthetotal transmissiorprobability for a
GPschemaH underone-pointcrosseerandno mutationis:

a(H,t) = (1= peo)p(H,t) + pro y_ Y m
ik 72

> p(L(H,i) NGy, t)p(U(H,i) N Gy, t) (1)
i€eC(G;,Gx)

where:p,, is the probability of crosswer; p(H,t) is the probability of selectingan
individualmatchingtheschemad; G1, G4, - - - areall thedifferentschematahatcanbe
built from = nodesonly;* theindices; andk rangeoverall thedifferentG;; C (G, Gy,)
is the setof crosseer pointsin the commonregion betweenschemaG; andschema
Gr; NC(G},Gy) = |C(Gy,Gy)| is the numberof nodesin the commonregion; the
index ¢ rangesover all the crosswer pointsin C(G;, Gy); L(H,1) is thehyperschema
obtainedby replacingall the nodeson the pathbetweerncross@er point: andthe root
nodewith = nodesandall thesubtreesonnectedo thesenodeswith # nodesU (H, i)
is the hyperschemabtainedby replacingthe subtreebelow crosswer point i with a #
node(moredetailson thesedefinitionscanbefoundin [6, 7]). In fitnessproportionate
selectionp(H,t) = %’(cg[“ wherem(H,t) is the numberof programsmatching
the schemaH at generatiort, f(H,t) is the meanfitnessof the programsmatching
H, and f(t) is the meanfitnessof the programsin the population.The hyperschemata
L(H,i) andU(H, 1) areimportantbecausehey allow theidentificationof parentshat
may leadto the creationof offspringin H: if onecrossever atpoints anyindividual
in L(H, ) with anyindividualin U (H, 1), theresultingoffspringis alwaysaninstance
of H.

In [6] anexamplewaspresenteavhich usedonly unaryfunctions With thisfunction
setonly lineartreescanbe createcand,therefore GPbecomes sortof variable-length
GA. In thatexample,the new schemaheoremwasappliedto a specificschemaanda
specificpopulation In this paperwe studyin muchgreatedepthwhathappensn a GP
systemhandlinglinearstructuresWe startby specialisinghe schemaheoremnfor one-
point crosseer to sucha case but without focusingon ary particularschemgaswas
thecasein theexamplein [6]), andby thenextendingthis to anexactschemaheorem
for GPwith standardccrossaer applicableto the caseof linearstructures.

! Thusthe G; canbeseenascataloguingall the differentprogramshapes.



2 Exact Schema Theory for Linear Structures

Whenonly unaryfunctionsareusedin GB schematdandprograms)anonly take the
form (hy (h2(hs....(hxy—1hn)....))) whereN > 0, h; € FU{=}for1 <i < N,and
hn € T U{=}. Thereforethey canbewritten unambiguouslyasstringsof symbolsof
theform hihohs....An_1hN.

In orderto make the specialisatiorof Equationl to thelinearcaseeasiemwe repre-
sentrepeatedymbolsin astringusingthe power notationwherez? meanse repeated;
times.For example,the schemal1100000===1 canbewritten as1®0%(=)31. Since
in this caseall treesare linear, the spaceof programshapescan be enumeratecy
{G,} whereG,, is (=)™ for n > 0. Giventhis, thecommonregion betweershapes
anddGy, is simply the shorterof the two schemataandthe size of the commonregion,
NC(G,,Gy), is simply min(j, k). Therefore the setof crosswer pointsin the com-
monregion,C(G;, G ), canbeidentifiedwith thesetof indices{0, 1, ..., min(j, k) -1}
wheretheindex 0 represena crosseerpoint beforethefirst symbolin astring(theroot
node).In this linearrepresentatiothe hyperschematé.(H, ) andU (H, ) arepartic-
ularly simple:U(H, i) is hy...h;# and L(H,4) is (=)%hit1...hn, where0 < i < N
(with thecorventionthatfor ¢ = 0 thehyperschema, ...h;# is simply #). So,

hl...hi(=)kii if 1 <k,

H,i =
U(H,i) N G {(Z) otherwise,

and

L(H.i = (Z) hi+1...hN if ] = N,

(H,)NG {(Z) otherwise,

where( is the emptyset. Therefore the summationin j in Equationl disappearbe-
causep(L(H,i) N Gj,t) = 0forall j # N. As aresultof thesesimplifications,one
cantransformEquationl into:

Theorem 1. The total transmissiorprobability for a linear GP schemaof the form
hi...hx underone-pointcrossawer and no mutationis

a(hy...hn,t) = (1 = pro)p(hi...hn, t) + Deo 2)
1 min(N,k)—1
s (—\k—i —\ip.
Simvn L P 0 st

Thisresultcanthenbe extendedo obtainthefollowing:

Theorem 2. The total transmissiorprobability for a linear GP schemaof the form
hi...hn understandad crosswer with uniform selectionof the crosswer pointsand
no mutationis

a(hy b, t) = (1 = poo)p(he i, )+ 3)
min(N,k)—1 oo

—_\n—N+iyp .
Dzo ; % ZO p(hl-..hi(z)k_iyt) Z p((_) ! hH—lth’t) .

n
n=N—1i




Proof. Thetheoremcanbederivedasa specialcaseof themoregeneraresultreported
in [8]. However, herewe provide an direct proof which shows how this resultcanbe
derivedby modifying Equation2.

Equation2 clearly indicatesthat one-pointcross@er with a given cross@er point
1 cancreatenew instance®f theschemah, ...hy only if selectionpicksup afirst par
ent whosefirst i« nodesmatchh;...h; anda secondparentwhoselast N — i nodes
match h;41...hx. Given that one-pointcrosseer forcesthe selectionof a common
cross@er point, this meanshat the secondparentmustbe alwaysof length N. How-
ever, if oneusedstandarccross@er, onecould createinstance®of h;...~hx evenif the
length of the secondparentis differentfrom N, provided that the last N — ¢ nodes
of the secondparentmatch h;1...hx andthe secondcrosseer point excised such
nodes.If the secondcross@er pointis at positionl, this canhappenif selectionpicks
up a secondparentmatching(=)'h;y1...hn for ary valueof I > 0. Thus,an extra
summatiomeeddo be addedo Equation2 to dealwith standardcrosswer. The prob-
ability of choosingcrosseer point [ in a secondparentmatching(=)'h;;1...hn is
1/(l + N — i). Therefore,after the changeof variablen = [ + N — j oneobtains
that the probability of obtainingthe subschema;;...hx from the secondparentis
e HET N+1’“+1 hnot) This shouldreplacethe term p((=)ihit1...hn, t) in
Equation2. Smcestandard:rosswerdoesnotI|m|t thecrosseer pointin thefirst par
entto belongto thecommonregion, the probability of selectingcrosseerpointi needs
to changerom 1/ min(N, k) to 1/k. This completeshe proof of thetheorem. O

Equation3 is in aform which makesit easyto seethe similaritieswith Equation2.
However, thereademightfind it easietto understandhe sameresultrewrittenasin the
following:

Corollary 1. Thetotal transmissiorprobability for a linear GP schemaof the form
hi...hn understandad crosswer with uniform selectionof the crosswer pointsand
no mutationcanbewritten in thefollowing equivalenforms:

a(hy.. hN> t) = (1—pzo) (h1...hn, )+ (4)
pe Y S ph (=) Op((=)" i, 1),
=0 k>i n>N—i
Oé(h hN: ) = (1 —on) (h ---hNat)+ (5)
pzozzz —— 7 P (=) Op(=) R ).
=0 k>0n>0 i+ )

Equationd makestheideaof summingoverthesetof possiblecross@er pointsclearer
Equation5 makesthe ideaof summingover varying lengthsof “don’t care” symbols
clearer

3 Evolution of Sizein Linear Systems

Equations?2 and 3 canbe usedto study amongotherthings,the evolution of sizein
linearGP/GAsystemsThisis becausehey canbespecialisedo describehetransmis-



sion probability of schemataf the form (=)V. For one-pointcrosswer (Equation2)
oneobtains:

min(N,k)—1 \E _\N
=0 = G =pepl (" +p0 D p((‘;;ﬁ)(fv(f;)) 4
= (1 = p2o)p(=)N, 1) + Peop((=)", 1) Zp
=p((=)",1), (6)

wherewe exploitedthefactthat", p((=)*,t) = 1 sincelJ, (=) representtheentire
searchspaceand (=)* N (=)7 is the empty setfor any k # j. This resultindicates
thatlengthevolvesunderone-pointcrosseer asif selectiononly wasacting(pz,, for

example,hasno effect). So,one-pointcrosseeris totally unbiasedvith respecto pro-

gramlength. This is madeparticularly clearif oneassumes flat fithesslandscapen

which f(H,t) = f(t) for all H. In theseconditionsall the dynamicsin the system
mustbe causedy crosseer or by samplingeffects.For aflat landscapeinderfitness
proportionateselectionEquation6 becomesx((=)",t) = m((=)",t)/M for finite

populationsanda((=)",t) = a((=)",t — 1) in theinfinite populationlimit. This

is becausein the infinite populationcase the quantity a(H,t) canbe interpretedin

two entirely equivalentways: asthe total transmissiorprobability of the schemaH at

generationt or asthe proportionof individualsin the populationin H at generation
t + 1. In this secondnterpretationwe corventionallydefinea(H, —1) asthe propor

tion of programsn H atgeneratiorD. Clearly, a(H, —1) is entirely determinedy the

initialisationprocedureadopted.

Theequatiom((=)V,t) = a((=)",t—1) obtainedor theinfinite populationcase
is particularlyimportantbecausé shovsthatwhenone-pointcrosseeraloneis acting,
ary initial distribution of lengths,a((=)%, —1), is afixedpoint for the system.

For standarctross@er (Equation3) oneobtains:

a((=)N,t) = (1 = pao)p((=)V, 1) + (7
min(N,k)—1 [}
p((=)%,1) p((=)",1)
which canbetransformednto
A1) = (1= pealp((Y 1 o0 O HED
k
i Mmin(N,k,n,k+n—N).

n=max(1,N—k+1)

Alternative formulationsfor this equationcanbe obtainedspecialisingCorollary 1. For
example,from Equation4 oneobtains:

a((2)%0) = (1= padp(2)1) + 0 3 3 2ELD 5 2O

=0 k>1i n>N—i



An alternatve way of expressinga((=)%,t) for standardcrosswer in termsof
microscopicquantitiesis thefollowing:

a((=)N,t) = (1 = pzo)p((=)",1) + 9)
N(z1)—1 N(z2)—1

pzoz Z Z Z p21;1 Z27§)5(.1‘1+N(Z2)—w2=N)

21EP z0€eP x1=0 x2=0

in which P is thepopulationatgeneratiort, z; andz, vary overall thepossibleparents
(i.e. the membersof P) while z; andzs vary over all the possiblecrosseer points
in z; and zy, respectiely. This equationexplicitly includesoneterm for eachof the
possibleways in which offspring can be createdfrom the parentsin the population
for all possiblecrosswer points.In the equationthe term % representshe
probability thateachof sucheventbe the casewhile theterm§(zy + N(z2) — z2 =

N) makessurethatonly the probabilitiesof the eventsthatleadto the creationof an
offspringof length N areincludedin thesum.

Theseequationsshow that for standardcross@er not every initial distribution of
programlengthsis a fixed point (for aninfinite population)evenif oneconsiderghe
caseof aflat landscapelor example,if onestartedatgeneratiord with only programs
of lengthX, i.e. a((=)*,-1) = é(z = X), assuming,, = 1 onewould obtainthe
following distribution of lengthsat generatiori:

o((=)N,0) = max (Wo) . (10)

Thisimpliesthata((=)%X,0) = 1/X whichisin generatlifferentfrom a((=)*, —1) =

1 (exceptfor thetrivial casein which X = 1).2 So,standardrosseerimposests own
specifichiasonthedistribution of lengths althoughwe expectthatsuchabiaswill have
noinfluenceontheaveragdengthof programssinceonaveragehesubtrees/substrings
swappedy crosseerareof thesamesize.This conjecturecanactuallybe provenmath-
ematicallyobtainingthefollowing:

Theorem 3. Themeansizeof theprogramsatgeneationt+1, u(t+1), in alinear GP
systenwith standad crosswer, uniformselectionof the crosswer points,no mutation
andan infinite populationis

p(t+1) ZNP (11)

with the samemeaningof the symbolsasin previoustheoems.

Proof. By definitionof meanu(t+1) = Y~ Na((=)", t). By substitutingEquationd
into this equationoneobtains:

N(t+1 — Pzo ZNP N t +pwoZNx

2\t all programsncludeonly onenode(aterm|nal),standarctrosswer, like one-pointrosseer,
cannotproduceprogramswith morethanonenode.
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21€EP z0€P xz1=0 zo=0 )
N P 21, Zz,
— Pzo) E Np((=)",1) + Pzo E E Nz
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N(zl) 1 N(Zg) 1

Z Z ZNJ:U1+N22)—332 N).

z1=0 zo=0
With afew calculationst is possibleto show that

N(zl) 1 N(ZQ) 1

Z Z ZNJ:L'I'FN 29) — Ty = N):N(zl)N(Z2)w

z1=0 zo=0 2
whereby
N(z1) + N(z
Bl 1) = (L= pao) NP0 400 3 3 plen, plea, 0y F N
N 21EP 20€P
N N(z1)
= (1= pro) Y_Np(=)V,t) +pao D plz1,t)—— > plza,t) +
N z1EP z2€EP
N(z
DPzo Z p(z2,1) (22) Z p(z1,t)
z2€P z1E€EP
]-_pzo ZNP Nt‘{'pzozp'ZtN()
zEP
= (1~ pzo) ZNP N 1) +pmozN ) Z p(z,1)
zePN(=)*
1_pzo ZNP N t +pzozkp t)
N
|
Corollary 2. Onaflatlandscape
p(t+1) = p(t). (12)

It is very difficult to find the fixed points (or to prove that thereare none)for a
GP systemusingstandarctrosseer evenon the hypothesisf infinite populationsand
flat landscapedHowever, it is possibleto find suchfixed pointsnumericallyby imple-
mentingthe schemeaequationsanditeratingthemasdescribedn the next section.We
will shav in Section5 how the informationprovided by suchsimulationsalongwith
a substantiahmountof luck, hasallowed usto identify a mathematicafunctionwhich
is provably a fixed point for the size distribution in a linear GP systemwith standard
crossw@eroperatingon aflat landscape.



4 Experimental Results

In our experimentswe wereinterestedn studyingthe evolution of programsizeand
thebiasimposedby differentcrossoers.Sincethe effectsof selectiononits own have
beenalreadystudiedin greatdepthin variousstudieswe concentratedn the effects
producedby crossaer, i.e. by settingp,, = 1. In the experimentswe iteratedthe
schemaequationgrovidedin the previous sectionon the assumptiorof infinite popu-
lations.This correspondso studyingeitherthe exactbehaiour of a GP systemwith an
infinite populationor the averagebehaiour of the GP systemwith a finite population
overaninfinite numberof runs.

In thesimulationsve kepttrackof a((=)V, t) for N > 0 suchthata((=)",t) > 0.
Sincein an infinite populationstandardcrosseer nearly doublesthe length of the
longestprogramin eachgenerationthe numberof N that needto be tracked grows
exponentiallyasa functionof ¢. As aresultwe restrictedour attentionto ¢ < 4. Fortu-
nately this smallnumberof generationsvasstill sufficientto showv the systemcorver-
gence.

In the experimentswve usedthreedifferentinitial conditions:the onepeakdistribu-
tion,

a((=)V,~1) = 6(N = 20)

whereonly programsof length20 arepresentthe two peakdistribution

Wy 05 if N=140rN =26,
(=71 = {0 otherwise,

andtheuniformdistribution

)WV 1y = {1/39 if0<N <40, 13
o((=)7-1) {0 otherwise. (13)
Thesethreedistributionsareall characterisetdy the sameaveragdengthsof 20.

In additionto a flat fitnesslandscaperealisedby a fitnessfunction which always
returnedthevalue10, we usedthefollowing size-elatedfitnessfunction

F(h1..hy) = (20 — |20 — N|)6(0 < N < 40) (14)

whichreturns20 minusthedistancebetweertheprogramlength, NV, andatargetlength
of 20for 0 < N < 40, andO for N > 40.

On the flat fithesslandscapeone-pointcrosseer behared as expected.All initial
distributionsa((=)", —1) we tried werefixedpoints.

Thesituationwasvery differentfor standardcrosseer. As shovn in Figurel, with
the one-peaknitialisation, afteroneiteration(i.e. att = 1) we obtainedthetriangular
profile calculatedin the previous section® As hypothesisedin later generationghe
averageprogramsize remainedconstant.However, the distribution of sizesdoesnot
remainsymmetric.In fact,it quickly approachealimit distribution, wheremostof the

3 In this andthe following figures, the plots for generatiord and1 areshovn with thin lines.
Thelinesbecomeprogressiely thicker asthe numberof generationsncreaseBecausef the
quick corvergenceto afixedpoint, theplotsfor ¢t = 3 andt = 4 areoftenindistinguishable.



programswere quite short. Exactly the samefixed point distribution wasapproached
wheninitialising the systemusingthetwo-peakandthe uniform distributionsasshovn
in Figures2 and3. Thisfixedpointdistribution closelyresembles.gammadistribution,
afactthatis exploredin moredetailin the next section.

As a sanitycheckto make surethattheseresultswerenot anartifactof our numer
ical simulations,we performedreal GP runswith a populationof 10,000individuals
initialisedwith the uniform distribution of lengthsin Equation13. Thefithessfunction
wasflat. Therunswerecontinuedfor 250generationsNo depthlimit wasimposedon
the offspring producedby crossaer. The distribution of lengthsin the last50 genera-
tionswasrecordedFigure4 shows the averageproportionof programsof eachlength
in thelast50 generation®f onerun (middle line) alongwith the 2-standard-déation
wide confidencentervals.It is easyto seehow closethe averagedistribution of lengths
is to the fixed point distribution obtainedby iteratingthe schemaequationgFigure 3,
thick line).

In the schema-equatioexperimentswe obtaineddifferentfixed point distributions
only whenwe usedinitial conditionswith a differentaveragesize,suggestinghatthe
fixed point distribution for standardcrosseer is only a function of the averagesize,
andindependenbf the actualshapeof theinitial distribution. This family of fix-point
distributionscharacterisethe searchbiasimposedby standardccrosseer whenacting
onlinearstructuresin theabsencef otherbiasesstandardrosserwill tendto more
heavily samplethe spaceof smallerthan-arerageprogramsandwill be unableto fo-
cusits searchon programsof a particularsize. This meansthat if selectionprefers
longerthan-averageprogramsor programsof a certainlength,standarccross@er may
negatively biasthe searchThis doesnothapperwith one-pointcrosseer, providedthat
theinitial populationincludessuficient variety of shapes.

This effectbecomegvidentwhenthesize-relateditnessfunctionin Equationl4is
used.With this fithessfunction programsof length20 aremaximallyfit. However, due
to the biasesof standarccrosseer, the fixed point distribution obtainedwith different
initial conditions(seeFiguress, 6 and 7) all sharethe samefeaturesinability to focus
onthemaximallyfit lengthandbiastowardsshortprograms.

For comparisonFigure8 shows the behaiour of one-pointcrosseer on the same
functionwith uniforminitial conditions.This corroborateshetheoreticaresultsn Sec-
tion 3 which indicatedthatone-pointcrosseeris atransparen(i.e. unbiasedpperator
asfarasprogramlengthsareconcerned.

5 Fixed-point Size Distribution for Standard Crossover on a Flat
L andscape

As notedin the previous section,the fixed-pointdistribution of lengthsapproached
in the experimentswith a flat landscapainderstandardcross@er strongly resembles
a gammadistribution. This obsenation promptedus to try to verify mathematically
whetherthis is indeedthe case.

A gammadistribution hasthe following form:

xa—le—z/b
g(a,b,x) = T (15)
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wherel (a) is ageneralisatiorf thefactorialfunctiorf* definedby

I'(a) =/ e ttedt.
0

The gammadistribution hastwo parameters andb that changeits shape For values
of a > 1, g(a,b,0) = 0. Also lim,_, g(a,b,z) = 0 andthe distribution hasits
maximumwhenz = b(a — 1). The meanof a gammadistributionis 4 = ab. So,the
maximumof thedistribution is shiftedwith respecto the meanby adistanceb (i.e. the
maximumis whenz = u — b).

In orderto verify if g(a, b, ) is afixed-pointdistribution for standarctross@erona
flat landscapeijrstly onehasto specialis€Equation8 by settingp(H,t) = a(H,t —1).
Thisproduces

Y
o((=Y1) = (1 = peo)al(D), = 1) + 1o 3 =Y g

k

0 1
v AEED (W k0= N).
n=max(1,N—k+1) "

Thenone assumeghat the systemis in the hypothesisedixed point and substitutes
a((=)*,t — 1) = g(a,b,x) in this equationIf a((=)*,t — 1) = g(a,b,z) is indeed
a fixed-pointfor the system,then the r.h.s. resultingfrom this substitutionmust be
equialentto g(a, b, N).

If oneusesthe generalform for a((=)*,t — 1) = g(a,b,z), it is actually very
difficult to checkwhetherthisis afixedpointfor Equationl6.However, theexperiments
in the previoussectionsuggestethatagoodvaluefor theparameten wouldbea = 2,
which gives
xe—w/b

b2
This function is intuitively very appealingas a potentialfixed point becauset trans-
formstermsof theform W in Equationl6into exponentialof theform e_bz/b .
Indeedassumingy((=)*,t — 1) = g(2, b, z) allows oneto simplify ther.h.s.of Equa-
tion 16 dramatically obtaining:

0= (*5=) (=) ¢

9(2,b,1) =

So,

(18)

a((=)V,1) = a((=)" 1~ 1) (

* Forintegera > 0, I'(a) = (a — 1)!.



Since,in generalp?(1 — e~ 5)(et — 1) # 1, we canconcludefrom this resultthatthe
assumedyammadistribution is not a fixed point for the systen® This hadto be ex-
pectedbecausehe gammadistribution is a continuousprobability distribution. While
J.509(a,b,x)de = 1,itis nottruethat)_ - g(a,b,z) = 1. So,samplingg(a, b, )
doesnot producea discreteprobability distribution. This is why a((=)*) = g(2,a, k)
cannotbe a fixed point. However, the distribution obtainedby samplingg(2, b, z) can
be transformednto a probability distribution by simply normalisingeachsample ob-
taining:

ga(b,z) = ze=%/°(1 — e_%)(e% -1). (29)

Naturally, g4(b,0) = 0 andlim,_,« ga(b,z) = 0 andthedistribution hasa maximum
for z = b, like g(2,b, z). The meanof the discretegammadistributionis p = (1 +
e~+)/(1 — e~t), which s only slightly differentfrom (andquickly corvergesto) 2b.
So, the maximumof the distribution is shiftedwith respecto the meanby a distance
c=pu—b=b.

This discretegammeadistribution canbe shovn mathematicallyto be a fixed point.
So, if

a((=)",t=1) = Ne™™*(1 - e7¥) (et — 1), (20)

thena((=)",t+T) = a((=)",t — 1) for ary positive valueof b andT'. This canbe
reformulatedn termsof themeany of g4(b, N) by settingb = —1/In((z—1)/(p+1))
in g4(b, N'), obtaining

a((=)V,t — 1) = NeV (55 (Z—fi - 1) (1 - Z—;D , (21)

which canbewritten moresimply
a((=)N,t—1) = NrV T (r - 1)?, (22)

wherer = (p — 1)/(u + 1). (For analternatve derivation of this andrelatedresults
seg[14].)

This result was also corroboratednumerically by initialising the system at
a((=)N, -1) = gq(b, N) for differentvaluesof b anditeratingthe schemaequations
for afew generationsasshavn in Figures9—12wheretheplotsfor thefirst four gener
ationscoincideperfectly

As notedbefore onaveragestandardrosseerinsertsandremovesthesameamount
of geneticmaterial. Therefore,on a flat landscapeindwith aninfinite populationno
changein mean length can occut So, given ary initial distribution of lengths
a((=)N, -1), if oneassumethatthereareno fixedpointsotherthanthefamily of dis-
cretegammafunctionsg, (b, ), then,by settingy = > 5 Na((=)",—1) (the mean

®The relative difference between a((=)",t) and a((=)",t — 1), A®B) =
bZ(l—e_%)(e%—l)—l
b2(1—e” B)(eb —1)
example,A(1) = 0.08, A(2) = 0.02, A(5) =~ 0.003, A(10) = 0.0008, A(20) ~ 0.0002
and A(100) ~ 8 x 107°. So, for most practical purposesa gammadistribution can be
consideredo be a fixed point for the evolution of size understandardcrosseer on a flat
landscape.

, is always very small and decreasesery quickly asb increasesFor




lengthof the programsin the initial generation)Equation21 givesthe fixed point to
which GPwill corverge.

At this stagewe areunableto provethatthereareno otherfixedpointsin thesystem.
So,we cannotguaranteghatthelengthdistributionin GPwith standardcross@erona
flat landscapevill alwayscorvergetowardsa discretegammadistribution or corverge
atall. Theexperimentdescribedn theprevioussectionalwaysseemedo do so,which
suggestghat other fixed points might be unlikely. Also, evenif thereare otherfixed
point distributions, it seemdikely thatthey will shareimportantcharacteristicsvith
ga4(b, x). This is becauseésP with standardcrosseer will alwaysbe ableto produce
programswhich aremuchlongerthanaverage So, the only way in which the average
lengthcanremainconstanis to have moreshorterthan-arerageprogramgshanlonger
than-arerageones.

6 Search Space Sampling under Standard Crossover

It is importantto understandhe consequencesf the bias describedn the previous
section.Let usimaginethat our linear GP systemoperatingon a flat landscapes at
the fixed point g4(b, z) for somevalueof b. Since,therearen(z) = |F|*~*|T]| dif-

ferentprogramsof lengthz in the searchspaceijt is possibleto computethe average
probability psampie(z) thateachof thesewill besamplecby standardrossaer, namely

Psample(2) = ga(b, z)/n(z). (23)

It is easyto studythis functionandto concludethat, for a flat landscapestandardsP
will samplea particularshortprogrammuchmore often thanit will samplea partic-
ular long one.Figures13 and 14 shav the averagesamplingprobability for programs
of a givenlengthfor standarccrossw@er on a flat landscapet the fixed points g4 (b, x)
for b = 2,5, 10,20, 50, 100, 1000, 100000, 1000000 assumindF| = |7T| = 2. In gen-
eral, anincreasein length of one order of magnitudecorrespondgo a drop in sam-
pling probability of mary ordersof magnitudeand this trendis largely independent
of the particularvalue of b. For example,whenb = 10 (i.e. whenthe averagepro-
gramlengthis about20), on average(and approximately)GP will resamplehe same
programof length5 every 1054 crosswers,while it will resamplethe sameprogram
of length 50 every 3.33 x 10'7 crosswerswith a differenceof 13 ordersof magni-
tude! This differencedoesnot changesignificantly even for muchlarger valuesof b.

Indeedlimy_, o Psample (D) /Psample (50) = limp_, o, %e% = % ~ 3.5 x 102 which

is still a hugenumber An alternatve way of looking at this is to calculatethe ratio

ﬁ%ﬁﬂ) = fT””e% > 2%, whichfor largevaluesof = is approximately2.
Preliminarywork suggestshat similar resultshold for GPwith standarccrosswer
operatingon trees.If theseresultsareconfirmedthe widely reportedtendeny to bloat

is particularlyremarkable.

7 Conclusions

In this paper an exact schematheoremfor geneticprogrammingoperatingon linear
structuresusingstandarccrossaer hasbeenprovided. Usingthis theoremandthe cor-
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Fig. 13. Plot of the averagesamplingproba-
bility psampie(N) vs. programlength N for
standardcross@er on a flat landscapeat the
fixed points g4 (b, V) for b = 2, 5,10, 20 for
|F| = |T| = 2. Thickerplotsrepresenhigher
valuesof b. Notetheuseof alogarithmicscale.
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Fig.14. Plot of the average sampling prob-
ability psampie(N) vs. program length N
for standardcrosseer on a flat landscape
at the fixed points gq(b, N) for b =
50, 100, 1000, 100000, 1000000 for |F| =
|7| = 2. Thicker plots representigher val-

uesof b. Notethe useof alogarithmicscale.

respondingversionfor one-pointcrosseer, which is alsoreported we have beenable
to studythe evolution of sizeandthe biasesintroducedby the operatorshoth mathe-
maticallyandin simulations.

This researctestablishes link betweenmportantareasof theoreticalresearchn
GP: the study of the evolution of shapeandsize[1], the biasesimposedby different
operatord10] andthetheoryof schematd9, 7, 6]. In recentresearctwe have started
usingtheseresultsto studybloatin linear representationg3]. In the future we hopeto
be ableto usethis theoryto modelmathematicallyandbetterunderstandhe operator
biasaswell asthereasongor bloat,intron proliferationandcodecompressioffi2, 4, 5]
in non-linearstructures.

Acknowledgements

Theauthorsvouldliketo thankBill Langdon JonathafiRowe andothermemberof the
EEBIC (EvolutionaryandEmegentBehaviour IntelligenceandComputationgroupat
Birminghamfor helpful commentsanddiscussion.

The secondauthorwould lik e to extendspecialthanksto The University of Birm-
inghamSchoolof ComputerSciencefor graciouslyhostinghim during his sabbatical,
andvariousofficesandindividualsat the University of MinnesotaMorris, for making
thatsabbaticapossible.

References

[1] W. B. Langdon,T. Soule,R. Poli, andJ. A. Foster The evolution of sizeandshape.In
L. SpectorW. B. LangdonU.-M. O’'Reilly, andP. J. Angeline editors Advancesn Genetic



(2]

(3]

[4]

[5]

[6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

(14]

Programming3, chapter8, pagesl63—-190MIT PressCambridgeMA, USA, Junel999.

N. F. McPheeandJ. D. Miller. Accuratereplicationin geneticporogramming.In L. Es-
helman,editor, GeneticAlgorithms: Proceedingsof the Sixth International Confeence
(ICGA95) pages303—309 Pittsturgh, PA, USA, 15-19July 1995.MorganKaufmann.

N. F. McPheeandR. Poli. A schemaheoryanalysisof theevolution of sizein geneticpro-

grammingwith linear representationsin GeneticProgramming Proceedingf EuroGP
2001 LNCS, Milan, 18-20Apr. 2001.SpringerVerlag.

P. NordinandW. Banzhaf.Compleity compressiomndevolution. In L. Eshelmaneditor,

GeneticAlgorithms: Proceedingof the Sixth International Confeence(ICGA95) pages
310-317 Pittshurgh, PA, USA, 15-19July 1995.MorganKaufmann.

P. Nordin, F. Francone,and W. Banzhaf. Explicitly definedintrons and destructve

crossw@er in geneticprogramming. In J. P. Rosca,editor, Proceedingf the Workshop
on GeneticProgramming: From Theoryto Real-Vrld Applications pages6—22, Tahoe
City, California,USA, 9 July 1995.

R. Poli. Exactschemaheoremand effective fithessfor GP with one-pointcrosseer. In

D. Whitley, D. Goldbeg, E. Cantu-Rz, L. Spectoy|l. Parmee,andH.-G. Beyer, editors,
Proceedingsf the Geneticand Evolutionary ComputationConfeence pages469-476,
LasVegas,July 2000.MorganKaufmann.

R. Poli. Hyperschemaheoryfor GP with one-pointcrosser, building blocks,andsome
new resultsin GA theory In R. Poli, W. Banzhafandetal., editors,GeneticProgramming

Proceeding®f EuroGP200Q SpringerVerlag,15-16 Apr. 2000.

R. Poli. Generakchemaheoryfor geneticprogrammingwith subtree-swppingcrosseer.

In GeneticProgramming Proceedingf EuroGP 2001, LNCS, Milan, 18-20Apr. 2001.
SpringerVerlag.

R. PoliandW. B. Langdon.A new schemaheoryfor geneticprogrammingwith one-point
cross@er andpoint mutation. In J. R. Koza,K. Deb,M. Dorigo, D. B. Fogel,M. Garzon,
H. Iba, andR. L. Riolo, editors,GeneticProgramming1997: Proceedingf the Second
AnnualConfeence page278-285 StanfordUniversity, CA, USA, 13-16July 1997.Mor-

ganKaufmann.

R. Poli andW. B. Langdon. On the searchpropertiesof differentcrosseer operatorsn

geneticprogrammingn J.R. Koza,W. Banzhaf K. Chellapilla,K. Deb,M. Dorigo,D. B.

Fogel,M. H. GarzonD. E. Goldbep, H. Iba,andR. Riolo, editors,GeneticProgramming
1998: Proceeding®f the Third AnnualConfeence page293-301 University of Wiscon-
sin,Madison,Wisconsin,USA, 22-25July 1998.MorganKaufmann.

R. Poli and W. B. Langdon. Schematheory for geneticprogrammingwith one-point
cross@er andpoint mutation. EvolutionaryComputation6(3):231-2521998.

R. Poli, W. B. Langdon,andU.-M. O’Reilly. Analysisof schemavarianceandshortterm
extinction likelihoods.In J.R. Koza,W. BanzhafK. Chellapilla,K. Deb,M. Dorigo,D. B.

Fogel,M. H. GarzonD. E. Goldbep, H. Iba,andR. Riolo, editors,GeneticProgramming
1998: Proceeding®f the Third AnnualConfeence page284—292 University of Wiscon-
sin, Madison,Wisconsin,USA, 22-25July 1998.MorganKaufmann.

J. P. Rosca.Analysisof compleity drift in geneticprogramming.In J. R. Koza,K. Deb,
M. Dorigo,D. B. Fogel,M. GarzonH. Iba,andR. L. Riolo, editors,GeneticProgramming
1997:Proceeding®f the SecondAnnualConfeence page286—294 StanfordUniversity

CA, USA, 13-16July 1997.MorganKaufmann.

J.E.Rowe andN. F. McPhee.The effectsof cross@er andmutationoperatorson variable
lengthlinear structures.TechnicalReportCSRP-01-7University of Birmingham,School
of ComputerScience,January2001.



