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Abstract. Schemata and the schema theorem, although criticised, are
often used to explain why genetic algorithms (GAs) work. A considerable
research effort has been produced recently to extend the GA schema
theory to Genetic Programming (GP). In this paper we review the main
results available to date in the theory of schemata for GP and some
recent experimental work on schemata.

1 Introduction

Genetic Programming (GP) has been applied successfully to a large number
of difficult problems [8,7,2]. However a relatively small number of theoretical
results are available to try and explain why and how it works.

Since John Holland’s seminal work in the mid seventies and his well known
schema theorem (see [6] and [3]), schemata are often used to explain why GAs
work (although their usefulness has been recently criticised, e.g. in [4] and [1]).
In particular it is believed that GAs solve problems by hierarchically composing
relatively fit, short schemata to form complete solutions (building block hypoth-
esis). So the obvious way of creating a theory for GP is to define a concept of
schema for parse trees and to extend Holland’s schema theorem.

One of the difficulties in obtaining theoretical results using the idea of schema
is that the definition of schema for GP is much less straightforward than for GAs
and a few alternative definitions have been proposed in the literature. All of them
define schemata as composed of one or multiple trees or fragments of trees. In
some definitions [8,10,11,18,19] schema components are non-rooted and, there-
fore, a schema can be present multiple times within the same program. This,
together with the variability of the size and shape of the programs matching the
same schema, leads to some complications in the computation of the schema-
disruption probabilities necessary to formulate schema theorems for GP. In more
recent definitions [14,17] schemata are represented by rooted trees or tree frag-
ments. These definitions make schema theorem calculations easier. In particular,
in our work [14] we have proposed a new simpler definition of schema for GP
which is much closer to the original concept of schema in GAs. This concept of
schema suggested a simpler form of crossover for GP, called one-point crossover,



which allowed us to derive a simple and natural schema theorem for GP with
one-point crossover. We will critically review the main results obtained to date in
the theory of schemata for GP in Sect. 3 after briefly recalling and reformulating
Holland’s schema theory for binary GAs in Sect. 2.

Although theoretical results on schemata are very important, it is well known
that schema theorems only model the disruptive effects of crossover and represent
only short-term predictions. At the time of writing this paper, only one empirical
study on GP schemata had been carried out [12]. This analysed the effects of
standard crossover, one-point crossover and selection only on the propagation of
schemata in real, although small, populations. We describe the main results of
this study in Sect. 4 and we draw some conclusions in Sect. 5.

2 Background

As highlighted in [16], a schema is a subspace of the space of possible solutions.
Usually schemata are written in some language using a concise notation rather
than as ordinary sets, which would require listing all the solutions they contain:
an infeasible task even for relatively small search spaces.

In the context of binary representations, a schema (or similarity template)
is a string of symbols taken from the alphabet {0,1,#}. The character # is in-
terpreted as a “don’t care” symbol, so that a schema can represent several bit
strings. For example the schema #10#1 represents four strings: 01001, 01011,
11001 and 11011.! The number of non-# symbols is called the order O(H) of
a schema H. The distance between the furthest two non-# symbols is called
the defining length L(H) of the schema. Holland obtained a result (the schema
theorem) which predicts how the number of strings in a population matching a
schema varies from one generation to the next [6]. The theorem? is as follows:
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where m(H,t) is the number of strings matching the schema H at generation
t, f(H,t) is the mean fitness of the strings in the population matching H, f(t)
is the mean fitness of the strings in the population, p,, is the probability of
mutation per bit, p. is the probability of one-point crossover per individual, N

! As pointed out by one of the reviewers, both schemata and strings could be seen as
logic formulae, and the problem of matching a string h against a schema H could be
formalised using standard substitution techniques used in Logic Programming.

% This is a slightly different version of Holland’s original theorem (see [3,21]).



is the number of bits in the strings, M is the number of strings in the population,
and E[m(H,t+ 1)] is the expected value of the number of strings matching the
schema H at generation ¢ 4+ 1. The three horizontal curly brackets beneath the
equation indicate which operators are responsible for each term. The bracket
above the equation represents the probability of disruption of the schema H
at generation ¢ due to crossover, Py(H,t). Such a probability depends on the
frequency of the schema in the mating pool but also on the intrinsic fragility of
the schema, %

The representation for schemata based on don’t care symbols and binary dig-
its just introduced is not the only one possible. To make it easier for the reader
to understand some of the differences between the GP schema definitions intro-
duced in the following sections, in the following we propose (and then modify)

a different representation for GA schemata.

A GA schema is fully determined by the defining bits (the 0’s and 1’s)
it contains and by their position. Instead of representing a schema H as a
string of characters, one could equivalently represent it with a list of pairs
H = {(c1,01),---(¢n,in)}, where the first element ¢; of each pair would rep-
resent a group of contiguous defining bits which we call a component of the
schema, while the second element ¢; would represent the position of ¢;. For ex-
ample the schema #1041 would have two components and could be represented
as {(10,2),(1,5)}.

Although this formal list-of-pairs-based representation is not explicitly used
by GA users and researchers, the informal idea of schemata as groups of compo-
nents is used quite often. For example, when we say that a schema has been dis-
rupted by crossover, we mean that one or more of its components have not been
transmitted to the offspring. We do not usually mean that the offspring sample
a subspace different from the one represented by the schema (although this is,
of course, an entirely equivalent interpretation). Likewise, when we explain the
building block hypothesis [3, 6] by saying that GAs work by hierarchically com-
posing relatively fit, short schemata to form complete solutions, we mean that
crossover mixes and concatenates the components (defining bits) of low order
schemata to form higher order ones. We do not usually mean that crossover is
allocating more samples to higher-order schemata representing the intersection
of good, lower-order ones.

The schema representation just introduced also seems to be often implicitly
assumed when interpreting the GA schema theorem. Obviously, there is no dis-
tinction between the number of strings (in the population) sampling the subspace
represented by a given schema and the number of times the schema components
are jointly present in the strings of the population. Nonetheless, the GA schema
theorem is often interpreted as describing the variations of the number of in-
stances of schema components. For example, if H =#10#1 the theorem could
be interpreted as a lower bound for the expected number of components 10 at
position 2 and 1 at position 5 within the population at the next generation.

To reduce the gap between the GA schema theory and some of the GP
schema theories introduced in the next section, it is important to understand



the effects of altering our component-centred schema representation by omitting
the positional information from the pairs. Syntactically this would mean that
we represent a schema as a list of groups of bits (components) H = {c1, ...,¢n},
like for example {10,1}. Semantically we could interpret a schema as the set
containing all the strings which include as substrings the components of the
schema (in whatever position). For example, the schema {11,00} would represent
all the strings which include both the substring 11 and the substring 00.

An important consequence of removing positional information from the
schema definition is that it is possible for a string to include multiple copies
of the components of a schema. For example, the components of the schema
{10,01} are jointly present four times in the string 10101. This means that with
a position-less schema definition there is a distinction between the number of
strings sampling the subspace represented by a given schema and the number of
times the schema components are jointly present in the strings of the population.

3 GP Schema Theories

While the previous argument might look academic for fixed-length GAs, it is
actually very relevant for GP. In some GP schema definitions information about
the positions of the schema components is omitted. This has led some researchers
to concentrate their analysis on the propagation of such components (often seen
as potential building blocks for GP) in the population rather than on the way
the number of programs sampling a given schema change over time.

3.1 Theories on Position-less Schema Component Propagation

Given the popularity of Holland’s work, Koza [8, pages 116-119] made the first
attempt to explain why GP works producing an informal argument showing that
Holland’s schema theorem would work for GP as well. The argument was based
on the idea of defining a schema as the subspace of all trees which contain a pre-
defined set of subtrees. According to Koza’s definition a schema H is represented
as a set of S-expressions. For example the schema H={(+ 1 x), (*x x y)} rep-
resents all programs including at least one occurrence of the expression (+ 1 x)
and at least one occurrence of (* x y). This definition of schema was probably
suggested by the fact that Koza’s GP crossover moves around subtrees. Koza’s
definition gives only the defining components of a schema not their position, so
the same schema can be instantiated (matched) in different ways, and therefore
multiple times, in the same program. For example, the schema H={x} can be
instantiated in two ways in the program (+ x x).

Koza’s work on schemata was later formalised and refined by O’Reilly [10, 11]
who derived a schema theorem for GP in the presence of fitness-proportionate
selection and crossover. The theorem was based on the idea of defining a schema
as an unordered collection (a multiset) of subtrees and tree fragments. Tree
fragments are trees with at least one leaf that is a “don’t care” symbol (’#’)
which can be matched by any subtree (including subtrees with only one node).



For example the schema H={(+ # x), (* x y), (* x y)} represents all the
programs including at least one occurrence of the tree fragment (+ # x) and
at least two occurrences of (* x y).3 The tree fragment (+ # x) is present in
all programs which include a + the second argument of which is x. Like Koza’s
definition O’Reilly’s schema definition gives only the defining components of a
schema not their position. So, again the same schema can be instantiated in
different ways, and therefore multiple times, in the same program.

O’Reilly’s definition of schema allowed her to define the concept of order
and defining length for GP schemata. In her definition the order of a schema
is the number of non-# nodes in the expressions or fragments contained in the
schema. The defining length is the number of links included in the expressions
and tree fragments in the schema plus the links which connect them together.
Unfortunately, the definition of defining length is complicated by the fact that
the components of a schema can be embedded in different ways in different pro-
grams. Therefore, the defining length of a schema is not constant but depends
on the way a schema is instantiated inside the programs sampling it. As also the
total number of links in each tree is variable, this implies that the probability
of disruption P;(H, h,t) of a schema H due to crossover depends on the shape,
size and composition of the tree h matching the schema. The schema theorem
derived by O’Reilly, Pa(H,1)

E[l(H,t—}-l)]ZZ(H,t) fT(;) ) 1_pc-;enpg(?g{(t)Pd(H,h’t5 J (2)

overcame this problem by considering the maximum of such a probability,
Py(H,t) = mazpepopt)Pa(H, h,t) which may lead to severely underestimat-
ing the number of occurrences of the given schema in the next generation (p.
is the probability of crossover). It is important to note i(H,t) is the number
of instances of the schema H at generation ¢t and f(H,t) is the mean fitness
of the instances of H. This is computed as the weighted sum of the fitnesses
of the programs matching H, using as weights the ratios between the number
of instances of H each program contains and the total number of instances of
H in the population. The theorem describes the way in which the components
of the representation of a schema propagate from one generation to the next,
rather than the way the number of programs sampling a given schema change
during time. O’Reilly discussed the usefulness of her result and argued that the
intrinsic variability of Py(H,t) from generation to generation is one of the ma-
jor reasons why no hypothesis can be made on the real propagation and use
of building blocks (short, low-order relatively fit schemata) in GP. O’Reilly’s
schema theorem did not include the effects of mutation.

In the framework of his GP system based on context free grammars (CFG-
GP) Whigham produced a concept of schema for context-free grammars and
the related schema theorem [18,20,19]. In CFG-GP programs are the result of
applying a set of rewrite rules taken from a pre-defined grammar to a start-

3 We use here the standard notation for multisets, which is slightly different from the
one used in O'Reilly’s work.



ing symbol S. The process of creation of a program can be represented with a
derivation tree whose internal nodes are rewrite rules and whose terminals are
the functions and terminals used in the program. In CFG-GP the individuals in
the population are derivation trees and the search proceeds using crossover and
mutation operators specialised so as to always produce valid derivation trees.
Whigham defines a schema as a partial derivation tree rooted in some
non-terminal node, i.e. as a collection of rewrite rules organised into a sin-
gle derivation tree. Given that the terminals of a schema can be both termi-
nal and non-terminal symbols of a grammar and that the root of a schema
can be a symbol different from the starting symbol S, a schema represents
all the programs that can be obtained by completing the schema (i.e. by
adding other rules to its leaves until only terminal symbols are present) and
all the programs represented by schemata which contain it as a component.
When the root node of a schema is not S, the schema can occur multiple
times in the derivation tree of the same program. This is the result of the
absence of positional information in the schema definition. For example, the

schema H = (A =5 FAA) can be instantiated in two ways in the derivation tree,
(S (A (F+) (AF-) (A(T2)) (A(T=x))) (A (T x)))),of the program
+ (- 2x) x.

Whigham’s definition of schema leads to simple equations for the proba-
bilities of disruption of schemata under crossover, Py, (H,h,t), and mutation,
P, (H,h,t). Unfortunately as with O’Reilly’s, these probabilities vary with the
size of the tree h matching the schema. In order to produce a schema theorem
for CFG-GP Whigham used the average disruption probabilities of the instances
of a schema under crossover and mutation, P;_(H,t) and P, (H,t), and the av-
erage fitness f(H,t) of such instances. The theorem is as follows:

Bl 4 1)) 2 (.0 L2 {1 = o Pa (010 = P (01}, 9
where p. and p,, are the probabilities of applying crossover and mutation. By
changing the grammar used in CFG-GP this theorem can be shown to be ap-
plicable both to GAs with fixed length binary strings and to standard GP, of
which CFG-GP is a generalisation (see the GP grammar given in [19, page 130]).
Like in O’Reilly’s case, this theorem describes the way in which the components
of the representation of a schema propagate from one generation to the next,
rather than the way the number of programs sampling a given schema change
over time. The GP schema theorem obtained by Whigham is different from the
one obtained by O’Reilly as the concept of schema used by the two authors is
different. Whigham’s schemata represent derivation-tree fragments which always
represent single subexpressions, while O’Reilly’s schemata can represent multiple
subexpressions.

3.2 Theories on Positioned Schema Propagation

Recently two new schema theories (developed at the same time and indepen-
dently) have been proposed [17,14] in which schemata are represented using



rooted trees or tree fragments. The rootedness of these schema representations
is very important as they reintroduce in the schema definition the positional
information lacking in previous definitions of schema for GP. As a consequence
a schema can be instantiated at most once within a program and studying the
propagation of the components of the schema in the population is equivalent to
analysing the way the number of programs sampling the schema change over
time.

Rosca [17] has proposed a definition of schema, called rooted tree-schema, in
which a schema is a rooted contiguous tree fragment. For example, the rooted
tree-schema H=(+ # x) represents all the programs whose root node is a + the
second argument of which is x. Rosca derived the following schema theorem for
GP with standard crossover (when crossover points are selected with a uniform
probability):
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where N (h) is the size of a program h matching the schema H, f(h) is its fitness,
and the order of a schema O(H) is the number of defining symbols it contains.*
Rosca did not give a definition of defining length for a schema. Rosca’s schema
theorem involves the evaluation of the weighted sum of the fragilities % of the
instances of a schema within the population, using as weights the ratios between
the fitness of the instances of H and the sum of the fitness of such instances.

In [14] we have proposed a simpler definition of schema for GP which has
allowed us to derive a new schema theorem for GP with a new form of crossover,
which we call one-point crossover. In the definitions of GP schema mentioned
above, in general schemata divide the space of programs into subspaces contain-
ing programs of different sizes and shapes. Our definition of schema partitions
the program space into subspaces of programs of fixed size and shape.

We define a schema as a tree composed of functions from the set FU{=} and
terminals from the set 7 U{=}, where F and 7 are the function set and the ter-
minal set used in a GP run. The symbol = is a “don’t care” symbol which stands
for a single terminal or function. In line with the original definition of schema
for GAs, a schema H represents programs having the same shape as H and the
same labels for the non-= nodes. For example, if F={+, -} and T={x, y} the
schema H=(+ (- = y) =) would represent the four programs (+ (- x y) x),
+ ¢xy)y, + (-yy) x)and (+ (- y y) y). Our definition of schema
is in some sense lower-level than those adopted by others, as a smaller number
of trees can be represented by schemata with the same number of “don’t care”

4 We have rewritten the theorem in a form which is slightly different from the original
one to highlight some of its features.



symbols and it is possible to represent one of their schemata by using a collection
of ours.

The number of non-= symbols is called the order O(H) of a schema H, while
the total number of nodes in the schema is called the length N (H) of the schema.
The number of links in the minimum subtree including all the non-= symbols
within a schema H is called the defining length L(H) of the schema. For example
the schema (+ (- = =) x) has order 3 and defining length 2. These definitions
are independent of the shape and size of the programs in the actual population.

In order to derive a GP schema theorem for our schemata we used very simple
forms of mutation and crossover, namely point mutation and one-point crossover.
Point mutation is the substitution of a function in the tree with another function
with the same arity or the substitution of a terminal with another terminal.
One-point crossover works by selecting a common crossover point in the parent
programs and then swapping the corresponding subtrees like standard crossover.
In order to account for the possible structural diversity of the two parents, one-
point crossover starts analysing the two trees from the root nodes and considering
for the selection of the crossover point only the parts of the two trees which have
the same topology (i.e. the same arity in the nodes encountered traversing the
trees from the root node) [14].

The new schema theorem provides the following lower bound for the expected
number of individuals sampling a schema H at generation ¢+ 1 for GP with one-
point crossover and point mutation:
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where p,, is the mutation probability (per node), G(H) is the zero-th order
schema with the same structure of H where all the defining nodes in H have
been replaced with “don’t care” symbols, M is the number of individuals in the
population, pgis (t) is the conditional probability that H is disrupted by crossover
when the second parent has a different shape (i.e. does not sample G(H)), and
the other symbols have the same meaning as in Equation 2 (see [14] for the
proof). The zero-order schemata G(H)’s represent different groups of programs
all with the same shape and size. For this reason we call them hyperspaces of
programs. We denote non-zero-order schemata with the term hyperplanes.

Equation 5 is more complicated than the corresponding version for GAs [3, 6,
21] because in GP the trees undergoing optimisation have variable size and shape.
This is accounted for by the presence of the terms m(G(H),t) and f(G(H),1),
which summarise the characteristics of the programs belonging to the same hy-
perspace in which H is a hyperplane.

In [14] we analysed Equation 5 in detail and discussed the likely interac-
tions between hyperspaces and hyperplanes and the expected variations of the
probability paig(t) during a run. In particular we conjectured that, given the



diversity in the initial population, in general pq;¢ would be quite close to 1 and
the probability of schema disruption would be quite high at the beginning of a
run. Schema disruption and creation by crossover would then heavily counteract
the effects of selection, except for schemata with above average fitness and short
defining-length whose shape G(H) is also of above average fitness and is shared
by an above average number of programs. We also conjectured that, in the ab-
sence of mutation, after a while the population would start converging, like a
traditional GA, and the diversity of shapes and sizes would decrease. During
this second phase, the competition between schemata belonging to the same hy-
perspace would become more and more important and the GP schema theorem
would asymptotically tend to the standard GA schema theorem. Therefore, dur-
ing this phase all schemata with above average fitness and short defining-length
would tend to have a low disruption probability. These conjectures were later
corroborated by the experimental study summarised in Sect. 4.

In [11] serious doubts have been cast on the correctness of the building block
hypothesis for standard GP. However, our analysis of Equation 5 led us to sug-
gest that it cannot be ruled out in GP with one-point crossover. Nonetheless,
as suggested in [5] it is possible that, in order to fully understand what are the
building blocks which GP uses to create complete solutions, it will be necessary
to study also the propagation of phenotypical schemata, i.e. of sets of struc-
turally different but functionally equivalent programs. Unfortunately, it seems
very difficult at this stage to imagine how such schemata could be represented
and detected.

4 Experimental Studies on GP Schemata

Some researchers have studied the changes over time of quantities which are
relevant to schema theorems but which do not require the direct manipulation
of all the schemata in a population. For example, Rosca has studied the average of
the ratio f(h)/N(h) (an important term in his schema theorem) for all programs
in the population and for the best program in the population. However, we will
not describe studies of this kind here as they do not explicitly represent and
study the schemata in a population but only the programs it contains.

Whatever definition of schema is embraced, it is quite easy to see that the
number of different schemata or schema instances contained in a single individual
or, worse, in a population of individuals, can be extremely large. For example,
using our definition of schema, the number of different schemata contained in a
single program h of length N(h) is 2V(") which is large even for short programs.
This, together with the complexity of detecting all the instances of a schema
with some schema definitions, is probably the reason why only one experimental
study on the properties of GP schemata had been done at the time of writing
this paper [12]. We describe the main results of this work in the remainder of
this section.

In our experiments we have only been able to study (our) schemata in real
GP populations by limiting the depth of the programs being evolved to three or



four levels and the arity of the functions used by GP to two arguments. Given
these restrictions we decided to use in our experiments the XOR problem, which
can be solved with these settings. In the experiments we used the function set
F={AND, OR, NAND, NOR} and the terminal set 7T={x1, x2}. With these
choices and a maximum depth of 2 (the root node is at level 0) we were able
to follow the evolution of all the schemata in a population of 50 individuals for
50 generations. (The reader is invited to refer to [12] for a description of other
experiments in which we studied subsets of the schemata present in populations
of programs with maximum depth 3 and for other details on the experimental
setting.)

In a first series of experiments we studied the effects of selection on the prop-
agation of single schemata and on the number of hyperplanes and hyperspace
sampled by the programs in the population in ten runs. In each run all schemata
in the population were recorded together with: the average fitness of the popu-
lation in each generation, the average fitness of each schema in each generation,
the number of programs sampling the schema in each generation, and the order,
length and defining length of the schema. Using these data we were also able
to study schema diversity in the population. Diversity was assessed in terms of
number of different programs, of schemata and of hyperspaces in each generation.

According to the schema theorem, when selection only is acting, schemata
with below average fitness should tend to disappear from the population while
above-average schemata should be sampled more frequently. This effect was in-
deed observed in our runs at the level of both hyperplanes and hyperspaces.
However, the results shown in Fig. 1(a) suggest that selection is less effective
on hyperspaces than on programs. Indeed, the rate at which hyperspaces dis-
appear is lower than for programs. This can be explained by considering that
the average deviation of the fitness of high-order schemata (e.g. programs) from
the population fitness is in general bigger than for low-order schemata. There-
fore, (positive or negative) selection will be stronger on average for high-order
schemata and programs.

Not surprisingly, in none of our runs we observed the exponential schema
growth/decay often claimed to happen in GAs [3]. On the contrary, the growth
or decay of schemata diverged quite significantly from being monotonic. This
was mainly due to the fact that we used small populations of 50 individuals and
that genetic drift interfered with the natural growth or decay in the number
of schema instances. This effect becomes prominent when the selective pressure
decreases, i.e. when nearly all the programs in the population have the same
fitness.

In a second set of experiments we considered the effects of normal crossover
on the propagation of schemata. As shown in Fig. 1(b), the situation is quite
different from the previous case. In an initial phase programs were still subject
to a relatively strong selection pressure. As in the selection-only case, hyper-
spaces were not as strongly affected by it. As soon as the population fitness
started saturating the effects of crossover became prevalent. These effects are
the constant creation of new individuals and the destruction of old ones. They



prevented the population from converging and maintained a high number of
different schemata in the population. Towards the end of the runs, there were
several times more schemata than in the selection-only case. Standard crossover
prevented the competition between hyperspaces from ending as hyperspaces were
constantly repopulated.

In a final set of experiments we studied the effects of one-point crossover.
One-point crossover behaved quite differently from standard crossover. This be-
haviour is illustrated by the plots of the population fitness and schema diversity
averaged over 10 different runs (Fig. 1(c)). These plots show that the average
number of different individuals per hyperspace tended to vary very slowly dur-
ing the runs. The competition between low-order schemata ended relatively more
quickly than the competition between higher order ones. When the competition
between hyperspaces was over (not later than generation 19), the one between
the programs sampling them was still active. In some cases this took quite a few
more generations to finish, but it always did it and, like in the case of selection
only, the population always converged. A comparison of the plots in Figures 1(c)
and 1(a) reveals that, on average, the rate at which the diversity of high-order
schemata changes is reduced by one-point crossover. This is due to the continu-
ous creation of new schemata.

Our experimental study revealed that when the size of the populations used is
small genetic drift can be a major component in schema propagation and extinc-
tion. This certainly happened in our experiments as soon as the selective pressure
decreased, both when selection only was present and when one-point crossover
was used. Genetic drift could not become a major driving force in runs with
standard crossover, because of the relatively large schema disruption/creation
probability associated with it.

Although in the first few generations of runs with standard crossover selection
was a primary driving force, the disruption and innovation power of standard
crossover remained very strong throughout the entire runs and the population
never converged. This contributed to maintaining a certain selective pressure
even in late generations, as the average population fitness never reached its
maximum.

The relatively large random oscillations of the total number of schemata
observed in all runs with standard crossover seem to suggest that, however large,
the probability of schema disruption Py(H,t) in Equation 2 is not constant but
may vary significantly from one generation to the next and should be considered
a stochastic variable as suggested in [11].

One-point crossover allowed the convergence of the population. So, on aver-
age we must assume that its schema disruption probability is smaller than for
standard crossover. However, if we compare the total number of schemata in
the first few generations of the runs with one-point crossover and the runs with
standard crossover, we can see that initially one-point crossover is as disruptive
as standard crossover. This corroborates our conjecture that schema disruption
would be quite high at the beginning of runs with one-point crossover.
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The experiments also corroborate our conjecture that with one-point
crossover, after this first highly-disruptive phase in which different hyperspaces
compete, the competition between schemata belonging to the same hyperspace
becomes the most important effect. In the experiments after generation 19 only
one hyperspace was present in all runs. This means that the different programs
in such hyperspace had all the same size and shape and that GP with one-point
crossover was actually working like a GA with a non-standard crossover. This
corroborates our conjecture that the GP schema theorem asymptotically tends
to the GA schema theorem.

This behaviour suggests that, while the building block hypothesis seems re-
ally in trouble when standard crossover is used, it is as relevant to GP with
one-point crossover as it is for traditional GAs.

The convergence properties of GP with one-point crossover suggested that,
like in traditional GAs, mutation could be a very important operator to re-
cover lost genetic material. A recent study [13] in which one-point crossover has
been compared with standard crossover and an even more constrained form of
crossover (called strict one-point crossover) has demonstrated that this hypoth-
esis is correct and that point mutation is vital to solve efficiently Boolean clas-
sification problems with one-point crossover. (Interestingly, one-point crossover
also improves significantly the performance of standard crossover.)

5 Conclusions

In this paper we have reviewed the main results available to date on the theory
of schemata for GP, including our own work [14] which is based on a simple
definition of the concept of schema for GP which is very close to the original
concept of schema in GAs. We have also summarised the first experimental study
on GP schemata [12].

At this point the reader might be asking himself or herself: “Is there a right
schema definition and a right schema theory for GP?” In our opinion the answer
to this question should be “no”, for the following reasons.

We take the viewpoint that a schema is a subspace of the space of possi-
ble solutions that schemata are mathematical tools to describe which areas of
the search space are sampled by a population. For schemata to be useful in ex-
plaining how GP searches, their definition must make the effects of selection,
crossover and mutation comprehensible and relatively easy to calculate. A pos-
sible problem with some of the earlier definitions of schema for GP is that they
make the effects on schemata of the genetic operators used in GP perhaps too
difficult to evaluate. However, we believe that any schema definition which, with
a particular set of genetic operators, is amenable to mathematical analysis and
can lead to some theoretical insight on the inner operation of GP is equally valid
and useful.

So, we believe that good different schema theories should not be seen as
competitors. When the same operators are used, different schema definitions
and schema theorems are simply different views of the same phenomenon. If



integrated, they can lead to a deeper understanding. Even more, when it is
possible to represent a schema of the particular kind using a set of schemata
of another kind it is possible to export some results of the one schema theory
to the schemata of another one and wice versa. For example, if we consider one
of Rosca’s schemata, Hp, it is easy to prove that it can be represented using a
collection of our schemata, say Hpr,,...,Hpr,,- Then it is possible to export
the results of the Rosca’s schema theory to our schemata and our schema theory
to Rosca’s schemata considering that E[m(Hg,t)] = >, E[m(Hpr;,1)].

More theoretical work will be needed to explore the relations between differ-
ent theories and the ways they can integrate and cross-fertilise each other. We
also believe that more work needs to be done to evaluate the effects of schema
creation. This has been one of the main themes of our recent research work,
carried out in collaboration with Una-May O’Reilly (MIT AI Lab). This has led
to the formulation of new general schema theorems which estimate the mean,
the variance and the signal-to-noise ratio of the number of individuals sampling
a schema in the presence of schema creation, as well as to the estimation of the
short-term probability of extinction of newly created schemata [15].

At the same time, we also think that it will be necessary to produce more
empirical studies on the creation and disruption of schemata and on the building
block hypothesis. In very recent work we have performed the second study of
this kind using our schemata to investigate the possible deceptiveness of the Ant
problem [9].
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