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Abstract- Herea newgeneralGP schematheory for head-
lesschicken crossover and subtreemutation is presented.
The theory gives an exact formulation for the expected
number of instancesof a schemaat the next generation
either in terms of microscopicquantities or in terms of
macroscopicones.The paper givesexampleswhich show
how the theory can bespecialisedto specificoperators.

1 Intr oduction

Thetheoryof schematain geneticprogramminghashadadif-
ficult childhood.After someexcellentearlyefforts leadingto
differentworst-case-scenarioschematheorems[1, 2, 3, 4, 5,
6, 7], exactschematheorieshavebecomeavailableonly very
recently[8, 9, 10, 11]. Thesenew theoriesgiveexactformu-
lations(ratherthanlowerbounds)for theexpectednumberof
instancesof aschemaat thenext generation,andareapplica-
ble to GP with varioustypesof subtreecrossover. No exact
schematheoryfor subtreemutation(or any othertypeof GP
mutation)haseverbeenproposed.

This paperfills this theoreticalgap and presentsa new
generalGPschematheoryfor subtreemutationandheadless
chicken crossover. Headlesschicken crossover is a variant
of crossover, introducedfor GAs in [12] andfor GP in [13],
in which oneof theparentsis randomlygeneratedwhile the
other is selectedfrom the population. Our theory givesan
exact formulationfor the expectednumberof instancesof a
schemaat thenext generationfor theseoperators.

Thepaperis organisedasfollows. Firstly, weprovideare-
view of earlierrelevantwork on schematain Section2. Most
of theconceptsintroducedin thatsectionaredescribedexten-
sively, sincethey arenecessaryto understandthe restof the
paper. Then,wederivegeneralschematheoremsfor GPwith
headlesschickencrossoverandsubtreemutationin Sections3
and4, respectively. In Section5 we give examplesthatshow
how thetheorycanbespecialisedto obtainschematheorems
for specificoperatorsandprimitive sets. Someconclusions
aredrawn in Section6.

2 Background

Schemataaresetsof pointsof thesearchspacesharingsome
syntacticfeatures.For example,in thecontext of GAs oper-
ating on binary strings,syntacticallya schemais a string of
symbolsfrom the alphabet

�
0,1,* � , wherethecharacter* is

interpretedasa “don’t care”symbol.Typically schematheo-
remsaredescriptionsof how the numberof membersof the
populationbelongingto a schemavary over time. If �������
	
�
is theprobabilitythata newly createdindividual samplesthe
schema� , which we termthe total transmissionprobability
of � , anexactschematheoremis simply [14]��
 � �����
	��������������������
	
��� (1)

where � is the populationsize,
� �����
	���� � is the number

of individualsin � at generation	!��� and
�"
$# � is theexpec-

tationoperator. Holland’s [15] andotherworst-case-scenario
schematheoriesnormallyprovidea lower boundfor �������
	
�
or, equivalently, for

��
 � �����
	�������� .
Oneof the difficulties in obtainingtheoreticalresultson

GPusingtheideaof schemais thatits definitionis muchless
straightforwardthanfor GAs. Variousdefinitionshave been
proposedin theliterature[1, 2, 3, 4, 5, 7], but for brevity here
we will describeonly the definition of fixed-size-and-shape
schemaintroducedin [5, 6] whichis whatis usedin thispaper
andin otherrecentwork [8, 9, 10, 11, 16].

2.1 GP Schemata

Syntactically a GP fixed-size-and-shapeschema (or just
schemafor simplicity) is a treecomposedof functionsfrom
theset %'& � �(� andterminalsfrom theset )*& � �(� , where% and ) are the function and terminal setsusedin a GP
run [5, 6]. The primitive � is a “don’t care” symbolwhich
standsfor a singleterminalor function. A schema� repre-
sentsprogramshaving the sameshapeas � and the same
labels for the non-� nodes. For example, if % =

�
+, * �

and ) =
�
x, y � the schema(+ x (= y =)) represents

the four programs(+ x (+ y x)), (+ x (+ y y)),
(+ x (* y x)) and(+ x (* y y)).

Using this definition, in [5, 6] a worst-case-scenario
schematheoremwasderivedfor GPwith point mutationand
one-pointcrossover. Thisresultwasimprovedin [8, 9] where
anexactschematheoryfor GPwith one-pointcrossover (but
no mutation)wasderived.

2.2 CartesianNodeReferenceSystems

In [11] a general schematheory for GP with subtree-
swappingcrossover was presentedwhich wasbasedon the
notionof variablearity hyperschemaandon theconceptsof
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Figure1: Tree-independentCartesiannodereferencesystem.
Nodesandlinks of the maximaltreearedrawn with dashed
lines.Only four layersareshown.

Cartesiannode referencesystemsand probability distribu-
tionsover them. Thesearealsothebasisfor thenew theory
presentedin this paper. They are describedin this and the
following sections.

A Cartesiannodereferencesystemcanbedefinedby first
consideringthe largestpossibletreethatcanbecreatedwith
nodesof arity +-,�.0/ . Thismaximaltreewould include1 node
of arity +1,�.0/ at depth0, +-,�.
/ nodesof arity +-,�.
/ at depth
1, +32,�.
/ nodesof arity +-,�.0/ at depth2, etc.. Thenonecan
organisethenodesin thetreeinto layersof increasingdepth
and assignan index to eachnodein a layer. We can then
definea coordinatesystembasedon the layernumber4 and
the index 5 . This referencesystemcan also be usedto lo-
cate the nodesof non-maximaltreesby using a subsetof
thenodesandlinks in themaximaltree. So, for example,if+-687�9(��: , thenodesin theexpression(A (B C D) (E F
(G H))) would beplacedin anodereferencesystemasin-
dicatedin Figure1 where,for example,F is indexedby (2,3).
It shouldbe notedthat in the this kind of referencesystem
it is possibleto transformpairsof coordinatesinto integers
by countingthenodesin breadth-firstorder(andvice versa).
So,nodesA, B, C, D, E, F andG would have indices0, 1, 4,
5, 2, 7, 8 and25, respectively. We will usethis propertyto
simplify thenotationin someof thefollowing sections.

2.3 Functionsover NodeReferenceSystems

Given a nodereferencesystemit is possibleto definefunc-
tions over it. An example of such functions is the name
function ;<��4=�
5>�@?A� which returnsthe nodeat position ��4=�
5B�
in a particulartree ? ; if ? doesnot have a nodeat position��4=�
5B� , a default valueof C is returned.For example,for the
treein Figure1, ;<��DE�0DE�@?A�F�HG and ;<��IJ�0DE�@?A�K�ML , while;<��IJ�@IN�>?=���OC .

Anotherexampleof a nodefunction is the arity functionP ��4=�
5>�>?=� which returnsthe arity of the nodeat coordinates��4=�
5B� in ? . The functionreturns QR� if ��4E�05�� is not in ? . For
example,for thetreein Figure1,

P ��DE�0DJ�>?=�S��I , P �
�T�0DE�@?A���I , P ��IN�U�T�>?=�S��D and
P ��IN�0VE�>?=�S�'� .

Finally, it shouldbenotedthat thesefunctionscanbeap-
pliedto schematatoo. A usefulfunctionin handlingschemata

is the definingnodefunction, WX��4E�05@�@�Y� , which returns1 if
thenodeat coordinates��4=�
5B� is a definingnode,0 if it is a=
symbol, QR� if it is not in � .

2.4 Modelling the Selection of Crossover and Mutation
Points

Most geneticoperatorsusedin GP requirethe selectionof
a nodewhereto performa transformation(e.g.the insertion
of a randomsubtree,or of a subtreetakenfrom anotherpar-
ent). In most casesthe selectionof the nodeis performed
with astochasticprocessof somesort. It is possibleto model
this processby assumingthata probabilitydistribution is de-
finedover the nodesof eachindividual. If we usethe node-
referencesystemintroducedin theprevioussection,this can
beexpressedasthefunction:Z ��4=�
5\[ ?=�S��]S^`_ A node at coordinates acb dfehg is

selected in program i j � (2)

wherewe assumethat Z ��4=�
5\[ ?=� is zerofor all the undefined
coordinates��4E�05�� in ? .1 For example,if we selectnodeswith
uniformprobabilityfrom thetreein Figure1, thenZ ��4E�05�[ ?A�S�kl if ��4=�
5B� existsin ? , andZ ��4=�
5\[ ?A�S��D otherwise.

Therearemany possibleusesfor probabilitydistributions
over nodereferencesystems. In the following sectionwe
will concentrateon their usein modelling crossover opera-
tors. Later it will becomeclear how thesecan be usedto
modelheadlesschickencrossoverandsubtreemutation.

2.5 Modelling Subtree-swappingCrossover

In generalin orderto modelcrossover operatorswe needto
usethefollowing conditionalprobabilitydistribution:Z ��4 k �05 k �04 2 �05 2 [ ? k �>? 2 �S�]S^ _ A node at coordinates acb m�dfefmBg is selected in parent i3m and

a node at coordinates acbUnUd�ehn�g is selected in parent iTn j �
with the convention Z ��4 k �
5 k �@4 2 �
5 2 [ ? k �@? 2 � � D if;<��4 k �05 k �@? k ���oC or ;<��4 2 �
5 2 �>? 2 ���oC , where ;<��4=�
5>�>?=�
is the namefunction definedin Section2.3. If the selection
of thecrossoverpointsis performedindependentlyin thetwo
parents,thenZ ��4 k �05 k �04 2 �05 2 [ ? k �>? 2 �S� Z ��4 k �05 k [ ? k � # Z ��4 2 �
5 2 [ ? 2 ���
where Z ��4E�05\[ ?A� is defined in Equation 2. We will call
crossoveroperatorsfor which this relationis trueseparable.

Standardcrossoverwith uniformselectionof thecrossover
pointsis aseparableoperatorwithZ ��4E�05\[ ?A�S�Hp ��;<��4=�
5>�>?=�rq�OCT�s ��?A� �
where

s ��?A� is thenumberof nodesin ? and p �ht�� is afunction
which returns1 if t is true,0 otherwise.

1For thisprobabilitydistributionweusethenotationuNacb dfewv i1g ratherthanu3acb dfefd�iTg sincethis canbe seenasthe conditionalprobability of selecting
node acb dfehg if (or giventhat)theprogrambeingconsideredis i .



Also standardcrossover with a 90%-function/10%-any-
nodeselectionpolicy is separable. However, it shouldbe
notedthat somecrossover operators,like for exampleone-
pointcrossoverandstronglytypedGPcrossover, arenotsep-
arable. Models for theseandother crossover operatorsare
describedin [11].

Thanksto theseprobabilistic modelsof crossover, it is
possibleto develop a generalschematheory for GP as de-
scribedin thefollowing sections.This theoryis thebasisfor
theschematheoryfor headlesschickencrossoverandsubtree
mutationpresentedlaterin this paper.

2.6 Exact GP Schema Theorems for Subtree-swapping
Crossovers

For simplicity in thisandthefollowing sectionswewill usea
singleindex to identify nodesunlessotherwisestated.Wecan
do this because,asindicatedpreviously, thereis aone-to-one
mappingbetweenpairsof coordinatesandnaturalnumbers.

In order to state a schematheoremvalid for subtree-
swapping crossovers, we need to introduce new form of
schema:theVariableArity Hyperschema, or VA hyperschema
for brevity. A VA hyperschemais a rootedtree composed
of internalnodesfrom the set %x& � �y�>z�� andleavesfrom)*& � �y�>z�� [11]. Theoperator= is a “don’t care”symbols
which standsfor exactly onenode,the terminal# standsfor
any valid subtree,while thefunction# standsfor exactlyone
functionof arity notsmallerthanthenumberof subtreescon-
nectedto it. For example,theVA hyperschema(# x (+ =
#)) representsall theprogramswith thefollowing character-
istics: a) therootnodeis any functionin thefunctionsetwith
arity 2 or higher, b) thefirst argumentof theroot nodeis the
variablex, c) the secondargumentof the root nodeis +, d)
thefirst argumentof the+ is any terminal,e) thesecondargu-
mentof the+ is any valid subtree.If therootnodeis matched
by a functionof arity greaterthan2, thethird, fourth,etc.ar-
gumentsof sucha functionareleft unspecified,i.e. they can
beany valid subtree.

We canuseVA hyperschemataand the notion of proba-
bility distributionsover nodereferencesystemsto obtainthe
following generalresult[11]:
Theorem1. The total transmissionprobability for a fixed-
size-and-shapeGP schema � under a subtree-swapping
crossover operator andno mutationis�{�����
	
�|�}�B�8Q Z 9 ~\� Z �����
	
�0�Z 9 ~�����@��� �������� Z ��? k �0	
� Z ��? 2 �
	
� # (3)

�� �T� ��� Z ��5@�w��[ ? k �@? 2 � p ��? k���� �����05B�
� p �f? 2 ��� �����05>�f�3�
�
where: Z 9 ~ is the crossover probability; Z �����0	
� is the se-
lectionprobability of the schema� ;2 � is the setof unique

2In fitnessproportionateselection u3a���d���g����|�$��� �������$��� ��� Y¡���¢��� , where£ a���df��g is the numberof programsmatchingthe schema� at generation

individuals in the population; Z �f? k �
	
� and Z �f? 2 �
	
� are the
selectionprobabilitiesof parents ? k and ? 2 , respectively;the
third summationis over all the crossover points (nodes)in
theschema� ; thefourthsummationis overall thecrossover
points in the node reference system; Z �h5>�w�A[ ? k �@? 2 � is the
probability of selectingcrossover point 5 in parent ? k and
crossover point � in parent ? 2 ; � �����05@�w�3� is the VA hyper-
schemaobtainedby rootingat coordinate � in an emptyref-
erencesystemthe subschemaof � belowcrossover point 5 ,
thenbylabellingall thenodesonthepathbetweennode� and
theroot nodewith # functionnodes,and labelling theargu-
mentsof thosenodeswhich are to theleft of such a pathwith
# terminal nodes; � �����
5B� is the hyperschemaobtainedby
replacingthesubtreebelowcrossover point 5 with a # node.

The functions � �����
5>�f�3� and � �����
5B� aredesignedto re-
turn exactly the hyperschemataneededto create � using
crossover. � �����
5B� is the hyperschemarepresentingall the
treesthatmatchtheupperportionof � (i.e., thepartsof �
not below crossover point 5 ). � �����05@�w�3� is the hyperschema
representingall the treesthatmatchthe lower portionof � ,
but wherethematchingportionis atsomearbitraryposition� .
Thecombinedeffectof thesedefinitionsis thatif onecrosses
overanyindividualmatching� �����05B� atpoint 5 with anyindi-
vidual matching� �����05>�f�3� at point � , theresultingoffspring
is alwaysan instanceof � . Further, this is the only way to
constructaninstanceof � .3

To betterunderstandhow � �����05B� and � �����
5>�f�3� arecon-
structed,let usconsideranexample;throughoutthisexample
we will usethe 2–D coordinatesystem,sopositions 5 and �
will in fact be orderedpairs. Let us take our schemato be�¤� (* = (+ x =)), andourcoordinatesto be 5¥�}�B�1�0D1�
and �¦�§�B�T�U��� . ThenFigure2 illustrateshow we construct� �����05B� (the top two coordinategrids) and � �����05@�w�3� (the
lower threecoordinategrids). Thetop coordinategrid shows
theinitial schema� , with thecrossoverpoint 5 marked,and
the lower part of the schemashaded. The next grid then
shows � �����05�� , which is obtainedby simply replacingthe
shadedsubtree(in this casejust the terminal‘=’) with a ‘#’.
The upperof the threecoordinategrids for � �����
5>�f�3� again
illustratesthe initial schema� with the crossover point 5
marked. Now, however, the shadedarea(the part of � be-
low 5 ) needsto be translatedto position � as shown in the
secondcoordinategrid. Thethird coordinategrid thenshows
the insertionof ‘#’ symbols(a) alongthepathfrom theroot
to � (in this casejust ��DJ�@D1� ) and (b) in all argumentposi-
tions to the left of ‘#’ symbols(in this casejust �B�1�0D1� ). This
placementof ‘#’ symbols,combinedwith the fact that we
allow ‘#’s to representfunctions of varying arity, ensures
that � �����
5>�w�-�¨� (# # =) representsall the possibletrees
whosesubtreesat position � matchthe lower partof � (i.e.,
thepartbelow position 5 ).

Let usdenotewith ©ª���«� theschemaobtainedby replac-� , ¬3a���d���g is themeanfitnessof suchprograms,and ­¬Na®��g is themeanfitness
of theprogramsin thepopulation.

3 ¯ a��°dfefdc±Ug and ²|a���d�ehg arediscussedin moredetail in [11].



U(H,(1,0))

*

= +

x =

0 1 2 3
Column

Layer

0

1

2

d

i

Crossover
Point Empty

Node

*

# +

x =

0 1 2 3
Column

Layer

0

1

2

d

i

L(H,(1,0),(1,1))

*

= +

x =

0 1 2 3
Column

Layer

0

1

2

d

i

0 1 2 3
Column

Layer

0

1

2

d

i

=

0 1 2 3
Column

Layer

0

1

2

d

i

=

#

#

Crossover
Point Empty

Node

Path
to

Root

Figure2: Phasesin theconstructionsof theVA hyperschema
building blocks � �����U�
�T�@D1�
� and � ��������DJ�U���\�U�B�1�³� �
� of the
schema� � (* = (+ x =)) within a node coordinate
systemwith + 687�9 �OI .

ing all thedefiningnodesin theschema� with = nodes.We
will referto ©ª���Y� astheshapeof � .

If the choiceof the crossover points in any two parents,? k and ? 2 , dependsonly on their shapes,©ª��? k � and ©ª�f? 2 � ,
i.e. if Z ��5>�f��[ ? k �>? 2 ��� Z �h5>�f��[ ©ª��? k �\�0©ª��? 2 �0� , we termtheop-
eratorsnode-invariant. For node-invariantsubtree-swapping
crossoversEquation3 canbetransformedinto thefollowing
exactmacroscopicdescriptionof schemapropagation:
Theorem2. The total transmissionprobability for a fixed-
size-and-shapeGP schema � under a node-invariant
subtree-swappingcrossover operator andno mutationis�������
	
�|�´�B�°Q Z 9 ~ � Z �����0	
�0�Z 9 ~!�¶µ�· ¸r�� �T� � � Z �h5>�f��[ © µ �0© ¸ � (4)Z � � �����05��º¹X© µ �0	
� Z � � �����
5>�w�-�º¹X© ¸ �0	
���
where theschemata© k , © 2 , #³#U# are all thepossibleprogram
shapes(i.e. all the fixed-size-and-shapeschemataincluding
only= symbols)andtheothersymbolshavethesamemean-
ing asin Theorem1.

Thesets� �����
5B�>¹S© µ
and � �����
5>�f�3�>¹S© ¸

eitherare(or can
be representedby) fixed-size-and-shapeschemataor arethe
emptyset.So,thetheoremindicateswhichpairsof schemata
cancontribute to the creationof instancesof a schemaand
with which relative probability. Suchschematacanbe con-
sideredthebuilding blocksfor theschema.

2.7 PreviousSchemaTheoriesfor Mutation

We are aware of only two schema-theoryresultsfor muta-
tion applicableto thestandardGPrepresentation.We briefly
summarisethembelow.

In [7] Roscaderiveda worst-case-scenarioschematheo-
remfor rooted-treeschemata,whichcanbedefinedashyper-
schematawithout = symbolsand# function nodes. In the
casein whichonly subtreemutationandfitnessproportionate
selectionarepresentthetheoremis equivalentto:

��
 � �����
	0�y������»¼� Z �����0	
�¨½¾³�8Q Z 6�¿ �T�T�ÁÀ-� 6�Â � · ÃhÄ�Å Â � ÄÆ Â � Ä
¿ �T�T�ÁÀ-� 6�Â � · ÃhÄ�Å Â � ÄÇ Â � ÄÉÈÊ �

(5)
where Z 6 is the mutationprobability (per individual),

s �f?=�
is the sizeof a program ? matchingthe schema� , Ë¥��?A� is
its fitness,and Ì"���Y� is theorderof a schemadefinedasthe
numberof definingsymbolsit contains.

A secondresult for mutation can be obtainedfrom the
worst-case-scenarioGP schematheoremfor fixed-size-and-
shapeschemataunderpointmutationandone-pointcrossover
derivedin [5, 6]. In theabsenceof crossover, this leadsto:�"
 � �����0	��Í� �w��»Î� Z �����
	
�\�
�°Q Z 6 � Ç Â � Ä (6)

where Z 6 is the mutationprobability (per node)and Ì����Y�
(theorderof � ) is thenumberof non-� symbolsin � .



3 SchemaTheory for Subtree-swappingHead-
lessChicken Crossover

Different forms of subtree-swapping headless chicken
crossover canbe defineddependingon whetheronereturns
oneor two offspringandwhethersuchoffspringinherit their
root nodesfrom the parentwhich hasbeenrandomlygen-
eratedor the oneselectedfrom the population[13]. In this
paperwewill concentrateon thecasein whichwegeneratea
singleoffspring,andthe offspring inheritsthe root from the
parentselectedfrom thepopulation.

Theschematheoryfor subtree-swappingheadlesschicken
crossover is a natural extensionof the theory for subtree-
swappingcrossoversincetheonly differencebetweenthetwo
operatorsis the sourceof the non-root-donatingparent: the
populationthroughfitnessproportionateselectionin the lat-
ter case,a stochastictreegenerationalgorithmin the former
case. Therefore,the theorems(and the proofs)provided in
this sectionarealsovery similar to thecorrespondingresults
for subtree-swappingcrossover.

Indeed, for the class of operators headlesschicken
crossoveroperatorsdefinedabovewehave:
Theorem3. The total transmissionprobability for a fixed-
size-and-shapeGP schema � under a subtree-swapping
headlesschickencrossover is�{�����
	
�|�}�B�8Q Z 9 ~\� Z �����
	
�0�Z 9 ~��� � ��� �� � ��Ï Z ��? k �
	
�BÐS��? 2 �0	
� # (7)

�� �T� � � Z ��5@�w��[ ? k �@? 2 � p ��? k���� �����05B�
� p �f? 2 ��� �����05>�f�3�
�
where: Ñ is the spaceof all possibleprogramsthat can be
built with thegiventerminalandfunctionsets,ÐS��? 2 �0	
� is the
probability that the randomtree generation algorithm used
will produceprogram ? 2 at generation 	 , andtheothersym-
bolshavethesamemeaningasin Theorem1.
Proof. Let Z ��? k �@? 2 �05>�f�1�
	
� be the probability that, at gen-
eration 	 , the selection/crossover/randomisationprocesswill
chooseparent ? k taken from the population,parent ? 2 ran-
domly generatedandcrossover points 5 and � in ? k and ? 2 ,
respectively. Then,let usconsiderthefunctionÒ ��? k �@? 2 �05>�f�1�0�Y�S� p ��? kr�Y� �����
5B�
� p ��? 2 ��� �����05>�f�3�
�\Ó
Given two parentprograms,? k and ? 2 , anda schemaof in-
terest� , this functionreturnsthevalue1 if crossingover ? k
at position 5 and ? 2 at position � yields an offspring in � .
It returns0 otherwise. This function can be consideredas
a measurementfunction (see[17]) that we want to apply to
theprobabilitydistribution of parentsandcrossoverpointsat
time 	 , Z ��? k �>? 2 �
5>�f�1�0	
� .

If ? k , ? 2 , 5 , and � are stochastic variables with
joint probability distribution Z �f? k �@? 2 �05@�w�1�
	
� , the functionÒ �f? k �@? 2 �
5>�w�T�@�Y� canbe usedto definea stochasticvariable

Ô � Ò ��? k �>? 2 �
5>�f�1�0�«� . Theexpectedvalueof Ô is:��
 Ô ��� � � � � � � � � � � Ò ��? k �>? 2 �
5>�f�1�0�«� Z �f? k �@? 2 �05@�w�1�
	
��Ó
(8)

We canwriteZ ��? k �>? 2 �
5>�f�1�
	
�S� Z ��5>�f��[ ? k �>? 2 � Z �f? k �
	
�BÐS��? 2 �0	
��� (9)

where Z �h5>�f��[ ? k �@? 2 � is the conditional probability that
crossover points 5 and � will be selectedwhen the parents
are ? k and ? 2 , Z ��? k �0	
� is the selectionprobability for the
root-donatingparentand ÐS��? 2 �0	
� is the probability that the
randomtreegenerationalgorithm will produceprogram ? 2
at generation	 . SubstitutingEquation9 into Equation8 and
notingthatif crossoverpoint 5 is outsidetheschema� , then� �����
5>�f�3� and � �����05B� areemptysets,leadto��
 Ô ��� (10)������Á��U���ÁÏ Z �f? k �
	
�BÐS��? 2 �0	
�Õ�� �8�� Ò ��? k �>? 2 �
5>�f�1�0�«� Z ��5>�f��[ ? k �>? 2 ��Ó

Since Ô is a binarystochasticvariable,its expectedvalue
also representsthe probability that the offspring produced
by headlesschicken crossover is in � . So, the contribu-
tion to �������
	
� dueto selectionfollowedby headlesschicken
crossover is

�"
 Ô � . By multiplying this by Z 9 ~ andaddingthe
term �
�RQ Z 9�~³� Z �����
	
� dueto selectionfollowed by cloning
oneobtainsther.h.s.of Equation7. Ö
This result allows one to calculatethe expectedproportion
of individualsbelongingto a schemain the next generation.
This is a microscopicmodelsinceit requiresto considerthe
propertiesof eachmemberof thesearchspace,which makes
it hard to use it for computationalstudies. However, this
model can be transformedinto a macroscopicmodel for a
verygeneralclassof headlesschickencrossovers.

If wedefineasnodeinvariantaheadlesschickencrossover
in which Z �h5>�w�A[ ? k �@? 2 ��� Z ��5>�f��[ ©ª�f? k ���@©ª��? 2 �0� , thenwe can
obtaina macroscopicversionof theprevioustheoremby fol-
lowing a strategy similar to theoneusedin theproof of The-
orem2, obtaining
Theorem4. The total transmissionprobability for a fixed-
size-and-shapeGP schema � under a node-invariant
subtree-swappingheadlesschickencrossover is�{�����
	
�|�´�B�8Q Z 9 ~³� Z �����
	
�0� (11)Z 9 ~ �¶µ�· ¸r�� �T� ��� Z �h5>�f��[ © µ �0© ¸ �Z � � �����05B�º¹×© µ �
	
��ÐS� � �����
5>�f�3�!¹×© ¸ �0	
���
where ÐS� � �����05@�w�3�0¹�© ¸ �
	
� is theprobabilityof randomlygen-
erating programsin � �����05>�f�3�S¹Ø© ¸

and the other symbols
havethesamemeaningasin Theorem2.
Proof. Weprovethetheoremby transformingEquation7 into
Equation11. Theschemata© k , © 2 , #U#³# representdisjointsets
of programs.Their unionrepresentsthewholesearchspace.



So, ¿ µ p ��? k � © µ �¨�Ù� . Likewise, ¿ ¸ p ��? 2 � © ¸ �y�Ù� .
If we multiply the termswithin thequadruplesummationin
Equation7 by the l.h.s. of theseequationsand reorderthe
terms,we obtain:� µ�· ¸ �� � �Á�� � �8Ï Z �f? k �
	
��ÐS�f? 2 �
	
�Õ�� �°�� Z ��5>�f��[ ? k �>? 2 �

p �f? k ��� �����
5B�
� p ��? k � © µ � p �f? 2 ��� �����
5>�w�-�0� p �f? 2 � © ¸ �� �¶µ�· ¸ �� � �8�¨ÀÁÚ`Û� � ��Ï�ÀÁÚ�Ü Z ��? k �0	
��ÐS�f? 2 �
	
�Õ�� �8�� Z ��5@�w��[ ? k �@? 2 �
p ��? k ��� �����05��0� p �f? 2 ��� �����05@�w�3�
��Ó

For node-invariant headlesschicken crossover operatorsZ �h5>�w�A[ ? k �@? 2 �S� Z ��5>�f��[ ©ª�f? k ���@©ª��? 2 �0� , whichsubstitutedinto
thepreviousequationgives:�¶µ�· ¸ �� � �Á�ÝÀÁÚ`Û� � �ÁÏ�ÀÁÚ�Ü Z ��? k �0	
��ÐS��? 2 �
	
�Õ�� �°�� Z �h5>�w�A[ ©ª��? k �\�0©ª�f? 2 �
�

p ��? k ��� �����05��0� p �f? 2 ��� �����05@�w�3�
�� � µ�· ¸ �� � �8�¨ÀÁÚ`Û� � ��Ï�ÀÁÚ�Ü Z ��? k �0	
��ÐS�f? 2 �
	
� �� �8�� Z ��5@�w��[ © µ �@© ¸ �
p ��? k ��� �����05��0� p �f? 2 ��� �����05@�w�3�
�� �¶µ�· ¸r�� �T� � � Z �h5>�f��[ © µ �0© ¸ �

����@����À3Ú�Û Z ��? k �0	
� p �f? k ��� �����
5B�
�
�� � ��ÏEÀ3Ú`Ü ÐS��? 2 �0	
� p �f? 2 ��� �����
5>�w�-�0��Ó

Since ¿ � � ����À3Ú�Û Z ��? k �0	
� p ��? kÞ�'� �����05B�
��� Z � � �����
5B�{¹© µ �
	
� and ¿ ������ÏEÀ3Ú�Ü ÐS��? 2 �0	
� p �f? 2 � � �����
5>�f�3�
� �ÐS� � �����
5>�w�-��¹"© ¸ �0	
� , this completestheproof. Ö
Thisandtheprevioustheoremsarequitesimilar to thecorre-
spondingtheoremsfor crossover. However, thereis oneim-
portantdifference.Oncethestochastictreegenerationalgo-
rithmsisknown,thequantitiesÐS�����0	
� arenumericconstants.
So, the schematheoremsfor headlesschickencrossover are
linear in the schemaselectionprobabilities,while thosefor
crossoverarequadratic.

Theorem4 indicateswhichschematacancontributeto the
creationof instancesof a schemaand with which relative
probability.

4 SchemaTheory for SubtreeMutation

Oncethetheoryfor headlesschickencrossover is availableit
is very easyto modify it to becomea theoryfor subtreemu-
tation. It is sufficient to constrainthechoiceof thecrossover
point in the randomparentto alwaysbe theroot node. This
canbemodelledby setting:Z ��5@�w��[ ? k �@? 2 �{� Z ��5\[ ? k � p �®�Ý�ÍD1�\� (12)

whereZ �h5\[ ? k � is theprobabilityof selectingmutationpoint 5
in the root donatingparent ? k . As a consequence,the result
in Theorem3 simplifiesconsiderably, leadingdirectly to the
following
Corollary 5. The total transmissionprobability for a fixed-
size-and-shapeGPschema� undersubtreemutationis�{�����
	
�|�´�B�°Q Z 6 � Z �����0	
�0�Z 6ß�� �>��� ����\��Ï Z �f? k �
	
��ÐS�f? 2 �
	
� # (13)

�� �T� Z ��5\[ ? k � p ��? k ��� �����05��0� p �f? 2 ��� �����
5>�@D1�
�
where Z 6 is theprobability of mutation(per individual) and
all theothersymbolshavethesamemeaningasin Theorem3.

If thechoiceof themutationpoint in theparentprogram,? ,
dependsonly on its shape,©ª�f?=� , i.e. Z �h5\[ ?=��� Z �h5\[ ©ª��?A�
� ,
we term the mutation operatornode-invariant. For node-
invariant mutationoperatorsit is possibleto specialisethe
resultsin Theorem4 obtaining
Corollary 6. The total transmissionprobability for a fixed-
size-and-shapeGP schema � undernode-invariant subtree
mutationis�{�����
	
�|�}�B�8Q Z 6 � Z �����0	
�0� (14)Z 6Þ��µà�� �T� Z ��5�[ © µ � Z � � �����05���¹×© µ �
	
��ÐS� � �����
5>�0D-���0	
���
where all the symbolshavethe samemeaningas in Theo-
rem4.
Proof. For a nodeinvariantmutationoperator, the quantityZ �h5>�w�A[ © µ �@© ¸ � in Equation11becomesZ �h5\[ © µ � p �c�y��D1� . So,
only termswhere�y��D remain.

TheVA hyperschema� �����05@�@D1� hasno# symbolssinceit
is simply a subtreeof � . So,thereexistsonly oneshape© ¸
suchthat ÐS� � �����05@�@D1�!¹�© ¸ �Rq�*D . Let uscall it ©¨á¸ . So,only
the termsin Equation11 where âr�Ùãâ remain. The proof is
completedby notingthat � �����05>�0D1��¹X© á¸ � � �����05@�@D1� . Ö
So,alsomutationis a linearoperator.

5 Specialisationsand Example

In order to use the theory presentedin the previous sec-
tions it is necessaryto define the quantities ÐS��?��
	
� andÐS� � �����
5>�w�-�|¹¦© ¸ �
	
� . All otherquantitiesaredefinedonce
onechoosesa particularcrossover-/mutation-pointselection
algorithmanda particularselectionalgorithm. It shouldbe
notedthat � �����
5>�w�-��¹�© ¸

is alwayseithertheemptysetor a
setwhichcanberepresentedbyfixed-size-and-shapeschema,
so we will needto be able to expressÐS�����
	
� for a generic
schema� .

In the following subsectionswe will provide expressions
for ÐS��?��
	
� and ÐS�����0	
� for two very widely usedrandom-
treegenerationalgorithms:the“full” methodandthe“grow”
method[1, 18]. Startingfrom the root node,both methods



usethe strategy of creatingtreesby selectingrandomnodes
recursively alongeachbranchuntil eithera terminal is cho-
sen,or a maximumdepth ä is reached;only terminalsare
thenchosenat depth ä . The two methodsdiffer in that the
“full” methodonly choosesfrom % until the depthlimit is
reached,guaranteeingthateachbranchis “full” out to depthä , whereas“grow” choosesfrom å¦��%'&�) , which makes
it possiblefor somebranchesto have lengthlessthan ä .

5.1 Probability Distrib utions for the “Full” Method

Let usstartby recursively defininga function +���4E�05@�>?=� over
anodereferencesystemwhichreturnstheprobabilitythatthe
subtreerootedatposition ��4E�05�� in ? is createdwhenusingthe
“full” method.This is givenby:æ a�b dwe�dfiTgE� (15)ç acè|acb dwefdfiTgE��é\g ç acbÁ�Xê8gv ë8v ìç acè|acb dwefdfiTg�í"é\g ç acb�î�ê8gv ïKv ð �¶ñ³� òh� ó\��ô mõö�÷Eø æ a�b ì×ù dfe1ú æ ��û�ü ì¨ý dwiTg

By modifying appropriatelythe expressionfor +���4=�
5>�>?=�
we can generaliseit so as to return the probability that the
subtreerootedat position ��4=�
5B� createdwhenusingthe“full”
methodbelongsto the subschemaof � rootedat the same
position,obtaining:æ acb dwefdf��g=� (16)ç a�èSa�b d�e�dw�rg=��é\g ç acb{��ê8gºþ!ÿ a�b d�efdf��gv ë°v ìXù�� ÿ acb�d�efdw��g � ìç a�èSa�b d�e�dw�rgºí"é\g ç acb8î×ê8gJúþ ÿ acb dfefdw��gv ïKv ì a ù�� ÿ acb dfefdw��g�g v � ð �¶ñ\� ò�� �¥� vv ï�v � ú

ð �¶ñ\� ò�� �¥��ô mõö ÷Jø æ acb ìXù d�e3ú æ ��û>ü ì¨ý df��gwd
where å µ is thesubsetof å includingthefunctions/terminals
of arity � . So, & µ��	� å µ �Íå , & µ
� k å µ �Î% and å � �Í) .

Then, clearly for the “full” method we can defineÐS�����0	
���o+���DE�0DJ�@�Y� and ÐS��?��
	
���o+���DJ�0DE�@?A� (which, in-
cidentally, areindependentfrom 	 ).
5.2 Probability Distrib utions for the “Gr ow” Method

We proceedin a similar way for the“grow” method.We de-
fine a function ����4E�05@�>?=� over a nodereferencesystemwhich
returnsthe probability that the subtreeof ? rootedat posi-
tion ��4E�05B� becreatedwhenusingthe “grow” method.Then,
we generalisetheexpressionfor ����4=�
5>�@?A� soasto returnthe
probability that the subtreerootedat position ��4=�
5B� created
whenusingthe “grow” methodbelongsto thesubschemaof� rootedat thesameposition,obtaining:

� acb dfefdf�rgA� ç a�èSa�b dwe�d��rg=�Xé\g ç acbÁ��ê8gwú (17)þºÿ a�b d�efdf��gv ë°v ì�ù�� ÿ acb dfe�d��rg � ì

ç acè|acb dwefdf�rg�
� ��ù g ç acb�î"ê8gNúþ ÿ a�b d�efdf��gv �Av ì a ù�� ÿ a�b d�efdf��g�g v � ð �¶ñ\� òh� �¥� vv �=v � ú
ð �¶ñ\� òh� �¥��ô mõö ÷Jø � acb ìXù d�e3ú æ �`û�ü ì¨ý df��g��

with theconventionthat ��� k��� � ����4¥�Y�T�
5 # + 687�9 �����0�«�S�'� .
Then, for the “grow” method we define ÐS�����
	
� �����DE�0DJ�@�Y� and ÐS�f?!�0	
�|������DJ�@DJ�>?=� .

5.3 Example

Let us write a macroscopic,exact schematheoremequation
for theschema�f���w� �K�
� assumingthatwe areusingmu-
tationbasedon the“grow” methodwith amaximumallowed
depth äH��: , Z 6*�'� anduniformselectionof thecrossover
points(i.e. in Equation14 Z ��5\[ © µ �{�´��� s ��© µ � ). Let uscon-
sider the primitive set å*� ����� L=� ��� �"!$#&% �('J� which canbe
decomposedinto å k � � ��� LE� ��� �)!�#&% � and å � � � 'E� . The
semanticsof theseprimitives(see[19, 16]) is unimportantfor
ourexample.We alsoassumethatatgeneration	 thepopula-
tion doesnot containindividualswith morethan3 nodes.

In theseconditions,by applyingCorollary6 andsimplify-
ing weobtain:

* a�a��xa��Õ��g�gfgE� (18)uNa��¥g,+=a�a�� a��Õ��g�gfgì ù- uNa�a�� ��g�g/. +=a�a�� ��g�g ì +=a�a��xa��Õ��g�g�g10
ì ù2 uNa�a��xa��Õ��g�g�g3. +Ea���g ì +=a�a�� ��g�g ì +=a�a�� a�����g�g�g10

By usingEquation17 we thencancalculateÐS�����0	
� for
the schemata� , �w� �K� , and �f���f� �K�0� . For � ��f���f� �K�0� we obtain

+Ea���d���gE� � a�é�dfé�d��rg� ç acè|acé�d�é�dw��gE�Xé\g ç acé�� 2 g ìç acè|acé�d�é�dw��g4
� ��ù g ç acé°î 2 g -2 � a ù d�é�df��g� -2 � a ù dwé�dw��g� -2 ç acè|a ù d�é�dw��gE�Xé\g ç a ù � 2 g ì-2 ç acè|a ù d�é�dw��g4
� ��ù g ç a ù î 2 g - 2 � a - dfé�dw��g� 5 6 � a - dwé�dw��g� 5 6 ç acè|a - d�é�dw��gE�Xé\g ç a - � 2 g ì5 6 ç acè|a - d�é�dw��g4
� ��ù g ç a - î 2 g ù2� 5-87
Likewise,we obtain ÐS�f�y�0	
�°� k9 and ÐS�0�f� �K���
	
�°� 2: .

By substitutingthesevaluesin Equation18,weobtain

* a�a�� a��Õ��g�g�df��gE�;5-87 u3a��{d���g ì=<-87 u3a�a��Õ��gwd���g ì ù 6> ù uNa�a��xa��Õ��g�g�df��g��



This equationshows how mutationandselectioninteractin
the creationof instancesof (= (= =)). It is particularly
interestingto studytwo cases.Firstly, let usconsidera nee-
dle in ahaystacksituationin whichonly programsof length3
arefit atall, while all otherprogramshavezerofitness.Then,
clearlyZ �
�f� �f� �K�
�\�
	
�|�'� andZ �f�y�0	
�S� Z �
�w� �K���0	
�S�D . In this circumstancesonewould expect the algorithmto
keepsamplingprogramsof length3. However, theexpected
proportionof programsin (= (= =)) is only about24%.
This meansthat the biasesof mutationwork againstthe in-
tendedbiasesof selection. In fact, even on a flat landscape
themutationbiasesimposea dynamicson thepopulation.

6 Conclusions

Here we have presentedthe first ever exact schematheory
for GP with headlesschicken crossover and subtreemuta-
tion, thus filling an important theoreticalgap. The theory
is not only an exact formulationfor the expectednumberof
instancesof a schemaat the next generationbut it is also
very general. So, it is applicableto mostsubtree-swapping
headlesschicken crossoversandmutationoperatorsusedin
practice.In thepaperwe havealsoprovidedexampleswhich
show how thetheorycanbespecialisedto specificoperators.

As shown by somerecentexplorationsreportedin [10,
16], exact schematheorieshave many purposes.They can
beused,for example,to studytheexactschemaevolution in
infinite populationsover multiple generations,to make com-
parisonsbetweendifferentoperatorsandidentify theirbiases,
to studytheevolutionof size,andinvestigatebloat.Theexact
theorypresentedherealsooffersthesepossibilitiesasshown
in [20], wherewe have usedit to characterisethebehaviours
andbiasesof differentmutationoperators.
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