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Abstract- Herea newgeneralGP schematheory for head-
lesschicken crossawer and subtreemutation is presented.
The theory gives an exact formulation for the expected
number of instancesof a schemaat the next generation
either in terms of microscopicquantities or in terms of
macroscopicones. The paper givesexampleswhich show
how the theory can be specialisedto specificoperators.

1 Intr oduction

Thetheoryof schemat&n genetigorogrammindashadadif-

ficult childhood.After someexcellentearly efforts leadingto
differentworst-case-scenarechemaheoremdl, 2, 3, 4, 5,

6, 7], exactschemaheorieshave becomeavailableonly very
recently[8, 9, 10, 11]. Thesenew theoriesgive exactformu-
lations(ratherthanlower bounds)or the expectechumberof
instance®f aschemaat thenext generationandareapplica-
ble to GP with varioustypesof subtreecrosswer. No exact
schemaheoryfor subtreemutation(or ary othertype of GP
mutation)hasever beenproposed.

This paperfills this theoreticalgap and presentsa new
generalGP schemaheoryfor subtreemutationandheadless
chicken cross@er. Headlesschicken crosswer is a variant
of crosseer, introducedfor GAsin [12] andfor GPin [13],
in which oneof the parentss randomlygeneratedvhile the
otheris selectedfrom the population. Our theory givesan
exact formulationfor the expectednumberof instancesf a
schemantthe next generatiorfor theseoperators.

Thepaperis organisedasfollows. Firstly, we provideare-
view of earlierrelevantwork on schematan Section2. Most
of theconceptsntroducedn thatsectionaredescribedxten-
sively, sincethey arenecessaryo understandhe restof the
paper Then,we derive generakchemaheoremgor GPwith
headlesshickencross@erandsubtreenutationin Sections3
and4, respectiely. In Section5 we give examplesthatshav
how thetheorycanbe specialisedo obtainschemaheorems
for specificoperatorsand primitive sets. Someconclusions
aredrawn in Section6.

2 Background

Schemataresetsof pointsof the searctspacesharingsome
syntacticfeatures.For example,in the context of GAs oper
ating on binary strings,syntacticallya schemais a string of
symbolsfrom the alphabet{0,1,*}, wherethe character* is
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interpretedasa “don’t care” symbol. Typically schemaheo-
remsaredescriptionof how the numberof memberf the
populationbelongingto a schemavary overtime. If «(H,1t)
is the probability thata newly createdndividual sampleghe
schemaH , which we termthetotal transmissiorprobability
of H, anexactschemaheoremis simply [14]

E[m(H,t+1)] = Ma(H,1), (1)

where M is the populationsize,m(H,t + 1) is the number
of individualsin H atgeneratiort + 1 andE[-] is the expec-
tationoperator Holland’s [15] andotherworst-case-scenario
scheméaheoriesnormally provide a lower boundfor a(H, t)
or, equialently, for E[m(H,t + 1)].

One of the difficulties in obtainingtheoreticalresultson
GPusingtheideaof schemas thatits definitionis muchless
straightforvardthanfor GAs. Variousdefinitionshave been
proposedn theliterature[1, 2, 3, 4, 5, 7], but for brevity here
we will describeonly the definition of fixed-size-and-shape
schemantroducedn [5, 6] whichis whatis usedn this paper
andin otherrecentwork [8, 9, 10, 11, 16).

2.1 GP Schemata

Syntactically a GP fixed-size-and-shapscema (or just

schemdor simplicity) is a tree composedf functionsfrom

thesetF U {=} andterminalsfrom theset7 U {=}, where
F and T arethe function and terminal setsusedin a GP

run [5, 6]. The primitive = is a“don’t care” symbolwhich

standgfor a singleterminalor function. A schemaH repre-
sentsprogramshaving the sameshapeas H and the same
labels for the non= nodes. For example, if F={+, *}

and 7={x, y} theschema(+ x (= y =)) represents
the four programs(+ x (+ y X)), (+ x (+ vy Vy)),

(+ x (*yx))and(+ x (* yvy)).

Using this definition, in [5, 6] a worst-case-scenario
schemaheoremwasderivedfor GPwith point mutationand
one-pointcrossweer. Thisresultwasimprovedin [8, 9] where
anexactschemaheoryfor GPwith one-pointcrossaer (but
no mutation)wasderived.

2.2 Cartesian Node ReferenceSystems

In [11] a general schematheory for GP with subtree-
swappingcrosseer was presentedvhich was basedon the
notion of variablearity hyperschemandon the conceptsof
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Figurel: Tree-independer@artesiamodereferencesystem.
Nodesandlinks of the maximaltreeare drawvn with dashed
lines. Only four layersareshown.

Cartesiannode referencesystemsand probability distribu-
tions overthem. Thesearealsothe basisfor the new theory
presentedn this paper They are describedn this andthe
following sections.

A Cartesiamodereferencesystemcanbe definedby first
consideringhelargestpossibletreethat canbe createdwith
nodesof arity a,,.x. Thismaximaltreewouldincludel node
of arity ama.x atdepthO, a,.x nodesof arity a,., at depth
1, a? ., nodesof arity a,., at depth2, etc.. Thenonecan
organisethe nodesin thetreeinto layersof increasingdepth
and assignan index to eachnodein a layer We canthen
definea coordinatesystembasedon the layer numberd and
the index i. This referencesystemcan also be usedto lo-
cate the nodesof non-maximaltreesby using a subsetof
the nodesandlinks in the maximaltree. So, for example,if
maz = 3, thenodedn theexpressiof A (B C D) (E F
(G H))) wouldbeplacedin anodereferencesystemasin-
dicatedin Figurel where for example,F is indexedby (2,3).
It shouldbe notedthatin the this kind of referencesystem
it is possibleto transformpairs of coordinatesnto integers
by countingthe nodesin breadth-firsorder(andvice versa).
So,nodesA, B, C, D, E, F andGwould have indicesO, 1, 4,
5, 2,7, 8 and 25, respectiely. We will usethis propertyto
simplify the notationin someof thefollowing sections.

2.3 Functions over Node ReferenceSystems

Given a nodereferencesystemit is possibleto definefunc-
tions over it. An example of suchfunctionsis the name
function N (d, i, h) which returnsthe nodeat position (d, 1)
in a particulartree h; if h doesnot have a nodeat position
(d,7), adefault valueof § is returned. For example,for the
treein Figurel, N(0,0,h) = A andN(2,0,h) = C, while
N(2,2,h) = 0.

Anotherexampleof a nodefunctionis the arity function
A(d, i, h) which returnsthe arity of the nodeat coordinates
(d,4) in h. Thefunctionreturns—1 if (d,4) is notin h. For
example for thetreein Figurel, A(0,0,h) = 2, A(1,0,h) =
2, A(2,1,h) = 0andA(2,4,h) = 1.

Finally, it shouldbe notedthatthesefunctionscanbe ap-
pliedto schemat#&oo. A usefulfunctionin handlingschemata

is the definingnodefunction A(d, i, H), which returnsl if
thenodeat coordinategd, i) is adefiningnode,0 if it isa=
symbol,—1 if it isnotin H.

2.4 Modelling the Selectionof Crosswer and Mutation
Points

Most geneticoperatorsusedin GP requirethe selectionof
anodewhereto performa transformation(e.g.the insertion
of arandomsubtreepr of a subtreetaken from anothemar
ent). In mostcasesthe selectionof the nodeis performed
with astochastigproces®f somesort. It is possibleto model
this procesdy assuminghata probability distributionis de-
fined over the nodesof eachindividual. If we usethe node-
referencesystemintroducedin the previous section,this can
be expressedisthefunction:
plasit) = Pr{LJes o 0} @

wherewe assumehat p(d, i|h) is zerofor all the undefined
coordinategd, i) in h.! For example.if we selectnodeswith
uniformprobabilityfrom thetreein Figurel, thenp(d, i|h) =
3 if (d, i) existsin h, andp(d, i|h) = 0 otherwise.

Therearemary possibleusesfor probability distributions
over nodereferencesystems. In the following sectionwe
will concentrateon their usein modelling crosswer opera-
tors. Laterit will becomeclear how thesecan be usedto
modelheadlesghickencrosseer andsubtreemutation.

2.5Modelling Subtree-swappingCrosswer

In generalin orderto modelcrosswer operatorsve needto
usethefollowing conditionalprobability distribution:

p(dy,i1,dz,iz|ha, ho) =
P A node at coordinates (d1, 1) is selected in parent k1 and
a node at coordinates (dz,42) is selected in parent ho ’

with the corvention p(di,i1,dz,iz2lh1,h2) = 0 fif
N(dy,i1,h1) = 0 or N(dy,is, ha) = 0, where N(d, i, h)
is the namefunction definedin Section2.3. If the selection
of thecrossweerpointsis performedndependentlyn thetwo
parentsthen

p(di,i1,da,i2|h1, ha) = p(di,i1|h1) - p(da,iz|hz),

where p(d, i|h) is definedin Equation2. We will call
cross@eroperatordor which this relationis true sepaable.

Standardross@erwith uniformselectiorof thecrossoer
pointsis a separabl@peratomwith

6(N(d,i,h) # 0)
S(h) ’

whereS(h) isthenumberof nodesn h andéd(z) is afunction
whichreturnslif z is true,0 otherwise.

p(d;ilh) =

LFor this probabilitydistribution we usethe notationp(d, 4| ) ratherthan
p(d, 1, h) sincethis canbe seenasthe conditionalprobability of selecting
node(d, ¢) if (or giventhat)the programbeingconsidereds h.



Also standardcrossaer with a 90%-function/10%-ay-
node selectionpolicy is separable. However, it shouldbe
notedthat somecrosswer operators/ike for exampleone-
pointcrosseerandstronglytypedGP crosseer, arenot sep-
arable. Modelsfor theseand other cross@er operatorsare
describedn [11].

Thanksto theseprobabilistic modelsof crosswer, it is
possibleto develop a generalschematheory for GP as de-
scribedin thefollowing sections.This theoryis the basisfor
theschemaheoryfor headlesghickencrosseerandsubtree
mutationpresentedaterin this paper

2.6 Exact GP SchemaTheorems for Subtree-swapping
Crosswers

For simplicity in this andthefollowing sectionsve will usea
singleindex to identify nodesunlessotherwisestated We can
dothis becauseasindicatedpreviously, thereis a one-to-one
mappingbetweerpairsof coordinatesandnaturalnumbers.

In order to statea schematheoremvalid for subtree-
swapping crosswers, we needto introduce nenv form of
schematheVariable Arity Hypeischema or VA hypeschema
for brevity. A VA hyperschemas a rootedtree composed
of internalnodesfrom the set’F U {=, #} andleavesfrom
T U {=,+#} [11]. Theoperator= is a“don’t care”symbols
which standsfor exactly onenode,the terminal# standsfor
ary valid subtreewhile thefunction# standgfor exactly one
functionof arity notsmallerthanthe numberof subtreegon-
nectedo it. For exampletheVA hyperschemé# x (+ =
#) ) representsll theprogramswith thefollowing character
istics: a)therootnodeis ary functionin thefunctionsetwith
arity 2 or higher, b) thefirst agumentof the root nodeis the
variablex, c¢) the secondargumentof the root nodeis +, d)
thefirstagumentof the+ is any terminal,e) thesecondargu-
mentof the+ is any valid subtreelf therootnodeis matched
by afunctionof arity greaterthan?2, thethird, fourth, etc. ar-
gumentsof sucha function areleft unspecifiedj.e. they can
beary valid subtree.

We canuseVA hyperschematand the notion of proba-
bility distributionsover nodereferencesystemgo obtainthe
following generakesult[11]:

Theorem1. The total transmissiorprobability for a fixed-
size-and-shapesP schema H under a subtee-swapping
crosswer operator andno mutationis

a(H, t) = (1 _pwo)p(Ha t)+

Peo Y, Y p(ha,t)p(ha,t) - 3)
h1E€P h2€P

30> p(i, jlha, ha)d(ha € U(H, 4))5(hy € L(H, i, 5))

i€H j

wheee: p,, is the crosswer probability; p(H,t) is the se-
lection probability of the schemaH ;? P is the setof unique

2In fitness proportionateselectionp(H,t) = % where

m(H,t) is the numberof programsmatchingthe schemaH at generation

individualsin the population; p(hy,t) and p(hz,t) are the
selectiorprobabilitiesof parentsh, andhs, respectivelythe
third summationis over all the crosswer points (nodes)in
theschemaH ; thefourth summatioris overall thecrosswer
points in the node refeence system; p(i, j|h1, h2) is the
probability of selectingcrosswer point ¢ in parent h; and
crossaver point j in parent he; L(H,i,j) is the VA hyper
schemaobtainedby rooting at coordinate j in an emptyref-
erencesystenthe substiemaof H belowcrosswer point i,
thenbylabellingall thenodesonthepathbetweemode; and
theroot nodewith # functionnodes,andlabelling the argu-
mentsof thosenodeswhich are to theleft of sud a pathwith
# terminal nodes; U (H,1) is the hypescemaobtainedby
replacingthe subteebelowcrosswer point: with a# node

ThefunctionsL(H, i, j) andU(H, ) aredesignedo re-
turn exactly the hyperschemataeededto create H using
crosseer. U(H,1) is the hyperschemaepresentingll the
treesthat matchthe upperportionof H (i.e., the partsof H
not below crosswer pointi). L(H,1,j) is the hyperschema
representingll the treesthat matchthe lower portionof H,
butwherethematchingportionis atsomearbitraryposition;.
The combinedeffect of thesedefinitionsis thatif onecrosses
overanyindividualmatchingU (H, ) atpoint; with anyindi-
vidual matchingL(H, i, j) at point j, the resultingoffspring
is alwaysaninstanceof H. Further thisis the only way to
constructaninstanceof H.3

To betterunderstandhow U(H, i) andL(H, 4, j) arecon-
structed]et usconsideranexample;throughouthis example
we will usethe 2—D coordinatesystem,so positions: and j
will in factbe orderedpairs. Let ustake our schemato be
H=(* = (+ x =)),andourcoordinateso be: = (1,0)
andj = (1,1). ThenFigure?2 illustrateshow we construct
U(H,1i) (the top two coordinategrids) and L(H, i, j) (the
lower threecoordinategrids). The top coordinategrid shavs
theinitial schemaH , with the crosseer point: marked,and
the lower part of the schemashaded. The next grid then
showvs U(H, ), which is obtainedby simply replacingthe
shadedsubtreg(in this casejust theterminal'=") with a‘#'.
The upperof the threecoordinategrids for L(H, i, j) again
illustratesthe initial schemaH with the crosseer point i
marked. Now, however, the shadedarea(the part of H be-
low 7) needsto be translatedto positionj asshavn in the
seconccoordinategrid. Thethird coordinategrid thenshows
theinsertionof ‘# symbols(a) alongthe pathfrom the root
to j (in this casejust (0,0)) and (b) in all agumentposi-
tionsto theleft of ‘#" symbols(in this casejust (1,0)). This
placementof ‘# symbols,combinedwith the fact that we
allow ‘#'s to representfunctions of varying arity, ensures
that L(H,i,7) =(# # =) representsall the possibletrees
whosesubtreesat positionj matchthe lower partof H (i.e.,
thepartbelow positions).

Let usdenotewith G(H) the schemeobtainedby replac-

t, f(H,t) is themeanfitnessof suchprogramsand f (¢) is the meanfitness
of the programsn the population.

S3L(H,i,7) andU(H, 1) arediscussedn moredetailin [11].
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Figure2: Phasedn the construction®f the VA hyperschema
building blocks U (H, (1,0)) and L(H, (0,1),(1,1)) of the
schemaH =(* = (+ x =)) within a node coordinate
systemwith a4, = 2.

ing all thedefiningnodesin theschemaH with = nodes.We
will referto G(H) astheshapeof H.

If the choiceof the cross@er pointsin ary two parents,
h1 andh., dependnly on their shapesG(hi) andG(h2),
i.e.if p(i, j|h1, h2) = p(i,§|G(h1), G(h2)), wetermthe op-
eratorsnode-irvariant. For node-irvariantsubtree-swapping
crosseersEquation3 canbe transformednto the following
exactmacroscopidescriptionof schemaropagation:
Theorem?2. The total transmissiorprobability for a fixed-
size-and-shapeGP schema H under a node-irvariant
subtee-swappingrosswer opefator and no mutationis

a(Ha t) = (1 _pzo)p(H7 t)+

Dzo Z Z Zp(7'3.7|GkaGl)

k0 icH j
p(U(H,Z) n Gkat)p(L(Haiaj) N Glyt)a

(4)

whele thesdhemata,, G, - - - are all the possibleprogram
shaped(i.e. all the fixed-size-and-shapghemataincluding
only = symbols)yndthe other symbolshavethe samemean-
ing asin Theoem1.

ThesetsU (H, i)NG}, andL(H, i, j)NG; eitherare(or can
be representedby) fixed-size-and-shapgchematar arethe
emptyset. So,thetheoremindicateswhich pairsof schemata
can contribute to the creationof instancesof a schemaand
with which relative probability. Suchschematacanbe con-
sideredthe building blocksfor theschema.

2.7 Previous SchemaTheoriesfor Mutation

We are aware of only two schema-theoryesultsfor muta-
tion applicableto the standardS P representationWe briefly
summarisgéhembelow.

In [7] Roscaderived a worst-case-scenarigchematheo-
remfor rooted-treeschemataywhich canbedefinedashyper
schematawithout = symbolsand# function nodes. In the
casein which only subtreanutationandfithessproportionate
selectionarepresenthetheoremis equivalentto:

m(h,t) f(h)
S(h)

m(ht) F(h) |’

O(H)

®)
wherep,,, is the mutationprobability (per individual), S(h)
is the size of a programh matchingthe schemaH, f(h) is
its fitness,and O(H) is the orderof a schemadefinedasthe
numberof definingsymbolsit contains.

A secondresultfor mutation can be obtainedfrom the
worst-case-scenariGP schematheoremfor fixed-size-and-
shapeschematainderpointmutationandone-pointcrosseer
derivedin [5, 6]. In theabsencef crosswer, this leadsto:

(6)

wherep,, is the mutationprobability (per node)and O(H)
(theorder of H) is thenumberof non= symbolsin H.

E[m(H,t+1)] > Mp(H,1) 2 heHNP

l_pm
heHNP

E[m(H,t +1)] > Mp(H, t)(1 = ppn) "



3 SchemaTheory for Subtree-swappingHead-
lessChicken Crosswer

Different forms of subtree-swpping headless chicken
crosswer canbe defineddependingon whetherone returns
oneor two offspringandwhethersuchoffspringinherit their
root nodesfrom the parentwhich hasbeenrandomlygen-
eratedor the one selectedrom the population[13]. In this
paperwe will concentrat@n thecasein whichwe generate
single offspring, andthe offspring inheritsthe root from the
parentselectedrom the population.

Theschemaheoryfor subtree-swppingheadlesghicken
crosseer is a natural extensionof the theory for subtree-
swappingcrosseersincetheonly differencebetweerthetwo
operatords the sourceof the non-root-donatingarent: the
populationthroughfitnessproportionateselectionin the lat-
ter casea stochastidreegeneratioralgorithmin the former
case. Therefore,the theoremgand the proofs) provided in
this sectionarealsovery similar to the correspondingesults
for subtree-swppingcrossoer.

Indeed, for the class of operators headlesschicken
crossweroperatorslefinedabore we have:

Theorem3. The total transmissiorprobability for a fixed-
size-and-shapesP schema H under a subtee-swapping
headlesghickencrossweris

a(H7 t) = (1 —on)p(Ha t)+

DPzo Z Z p(hlat)ﬂ-(h%t) ) (7)
h1EP ho€S

>N p(i, I, ha)d(ha € U(H,))d(hy € L(H, i, 5))

i€H j

whee: S is the spaceof all possibleprogramsthat can be
built with the giventerminalandfunctionsets,r(h, t) is the
probability that the randomtree genemation algorithm used
will produceprogram h, at genemtiont, andthe other sym-
bolshavethe samemeaningasin Theoem1.

Proof. Let p(h1,hs,1,4,t) be the probability that, at gen-
erationt, the selection/crosseer/randomisatiomprocesswill

chooseparenth; taken from the population,parenth, ran-
domly generatedind cross@er pointsi andj in h; andha,
respectiely. Then,let usconsiderthefunction

g(hlah%iajJH) = 5(h1 € U(H,l))é(hz € L(Ha%]))

Giventwo parentprograms; andhs, anda schemeof in-

terestH , this functionreturnsthe valuel if crossingover hy

at positioni and hy at positionj yields an offspringin H.

It returnsO otherwise. This function can be consideredas
a measuremerfunction (see[17]) thatwe wantto applyto
the probability distribution of parentsandcrossweer pointsat
timet, p(hl, ha,1,j, t).

If hy, h2, ¢, and j are stochastic variables with

joint probability distribution p(hy, he, 1, j,t), the function
g(h1,hs, i, j, H) canbe usedto definea stochastiosariable

~v = g(h1, ha, 1, j, H). Theexpectedvalueof ~ is:

E[’Y] = Z Zzzg(h17h27i7j7 H)p(h17h27i7j7t)'

hi ho i j
®)
We canwrite

p(hh h'27 7:7.7.7 t) = p(Z,J|h1, h2)p(h17 t)ﬂ.(h27 t): (9)

where p(i, j|hi,h2) is the conditional probability that
crossa@er points¢ and j will be selectedwhen the parents
are hy and ha, p(hi1,t) is the selectionprobability for the
root-donatingparentand (hs, t) is the probability that the
randomtree generationalgorithmwill produceprogramhs

atgenerationt. SubstitutingEquation9 into Equation8 and
notingthatif cross@er point: is outsidethe schemat, then
L(H,i,7) andU (H, i) areemptysetsJeadto

Ely = (10)
Z p(ha, t)m(ha,t) Z 9(h1, ha, i, j, H)p(i, j|h, ha).

hi1 €P 1€EH

h2 €S J

Sincew is a binary stochastiosariable,its expectedvalue
also representghe probability that the offspring produced
by headlesschicken crosswer is in H. So, the contribu-
tionto a(H, t) dueto selectiorfollowedby headlesghicken
crossa@eris E[v]. By multiplying this by p,, andaddingthe
term (1 — pgo)p(H,t) dueto selectionfollowed by cloning
oneobtainsther.h.s.of Equation?. O
This resultallows oneto calculatethe expectedproportion
of individualsbelongingto a schemain the next generation.
This is a microscopicmodelsinceit requiresto considerthe
propertiesof eachmemberof the searchspacewhich makes
it hardto useit for computationalstudies. However, this
model can be transformedinto a macroscopianodel for a
very generaklassof headlesghickencrosswers.

If wedefineasnodeinvariantaheadlesshickencrosseer
in which p(i, j|hi, he) = p(i, j|G(h1), G(hs)), thenwe can
obtaina macroscopiwersionof the previoustheoremby fol-
lowing a stratgyy similar to the oneusedin the proof of The-
oremz2, obtaining
Theoremd4. The total transmissiorprobability for a fixed-
size-and-shapeGP schema H under a node-irvariant
subtee-swappindneadlesghickencrossweris

a(H, t) = (1 _pzo)p(H> t)+

Dzo Z Z Zp(ialek; Gl)

k,l i€H j
p(U(H,Z) N Gk7t)7T(L(H77’7.7) N Glat)a

(11)

wheer(L(H,1,j)NG, t) istheprobabilityof randomlygen-

erating programsin L(H,4,j) N G; and the other symbols
havethe samemeaningasin Theoem?2.

Proof. We provethetheoremnby transformingequation? into

Equationll. Theschematdr,, G2, - - - representlisjointsets
of programs.Their unionrepresentshe whole searchspace.



S0, ., 0(h1 € Gi) = 1. Likewise, ), d(he € G;) = 1.
If we multiply the termswithin the quadruplesummationin
Equation? by the |.h.s. of theseequationsand reorderthe
terms,we obtain:

S 3 plhatyn(ha,t) Y p(i,lha, ho)
kl hi€eP i€ H
ho €S j

8(hy € U(H,4))5(hy € G)3(he € L(H,i,5))5(hs € Gy)

Z Z p(hlat)ﬂ-(h%t) Z p(ihjlhlah?)

kl hi€ePNGi i€ H
hs €85NG; J

d(h1 € U(H,i))d(he € L(H,i,j))-

For node-irvariant headlesschicken crosseer operators
(i, j|h1, ha) = p(i, j|G(h1), G(hz2)), which substitutednto
thepreviousequationgives:

Z > pha,tyw(hast) Y

hi1 E PNGy i€ H
ha € SN Gy J

d(h1 € U(H,1))d(hy € L(H,1,37))

= > > plu,tyw(ha,t) >

kil hi€PNGi i€ H
hs €85NG; J

6(h’1 € U(H,Z))(S(hz € L(H,Z,j))

D3N pli, 41G, G)

k1 i€H j

Y plh,t)6(h € U(H, 1))

h1EPNGy

2

ho€SNG,

Since Y, cpag, b1, )3(h1 € U(H,i)) = p(U(H,i) N
Gk,t) and EthSOGz W(hz,t)&(hz € L(H,’L,])) =
w(L(H,1i,j) NGy,t), thiscompleteshe proof. O
This andthe previoustheoremsarequite similar to the corre-
spondingtheoremdor crosseer. However, thereis oneim-
portantdifference.Oncethe stochastidree generatioralgo-
rithmsis known, thequantitiesr (H, t) arenumericconstants.
So, the schemaheoremdor headleshicken crosswer are
linearin the schemaselectionprobabilities,while thosefor
cross@erarequadratic.

Theoremd indicateswhich schemat@ancontributeto the
creationof instancesof a schemaand with which relative
probability.

p(i;ﬂG(hl)a G(h2))

p(zaleka Gl)

7I'(h2,t)5(h2 S L(H,l,]))

4 SchemarTheory for SubtreeMutation

Oncethetheoryfor headlesghickencrossweris availableit
is very easyto modify it to becomea theoryfor subtreemu-
tation. It is sufficientto constrainthe choiceof the crosswer
point in the randomparentto alwaysbe the root node. This
canbemodelledby setting:

wherep(i|hy) is the probability of selectingmutationpoints
in the root donatingparenth;. As a consequencehe result
in Theorem3 simplifiesconsiderablyleadingdirectly to the
following

Corollary 5. Thetotal transmissiorprobability for a fixed-
size-and-shap&P schemaH undersubteemutationis

a(H,t) = (1 = p)p(H, )+
Pm . > plha,t)ym(ha,t) - (13)
h1€P ha€S
> plill)d(ha € U(H,i))8(hs € L(H,i,0))
i€H

whete p,,, is the probability of mutation(per individual) and
all theothersymbol$avethesamemeaningasin Theoem3.

If the choiceof the mutationpointin the parentprogram,h,
dependsonly on its shape,G(h), i.e. p(ilh) = p(i|G(h)),
we term the mutation operatornode-irvariant.  For node-
invariant mutation operatorsit is possibleto specialisethe
resultsin Theoren¥ obtaining

Corollary 6. Thetotal transmissiorprobability for a fixed-
size-and-shap&P schemaH undernode-irvariant subtiee
mutationis

a(Ha t) = (1 _pm)p(H t)+ (14)
pn 33 PGP H, i) N G ) (L(H, 5,0),1),

k i€H

whete all the symbolshavethe samemeaningas in Theo-
rem4.

Proof. For a nodeinvariant mutationoperatoy the quantity
p(i, j|Gr, Gp) in Equationl1become®(i|G)d(j = 0). So,
only termswherej = 0 remain.

TheVA hyperschemd.(H, i,0) hasno# symbolssinceit
is simply a subtreeof H. So,thereexistsonly oneshapeG,;
suchthatw(L(H,i,0) N Gy) # 0. Letuscallit G;. So,only
the termsin Equation11 where! = [ remain. The proofis
completedoy notingthat L(H,i,0) N G; = L(H,i,0). O
So,alsomutationis alinearoperator

5 Specialisationsand Example

In order to use the theory presentedn the previous sec-
tions it is necessaryto define the quantitiesw(h,t) and
w(L(H,i,j) N Gy,t). All otherquantitiesare definedonce
onechooses particularcrosseer-/mutation-pointselection
algorithmanda particularselectionalgorithm. It shouldbe
notedthat L(H, i, j) N G, is alwayseitherthe emptysetor a
setwhichcanberepresenteby fixed-size-and-shapehema,
sowe will needto be ableto expressr(H,t) for a generic
schemaH.

In the following subsectionsve will provide expressions
for w(h,t) andw(H,t) for two very widely usedrandom-
treegeneratioralgorithms:the “full” methodandthe“grow”
method[1, 18]. Startingfrom the root node,both methods



usethe stratgyy of creatingtreesby selectingrandomnodes
recursvely alongeachbranchuntil eithera terminalis cho-
sen,or a maximumdepth D is reached;only terminalsare
thenchosenat depthD. Thetwo methodsdiffer in thatthe
“full” methodonly choosedrom F until the depthlimit is
reachedguaranteeinghat eachbranchis “full” outto depth
D, whereas'grow” choosedsrom C = F U T, which makes
it possiblefor somebranchedo have lengthlessthanD.

5.1 Probability Distrib utions for the “Full” Method

Let us startby recursvely defininga functiona(d, i, h) over
anodereferencesystemwhichreturnstheprobabilitythatthe
subtregootedat position(d, 7) in h is createdvhenusingthe
“full” method.Thisis givenby:

a(d,i,h) = (15)
8(A(d,i,h) = 0)6(d = D) N
[T]
. A(dyi,h)—1
4(A(d,t,h) > 0)d(d < D) .
a(d+1,%- amax +m,h)
|7 nl;[o

By modifying appropriatelythe expressionfor a(d, i, h)
we can generalisdt so asto returnthe probability that the
subtreerootedat position(d, i) createdvhenusingthe“full”
methodbelongsto the subschemaf H rootedat the same
position,obtaining:

a(d,i, H) = (16)

D) (A(d’i’H) +1 fA(d,i,H)> +

8(A(d, i, H
7]

) =0)4(d =
0(A(d,i,H) > 0)d6(d < D) -

A(d,i, H) ) [Ca(d,i, )l
+(1-Adi, H))———— | -
( |F| ||
A(d,i,H)—1

H a(d+1;i'amaw+n:H)v

n=0

whereCy, is the subsebf C includingthefunctions/terminals
of arity k. S0,Ug>0Cr = C, Ug>1Cx, = F andCo = 7.

Then, clearly for the “full’ method we can define
w(H,t) = a(0,0,H) andn(h,t) = a(0,0,h) (which, in-
cidentally areindependentrom t¢).

5.2 Probability Distrib utions for the “Gr ow” Method

We proceedn a similar way for the “grow” method.We de-

fine afunctionb(d, i, h) overanodereferencesystemwhich

returnsthe probability that the subtreeof h rootedat posi-

tion (d, ) be createdvhenusingthe “grow” method. Then,
we generalisehe expressiorfor b(d, i, h) soasto returnthe
probability that the subtreerootedat position (d, ) created
whenusingthe “grow” methodbelongsto the subschemaf

H rootedat the sameposition,obtaining:

b(d, i, H) = 6(A(d, i, H) = 0)6(d = D)-

S

a7

+1- A(d,i,H)) +

5(A(d, i, H) # —1)0(d < D) -

A(d,Z,H) 1 A i H |CA(d,i,H)|) .
(B8 4 - A
A(d,i,H)—1

II @+ 1. amaz +n, H).

n=0

with thecon/entionthat]_[;i0 b(d+1,i-amee+n,H) =1.
Then, for the “grow” method we define n(H,t) =
b(0,0, H) andw(h,t) = b(0,0, h).

5.3 Example

Let uswrite a macroscopicexact schemaheoremequation
for theschema= (= =)) assuminghatwe areusingmu-
tationbasedn the“grow” methodwith amaximumallowed
depthD = 3, p,, = 1 anduniform selectionof thecrosswer
points(i.e. in Equationl4 p(i|Gy) = 1/S(Gy)). Letuscon-
siderthe primitive setC = {INC, IGNORE, 0} which canbe
decomposedhto C; = {INC,IGNORE} andCy = {0}. The
semantic®f theseprimitives(see[19, 16]) is unimportanfor
our example.We alsoassumeéhatat generatiort the popula-
tion doesnot containindividualswith morethan3 nodes.
In theseconditions by applyingCorollary 6 andsimplify-
ing we obtain:
o= (= 2= (18)
p(=)r((= (= =2)

+5p((= (= =) +7((= (= )]

+%p((: (= D= +7((= =) +7(= (= =)

By using Equation17 we thencancalculater(H,t) for
the schemata=, (= =), and (= (= =)). For H =
(= (= =))weobtain

(H,t) = b(0,0, H)
—  §(A(0,0, H) = 0)5(0 = 3) +
5(A(0,0, H) # —1)5(0 < 3)%1;(1, 0, H)
. ;b(l,O,H)
- 25(,4(1,0, H) = 0)6(1 = 3) +
§J(A(1,0,H) £ —1)8(1 < 3)§b(2,0, H)
- %b(Z,O, )
- g&(A(Q,O, H) = 0)5(2 = 3) +
A 5(A(2,0, H) # —1)8(2 < 3)~
9 3
. 4
Y

Likewise,we obtainm(=,t) = 1 andr((= =),t) = 3.
By substitutinghesevaluesin Equation18, we obtain

al(= (= 20 = gop(= 0t mpl(= =)0+ ga((= (= =)0



This equationshonvs how mutationand selectioninteractin
the creationof instancesof (= (= =)). It is particularly
interestingto studytwo cases.Firstly, let us considera nee-
dlein ahaystacksituationin whichonly programsf length3
arefit atall, while all otherprogramshave zerofitness.Then,
clearlyp((= (= =)),t) = landp(=,t) =p((= =),t) =
0. In this circumstancesne would expectthe algorithmto
keepsamplingprogramsof length3. However, the expected
proportionof programsin (= (= =)) is only about24%.
This meansthat the biasesof mutationwork againstthe in-
tendedbiasesof selection. In fact, even on a flat landscape
themutationbiasesmposea dynamicson the population.

6 Conclusions

Here we have presentedhe first ever exact schematheory
for GP with headlesschicken crosswer and subtreemuta-
tion, thusfilling an importanttheoreticalgap. The theory
is not only an exactformulationfor the expectednumberof
instancesof a schemaat the next generationbut it is also
very general. So, it is applicableto mostsubtree-swpping
headlesshicken cross@ersand mutationoperatorsusedin
practice.In the papemnwe have alsoprovidedexampleswhich
shav how thetheorycanbespecialisedo specificoperators.

As showvn by somerecentexplorationsreportedin [10,
16], exact schematheorieshave mary purposes.They can
be used for example,to studythe exactschemaavolution in
infinite populationsover multiple generationsto make com-
parisondetweerdifferentoperatorandidentify their biases,
to studytheevolution of size,andinvestigatebloat. Theexact
theorypresentedherealsooffersthesepossibilitiesasshovn
in [20], wherewe have usedit to characteris¢he behaiours
andbiasef differentmutationoperators.
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