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Abstract. In this papemwe usethe schemaheorypresentedn [20] to betterun-
derstandhe changesn sizedistribution whenusing GP with standarctrosseer
andlinearstructuresApplicationsof thetheoryto problemsbhothwith andwith-

outfitnesssuggesthatstandardrosseer inducesspecificbiasesn the distribu-

tionsof sizeswith astrongtendeng to over samplesmallstructuresandindicate
theexistenceof strongredistribution effectsthatmaybeamajorforcein theearly
stagesf a GP run. We alsopresentwo importanttheoreticalresults:An exact
theory of bloat,anda generaltheory of how averagesize changesn flat land-
scapewith glitches.Thelatterimpliesthe surprisingresultthata singleprogram
glitch in an otherwiseflat fithesslandscapés sufficient to drive the averagepro-
gramsize of aninfinite population,which may have importantimplicationsfor

the control of codegrowth.

1 Intr oduction

The phenomenowf bloat, or codegrowth, hasbeenobsenedin geneticprogramming
(GP) from the very beginning [5], andover the yearsthe study of bloat hasprobably
beenoneof themostactive areasof foundationalGPresearchi3, 13, 15, 24, 21, 11, 6,
8, 7]. Numerougheorieshave beenproposedo explain bloat, but thesehave typically
beenqualitatveratherthanquantitatvein naturelt is lik ely thatnoneof theseproposed
mechanismss the completestory, andthatthey in factinteractin complex waysthat
vary overthecourseof a GPrun. Their qualitative nature however, makesit difficult to
performthekindsof quantitatve studythatwould allow oneto begin to teaseoutthese
comple relationshipsin this paperwe shav how recentresultsin GP schemaheory
canbe usedto take what may be thefirst stepstowardsproviding a unified theoretical
frameawork for understandingodegrowth in GRP

In recentwork [20, in this proceedingsive presentan exact schematheory for
GeneticProgrammind GP) usingstandardtross@eronlinearrepresentation$Ve also
shav how thattheorycanbeusedo understanthesignificantbiasestandardrossaer
introduceonthedistribution andsamplingof programof differentlengthsevenwhen
thefitnesslandscapés flat. In this paperwe apply that schemaheoryto the problem
of betterunderstandinghangesn the distribution of lengthsunderstandarctrosseer.
We find thatin problemsbothwith andwithoutfitness standardcrosseerinducesvery
specificbiasesin the distribution of sizes,with a strongtendeng to over samplethe
smallerstructuresTherealso appearto be significantredistritution effectsthat may



be a major force in the early stagesof a GP run. We then generalizetheseresults,
yielding two importanttheoreticalresults.The first is an exact theory of bloat which
givesaformulafor thechangen averageprogramsizefor infinite populationsof linear
structureswhen using standardcross@er without mutation. The secondis a general
theoryof how averagesizeschangeon a flat landscapevith “glitches” (setsof strings
with above or belov averagefitness),which impliesthe surprisingresultthat a single
programglitch is sufficientto drive the averageprogramsizeof aninfinite population.

While thework reportechereis all on GPwith linearstructurestheschemaheorem
usedis a specialcaseof a moregeneralGP schemaheorem[17, in this proceedings].
We have chosenin theseearly applicationsto focuson linear structureshecausehe
theoreticalanalysisis moremanageablandthe computationaremoretractable This
hasyieldeda numberof importantresultsfor the linear case,and preliminaryresults
further suggesthat mary of the key ideashereare alsoapplicable(at leastin broad
terms)to the non-lineartreestructuregypically usedin GRP

In the remainderof this sectionwe will briefly surwey threekey theoriesof bloat,
anddiscusswhy theoreticakoolsarecrucialin our attemptdo understandoundational
phenomenédikebloat.In Sec.2 wewill presentheschemaheorenfor GPusinglinear
structuresaandstandardrosseer. In Sec.3 we will summarizeheoletical resultsfrom
[20] shaving thatbloatdoesnot happeron flat fithesslandscapeshenusingstandard
GPcrosswer (for relatedempiricalresultssee e.g.,[9]), andin factstandarctrosswer
heavily over sampleghe shorterprogramswe alsopresenthe exact schemaheorem
there. We thenapplythetheoryin Sec.4 to aproblemthatdoesbloatandusethetheory
to both predictandbetterunderstandhe changesn the distribution of sizes.In Sec.5
we shov how the schematheory can be usedto derive somegeneralresultsrelating
variationsin the fitnesslandscapdo changesn the averageprogramsize, and then
finishwith someconclusionsaandideasfor futureresearci{Sec.6).

1.1 Threetheoriesof bloat

As mentionedearlier, bloatin GP is an old problemthat hasreceved quite a lot of
attentionover the years.Many techniqueshave beenproposedo combatbloatbut, as
notedin [11], thesearemostlyad hoc, precedingatherthanfollowing from knowledge
of the causeof bloat. To datethereare threemajor theoriesthat proposeto at least
partially explain bloat:

1. Replicationaccurag, or protectionagainstadcrosswer
2. Remoral bias
3. Natureof programsearchspaces

It is notgenerallyclaimedthatany oneof theseis sufficient, or eventhatthis setis com-
plete,but eachof thesedoesappeato explainsomeinterestingacetof theproblem,and
in combinatiorthey provideavaluablesetof toolsfor understandingodegrowth. They
are,however, primarily qualitatve ratherthanquantitative in nature which ultimately
limits their predictive power.

Thereplicationaccurayg theory[13, 3, 15] is basedon theidea(commonin evolu-
tionarybiology) thatanimportantcomponenbf thesucces®f anorganism(in our case
aGPindividual)is its ability to reproduceaccuratelyi.e., have offspringthatarefunc-
tionally similarto theparent(seeg.g.,[4, 1]). Thiswould suggesthatif anevolutionary



computatiorsystemcould evolve towardsrepresentation@ncluding specificsizesand
shapes}hatincreasedeplicationaccurag then,all otherthingsbeingequal,it would
do so.Oneway this canhappenn GPis throughthe evolution of large blocksof code
that do not contribute to the semanticf the individual. The larger theseblocks, the
greatetthechanceahatcrosseerpointswill bechoserthere ensuringhattheoffspring
aresemanticallyequivalentto theroot parent.

Onedrawbackof the replicationaccurag hypothesiss thatit is presentedolely
in termsof individualsavoiding disruption,anddoesnot considercreationeffects.Cre-
ationeffects,however, arecrucial,becausevithoutthemonecannothave the evolution
of new structuresReplicationaccurag is typically assumedo be mostimportantlater
in therun, whentheresllittle or no changen the bestfitnessand creationeffectsmay
indeedbe minimal. It tells us little, however, aboutthe changesn programsize we
obsene in the early stagesof runs. The replicationaccurag hypothesisalsoprovides
no way of judging the relative importanceof potentiallycompetingforces.If, for ex-
ample,thereis a fithessinducedbiasfavoring smallertrees,andreplicationaccurayg
favorslargertrees how will thesebiasednteractdn mary casegheseinteractionsmay
changeover the courseof a run, andthis hypothesiscurrently provideslittle help in
understandinghesephaseransitions.

Theremoval biastheory[22, 11] is basedon the obsenationthatthe semantically
irrelevantnodesof a GP treetendto bein thelower partsof thetreeandaretherefore
theroot of subtreeghataresmallerthanthe averagesubtreefor thatindividual. If it is
indeedthe casethat successfutrosseerswill tendto replacesemanticallyirrelevant
nodesthentheremovedsubtreewill tendto bea smallerthanaveragesubtreeThereis
no sizebiaswith respecto theinsertedsubtreehowever, sincethatsubtreewill haveno
semantidmpact. This meansthat fithessneutralcrosseer eventswill tendto replace
smallersubtreesvith largersubtreeswhich will leadto bloat.

Theremoval biashypothesids closelyrelatedto the replicationaccurag hypothe-
sis,andnot surprisinglyit suffers essentiallythe samedravbacks:Failureto consider
creationeffects,no way of predictingthe interactionsof competingforces,anda pri-
mary applicability to the later stagesof a run. It further hinges,though,on important
assumptionsboutthe structureof programtrees,suchasthe assumptiorthat the se-
manticallyimportantnodestendto be clusterecheartheroot of thetree.While thereis
evidencethatthisis truein mary casesit is unclearhow well this generalizese.g.,to
problemswith side-efectingprimitives.

The natureof programsearchspacegheory[11] is basedon the experimentalob-
senation that, for a variety of test problems(e.g.,[10, 6]), above a certainproblem
dependensize,the distribution of fithessesloesnot vary a greatdealwith the size of
the programsSincetherearemore(syntactically)differentlong programsthenumber
of long programsof a givenfitnessis greaterthanthe numberof shortprogramsof the
samdfitness.Thus,all otherthingsbeingequal,overtime oneis morelikely to sample
thelong programssimply becaus¢herearemoreof them.

Thistheoryhasthe advantageof beingquite general Sinceit talksaboutthe search
spaceatherthanthesearchmechanismit potentiallyappliesto awholevarietyof vari-
ablelengthsearchtechniquegsee[11] for examples)lt relies,however, ontwo crucial
assumptiongrirstit requiresthatthedistribution of fithessess roughlyindependenof
length.As mentionedabove, thishasbeenobsenedexperimentallyonavarietyof prob-
lems,and[6] providesa theoreticalanalysiswhich shows that certaingeneralclasses
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Fig. 1. Graphsof the averagesize over time of a representage run of the INC-IGNORE prob-
lem. Graph(a) (basedon [13]) alsoincludesthe averagefitness(multiplied by 50 sothe ranges
coincide).The populationsizeis 200.

of problemswill alwayshave this property It is, however, easyto construct(artificial)

problemswherethis assumptiomdoesnothold, yetbloatstill occurs(e.g.,the one-then-
zerosproblemin Sec.4). Second this hypothesisassumeghat the searchoperators
samplethe spacdan a mannerthatis neutralwith regardto size.Recentschemaheory
resultsonflat fitnesdandscapeandlinearstructure§20] raiseseriousdoubtsaboutthe
veracity of thatassumptiorwhenoneis usingstandarccrosseer. While thereare GP
crossw@er operatorghat are neutralwith regardto size (e.g.,one-pointGP crosswer
[18]), standardcrossaer clearly is not, being insteadheavily biased(on flat fitness
landscapesver linearstructuresyowardsanover samplingof the smallerstructures.

1.2 Why theory matters

Beforeproceedindo thepresentatiof theschemaheoryandits applicationgo bloat,
it is worth looking at anexampleof why theoreticatoolsaresoimportant.

Six yearsagoMcPheeand Miller [13] examinedbloatin the INC-IGNORE prob-
lem, an artificial problemdesignedspecificallyto help isolatethe causesf bloat. In
this problemthereis a singleterminal,0, andtwo unaryfunctions,INC andIGNORE,
definedby INC(z) = z+ 1 andIGNORE(z) = 0. ThusINC addsoneto its agument,
andIGNORE returnsa constan® regardlessf its agument.The goalis to generatea
string having value 100; thefitnessis the absolutevalue of the differencebetweerthe
string’s valueandthe targetof 100, with low valuesbeingbetter Thusa correctindi-
vidualwould beastringof 100INCs followedby eithertheterminal0, or anIGNORE
which could thenbe followed by any numberof nodesof ary type (sincetheir value
would beignored).

We re-implementedhis problemanddid new runs,gettingvery similar behaior to
thatreportedn [13].1 Fig. 1(a)shovsthechangesn theaveragditnessandtheaverage
sizeovertimein arepresentatie run, andonecanseea clearrelationshipbetweerthe
abruptdiscovery of a solutionandthe onsetof bloat.

! To getthefairly flat fitnessoneseesn the early generationsn Fig. 1(a)it is necessaryo bias
theinitial populationsotherearemary morelGNOREnodeshanINC nodesaratioof 20 : 1
wasusedbothhereandin [13].
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Fig. 2. Graphof the averagesizeovertime in the INC-IGNORE problemaveragedver 20 runs.
Also plottedarethe averaget onestandardieviation. The populationsizeis 200.

Dueto practicallimitations, therunsreportedn [13] wereonly takenout 100gen-
erationsWhat effect did this limitation have?Fig. 1(b) shavs the developmentof the
averagesizein a new run taken out to 3000 generationsin this extendedrun bloat
appeardo continuesteadilyfor several hundredgenerationsput with an increasing
amountof noise.After thatinitial steadyrise, though,the behaior becomesvery er
ratic. By shaving more generationsFig. 1(b) shovs a much more comple picture
thanthatin Fig. 1(a). This raisesquestionsaboutwhetheror how long the codegrowth
would continueif we ranmoregenerationsThe overalltrendsarealittle easierto read
in Fig. 2, wherewe shov the averageof 20 runs of INC-IGNORE out to 2000 gen-
erations.While thereis clearly a changein the rate of growth after several hundred
generationsgheaveragesizepastthatpointis still remarkablynoisydespiteheaverag-
ing, andit’s unclearwhether for example thelongtermbehaior will be asymptotic.

The point hereis notto criticize the methodologyin [13]; all empiricalpapersare
subjectto practicallimits, andany suchpapermight yield new ideasandinformation
if onewere ableto extendthe experiments.The point is that ary empirical study is
unavoidably limited, and can perforceonly provide a smallwindow on the large and
comple pictureof GPbehaior. How dowe getaroundthoselimitations?In this paper
we proposeto useschemaheory

2 Schematheory for GP on linear structures

In recentwork the GA schemaheoryin [23] hasbeenextendedto GP[16, 17]. Unlike
most previous schematheory work, which provideslower boundson the numberof
instancef a schemathis new work providesexactformulasfor the transmissiorof
schematdrom onegeneratiorio the next.

GPis a highly complex processand, as might be expected the schematheoryto
describdts behavior is alsorelatively complex. To make mattersmoretractablein this
paperwe will only considerapplicationsof thetheoryto a specificsimplified domain,
namelythatof linearstructuresthuswewill restrictourattentionto problemswith only
unaryoperatorsSee[17] for amoregenerakreatment.



2.1 Schematheory definitions

In this sectionwe will presenta seriesof crucial definitionsthatallow usto represent
schemataandcountandbuild instance®f schemata.

In alinearstructureGPwhereF is thesetof non-terminahodesand7 is thesetof
terminalnodes,ndividualscanbe seenassequencesf symbolscyc; - ..cy—_1 Where
¢; € Ffori < N—1andey_1 € T.We will thendefinea linear GP schemaas
thesamekind of sequenceyc; - ..cny_1 exceptthata new “don’t care”symbol‘ =" is
addedto both F and 7.2 Thusschemataepresensetsof linear structureswherethe
positionslabelled'=" canbefilled in by any elementof F (or T if it is the terminal
position).A few examplesof schemaare?

e (=)V: Thesetof all sequencesf lengthN.
e 1(=)*: Thesetof all sequencesf lengtha + 1 startingwith a 1.
e 1(0)%: Thesingletonsetcontainingthestring 1 followedby a O’s.

Now thatwe canrepresenschematawe present seriesof definitionsthatallow us
to countinstance®f schemata.

Definition 1 (Proportion in population). ¢(H,t) is the proportion of stringsin the
populationat time¢ matdcing schemaH . For finite populationsof size M, ¢(H, t) =
m(H,t)/M, wheem(H,t) is thenumberof instancef H attimet.

Definition 2 (Selectionprobability). p(H, t) is the probability of selectinganinstance
of schemaH fromthe populationat time¢. Thisis typically a functionof ¢(H, t), the
fithnessdistribution in the population,and the details of the selectionoperators. Wth
fitnessproportionateselectionfor example p(H,t) = ¢(H,t) x f(H,t)/f(t), whee
f(H,t) is the average fitnessof all the instancewf H in the populationat timet¢ and

f(t) istheaverage fitnessin the populationat timet.

Definition 3 (Transmission probability). a(H,t) is the probability that the schema
H will be constructedn the processof creatingthe populationfor time ¢ + 1 out of
the populationat time ¢. Thiswill typically be a functionof p(K, ), for the various
schemataK thatcouldplay a role in constructingH, and of the detailsof thevarious
recombinatiorand mutationoperators beingused.

Given thesedefinitions,we can modelthe standardevolutionary algorithmasthe
repeatedpplicationof thecycle

mutation

G(H, ) "5 p(H, 1) "5 a(H, 1)

For aninfinite populationg(H, t + 1) = a(H,t) for t > 0, whichmeanswe caniterate
theseequationgo exactlymodelthe behaior of aninfinite populationovertime.

2 Thisnaw ‘=" symbolplaysarole similarto thatof the'#' “don’t care”symbolin GA schema
theory For historicalreasonshowever, ‘# hasbeenassignedanothermeaningin the more
generalversionof the GP schemaheory[17].

3 We will usethe superscriptnotationfrom theory of computationwherez™ indicatesa se-
quenceofn z’s.



To formalizethe creationof instance®f alinearschemawe define
U(H,i, k') =cCpC1 ... Ci_l(:)kii
l(H,i, TL) = (Z)n_N_HCZ'CH_l -..CN_-1

Hereu(H, 1, k) is the schemaof lengthk matchingthe leftmost: symbolsof H, and
I(H,i,n) is theschemaof lengthn matchingtherightmostN — i symbolsof H.* The
importantthing aboutu and! is thatif you usestandardcross@er to cross@er any
instanceof u( H, i, k) atpositioni with anyinstanceof [(H, i,n) atpositionn — N + 1,
theresultwill beaninstanceof H, provided® k+n > N,and0 t (N—n) <i < N | k.
Further thesearethe only waysto usestandardcrosswer to constructinstanceof H,
sothesedefinitionsfully characterizéhe mechanisnfor constructingnstancesf H.

2.2 The schematheorem

Giventhesedefinitions,we now presenthe exactschemaheorenfor linear structures
from [20] in amorecompacform:

Theorem1 (Schematheorem for linear structuresand standard crosswer). For
GP onlinear structuesusingstandad crosswer with probability p,, and no mutation
wehave

a(H,t) = (1 — pxo) X p(H,t) 4 po X axo(H, 1)

whee

1
wol)= 3 | X 2 PR, x p(H im0
0N (N—n)<i<Nlk

To simplify the calculationsin the remainderof the paperwe will assumep,, = 1
throughout.

2.3 An exacttheory of bloat

Oneway to calculatethe averagelength of the populationat time ¢, which we shall
write asu(t), is

pt) =D (N x ¢((=)",1)) . (1)

N

For aninfinite population(where¢(H,t + 1) = a(H,t)), we canrewrite Eq. (1) as
p(t+1) = S NN x a((=)N,t)). A surprisingresultfrom [20], though,shaws that
you canreplacex by p to getthe averagesizefor the next generation:

4 4 andl arebasecn operatord/ andL (seege.g.,[17]) whichmatchthe upperandlower parts
of generalnon-lineay GP schemata.
5 Wewill uset asabinaryinfix maxoperatorand asabinaryinfix min operator



Theorem 2. For GP usinginfinite populations linear structues, standad crosswer,
andno mutationwe have

p(t+1) =Y (N xp((=)",1)) - (2)

N
Implicit it theseresults but clarified herefor thefirst time, is:

Theorem 3 (Exact theory of length changefor infinite populations). For GP using
infinite populationslinear structues,standad crosswer, and no mutationwe have

plt+1) = pt) =Y (N xa((=)N, 1) = Y (N x ¢((=)",1)) 3)

N N

or equivalently

p(t+1) = p(t) =Y (N xp(=)N, 1) = Y (N x 6(=)",1)) - (4)

N N

For infinite populationsTheoren3 givesanexactquantitatve theoryof thechanges
in theaveragesizeof apopulationovertime 8 Previoustheorieof bloatarethenin some
senseapproximationof this result, usually basedon somesimplifying assumptions
(e.g.,thatarun has“plateaued”).This resultalsomakesit clearthatit would berather
surprisingif therewasnt somesort of changein the averagesize, sincethis would
requireanunlikely balancebetweertheselectiomprobabilityandthelengthdistribution.

3 Flat fitnesslandscapes

In [20, in this proceedingsjve appliedthe Schemarheoremfrom the previous section
to the caseof a flat fitnesslandscapedueto spacelimitations we won'’t repeatthose
resultshere.A key resultin this context, however, was that standardcross@er on a

flat landscapénearily over sampleghe shorterprograms.This samplingbiasin favor

of shorterprogramsraisesseriousquestionsaboutthe “all otherthings beingequal”
assumptiorin the “Nature of programsearchspaces’theoryof bloat (Sec.1.1). That
theorydepends<rucially on at leastan approximatelyuniform samplingof the search
spaceby the operatorsand here,at least,we clearly do not have uniform sampling
by standardcrossweer. So while that theory may well be valuablein helping explain

behaviorsin othercontets, it is notclearhow it canbeappliedin this setting.

4 The one-then-zeosproblem

We will now applythe Schemarheoremin a settingwherethereis bloat, namelythe
one-then-zeysproblem We will startby definingandmotivatingthe problem,andwe
will thenusethe Schemarheorento derive lengthdistribution resultssimilar to those
reportedin [20] for the flat fitnesslandscapecase.In contrastto the flat fithesscase,
in the one-then-zeroproblemwe do obsene bloat, aswell assomeimportantlength
redistribution effectsin the earlygenerations.

5 We can,in fact, extendthis to the finite populationcase but to do sowe needto replacethe
exactvalueontheleft handsidewith anexpectationnamely E[u(t + 1) — u(t)].



4.1 One-then-zeosproblem definition

In this problemwe have 7 = {0+,1+} and7 = {0}. Both 0+ and1+ areunary
operatorghatadd0 and1 respectiely to their agument.This givesus a problemthat
is essentiallyequivalentto studyingvariablelengthstringsof 0’'sand1’s, with thecon-
straintthatthe stringsalwaysendin a 0. Notethat1+ is INC, and0+ canbe seenas
DON'T-INC, sothis problemis structurallyquite similar to the earlierINC-IGNORE
problem.Fitnessin this problemwill be 1 if the string startswith a 1 andhaszeros
elsavhere,i.e., thestringhastheform 1(0)® wherea > 0; fitnesswill be0 otherwise.

Both the replicationaccurag andthe removal bias hypothese¢Sec.1.1) suggest
that this problemmight exhibit bloat. For replicationaccurag, increasinglylong tails
of 0’s couldactasa mechanisnior increasinghe probability of constructind'correct”
offspring (avoiding bad cross@er). Similarly thereis a slight removal bias sincethe
one“bad” crosswer involvesremoving the entire root parentandreplacingit with a
substringconsistingof all 0's, which would on averagebe shorterthanthe removed
string. Note, however, that the natureof programsearchspaceshypothesisdoesnot
appearto apply here,asthe proportionof fit individualsis not constantwith respect
to length. Thereis in factjust a single “correct” string for ary given length, so the
densityof solutionsdropsdramaticallyas lengthincreasesin this casethe program
searchspacehypothesisvould not appeaito suggesbloat,and might insteadbe seen
assuggestinghe opposite sincethe oddsof finding a correctshortindividual would
seemo be muchhigherthanthe oddsof finding a correctlong individual.

4.2 Calculating ax ((=)", ) and a0 (1(0)?, )

We will starf by deriving schemaquationdor a((=)", t) sowe canstudythe evolu-
tion of length.

Theorem4 (Length distribution for one-then-zeos). Using the SdhhemaTheoem
(Theoem1) we can showthat for GP on the one-then-zeys problemusing standad
crosswer andno mutation,thedistribution of lengthsis characterizedfor N > 0) by

acl@ 0= 3 (THEEELEED a0t <0 )

n>0
k+n>N

In the flat fitnesscase the formulafor a((=)", t) dependednly on probabilities
of theform p((=)%, t), soif we wantedto iteratethe equatiorwe only neededo keep
trackof ¢((=)?, t) for all thelegala ateachgenerationln this casethough,a((=)"", t)
depend®n probabilitiesof theform p(1(0)?, t), sowe alsoneedto know ¢(1(0)?, t) at
eachgenerationThuswe needto usethe Schemarheorema secondime to compute
a(1(0)*,t) for a > 0.

" The derivation of the resultsin this sectionare more lengthy thanilluminating andwill be
omittedasaresult.See[12] for the details.



Theorem5 (1(0)“ distrib ution for one-then-zeos).UsingtheSdhemaTheoem(The-
orem1) wecanalsoshowthatfor a > 0

p(1(0)*~,¢) x p(1(0)*, ¢)
Ex(a+1)

axo(l(o)aat) = z [

k>0

n Z (a+1)lk-11(a+2—-n) y

— PO 1) x p(1(0)",1)]

n>0
ntk>atl

Fortunatelywe find herethata(1(0)?,¢) only depend®n probabilitiesof the form
p(1(0)4,t), sono further calculationsareneededUnfortunatelymostproblemsarenot
so restricted,andit is possiblefor this processo quickly balloonuntil oneis forced
to trackthe proportionof every differentstring. This is essentiallyintractable though,
sincethe numberof differentstringsgrows doubly exponentiallywith the generatiort.
As aresultit is, atthis pointin thedevelopmenbf thetheory still arareproblemwhere
onecandothis level of exactanalysis.

4.3 One-then-zeosresults

We can numericallyiteratethe equationsin Theorems4 and 5 to betterunderstand
thebehavior of aninfinite GP populationon this problem.Note,however, thattracking
thesdalistributionsovertime becomesxpensvein termsof computationaéffort. In this
casefor example generatindotha((=)V,t) anda(1(0)?, t) areO(23!) wheret isthe
generatior?. A crucial point, though,is thattheseequationsonly needto be run once,
and have no stochasticeffects. They are exact calculationsof the relevant quantities
(up to the limitations of the floating point representation)and once computedneed
never becomputedagain.Thisis in contrasto typical empiricalresultsin evolutionary
computationwherecombination®f large populationsandmultiple runsarenecessary
to smoothout the stochasticeffects,and eventhenthereis no guaranteahat ary two
setsof runswill have similar behavior.

Herewe calculateda((=)",t) anda(1(0)?,t) for 75 generationswith aninitial
populationconsistingentirely of the only fit individual of length3, namely“100” (so
p(100,0) = 1). The key resultsare summarizedn Figures3 and4. Fig. 3(a) shavs
thatafterafew generationsgheaveragdengthbeginsto grow quite steadily atleastfor
those75 generationsAs we saw in Sec.1.2,though,therearesignificantrisksin over
generalizingrom asmallview like this, soit is by no mean<learthatthis growth will
continue.Our eventualgoalis to developsomethindik e a closedform for the average
sizeattime ¢ to betterunderstandhelongtermbehaior.

Both Figures3 and 4 shaw interestingbehaior in the first few generationghat
deseresattentionIn Fig. 3(a)we seeaflat sectiomatthebeginning,whichthenchanges
to steadygrowth. In Fig. 3(b) we seea very high proportionof shortindividualsat the
beginning, which then drops quite steeply In Fig. 4 we seea surprisingdip in the
proportionof fit individualsin thefirst few generationswhich is thenfollowed by the

8 We have found, though,thatignoring valuesof o belav somesmallthreshold(we have used
107'9) seemdo have little impacton the numericresultsandcangreatlyspeedup the calcu-
lationssinceit significantlyslows the growth of the numberof stringsthatneedto betracked.
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Fig. 4. Theproportionof fit individuals(or, equivalently for this problem,the averagefitness)in
theone-then-zeroproblemasa functionof time, plottedalongsidethe proportionof individuals
of length2 andthe proportionof both“10” and“00". (Note that every individual in the initial
populationis fit.)

expectedrise. While we have no definitive explanationfor thesebehaiors, we can
suggessomepossibilities.lt seemdikely, for example,thattherisein the proportion
of stringsof length2 is simply a move in the early generationgowardsa gamma-lile
distribution with ameanlengthnear3 (themeanlengthof theinitial distribution). This
may; in turn, betheindirectcauseof boththelack of initial bloatandtheinitial dropin
the proportionof fit individuals.

In Fig. 4 theinitial dip in the proportionof fit individuals correspondloselyto
very high proportionsof individualsof length2. As the averagesize grows, however,
the proportionof stringsof length2 in the (still gamma-lile) distributionssoondrops.
Note alsothe significantproportionof the unfit string “00”, which contritutesto the
initial dip in the proportionof fit individuals. After a sharpdropin the proportionof
“00” in thefirst few generationsis proportiondropsquite slowvly thereaftefespecially
giventhat it hasfitness0). In contrast,the proportionof “10” (which hasfitness1)
risesfor severalgenerationshut thendropsmucd morequickly thanthatof “00”, soon
beingalmostequalto it. Since*00” hasfitness0, it cannever be selectedasa parent,



soneitherreplicationaccurag nor removal biascantell us anything aboutwhy a non-
trivial proportionof the populations resourcesare devotedto samplingthis string. It
existsstrictly asa creationeffect, aneffect frequentlydismissedn othertheories’

Theseobsenationssuggesthatit maybecommonfor runsto have aninitial period
thatis heavily influenced(andin somecaseslominated)y a redistrikution of lengths
towardsa gamma-lile distribution. This redistritution may have little to do with fit-
nesspeinginsteaddrivenby the sizebiasof standarccrosseer. Thereis, for example,
considerableanecdotakvidencethat mary GP runsareinitially dominatedby short,
moderatelyfit trees,andthatthe heary samplingof theseshorttreescaninterferewith
theprogresof therun. Theresultspresentedheresuggesthis might be especiallytrue
if theinitial averagesizeis small (asin this case),asthe gammadistribution with a
smallmeanhasa very strongbiastowardsover samplingsmalltrees.lt is possiblethat
furtherexplorationof theseideascouldleadto importantnenv understandingn thearea
of populationinitialization.

5 Landscapelevelsand program size

In the previous sectionswe sav how the schemaheorycould be usedto betterunder
standthe evolution of lengthdistributionsover time bothin casesvheretherewasno
bloatandin casesvheretherewasbloat. In this sectionwe will shav how the theory
canbeusedto predictsomeimportantbehaiorsin casesvherethefithesscanbe seen
asessentiallytwo-valued!® Whatwe find is thatin theinfinite populationcasethe aver-
agelengthof the populationmovesaway from the average lengthof the stringshaving
the lower fithess.Thusthe particularsof the fithesslandscapere notimportant;what
is importantis simply the averagdengthof the stringshaving the lower fithessandthe
averagelength of the population.Quite surprising,perhapsis the factthat this holds
evenif oneof thetwo levelsis sampledy justasinglestring}* which meanghateven
asinglestringwith fitnessdifferentfrom thatin anotherwiseflat landscapés sufiicient
to drive the averagesizeof the entirepopulation We will call smallpartsof thesearch
spacehaving the lower fitness“holes”, andsmall partsof the searchspacehaving the
higherfitness‘spikes”; we will usetheterm*“glitch” to describebothholesandspikes.
Theseresultsarebasedon the assumptiorof aninfinite population,which ensures
that the averagesize of the stringsin the two fitnesslevelsis accuratelysampled.in
the finite populationcasestochasticeffects make it possiblefor one of the levels to
not be sampledaccurately(especiallyif thatlevel only representsa small proportion
of the searchspace) As an example,consideran a fitnesslandscapevherethe fithess
of every stringis 1 exceptfor the string “00”, which hasfitnessO0. If the population

9 1t is alsoa small exampleof the possibleuseof bloatasa repositoryfor geneticmaterial,as
suggestedn [2]. In this casethe materialin questionnever directly contritutespositively to
thefitnessof individualsit’' s insertedinto, but it doessuggesthatspecificstructurescouldbe
preseredin bloatandrecoreredlater.

10 Therequirementhatthefitnessfunctionhasonly two valuesmight, atfirst, seemquiterestric-
tive. Therearesettings however, wherethis may not be sucha unrealisticmodel.In a highly
corvergedrun of adiscreteproblem for example the selectionprocessmaywell only turn up
alimited numberof fitnessvalues(see.e.g.,[7]).

1 Herewe meana singlestringin the searchspaceandnota singleindividual in the population.



containsmary shortstrings,thenthe hole is likely to be heavily sampledand,aswe
shall seeshortly, bloatwill likely occur If, however, the populationconsistsof very
long strings,thenit is muchlesslikely that the hole will ever be sampled,andif it
isn't thenthe systemwill presumablybehae (at leasttemporarily)asif it's actingon
a flat fithesslandscapelt is possiblethatthis is at leastpart of the explanationfor the
increasinglynoisybehaior of thesizecurvesin theINC-IGNORE problem(Fig. 1(b)).
As theaveragesizein thesmallpopulationgrows, the samplingof the unfit stringsmay
becomencreasinglyerratic,causing(in part)this highly noisybehaior.

5.1 Computing the meansize

Sinceone of our key goalsis trackingthe changesn the meanpopulationsize over
time, it would be niceif we couldfind anequationthatrelatesthe averagesizeattime
t+1in termsof theaveragesizeattimet. In thissectionwewill derivesuchanequation
underthe assumptiorthatthefitnessfunction hasonly two values,andthe assumption
of aninfinite population.

Theorem? gave usthefollowing formulafor theaveragesizeof aninfinite popula-

tion attime¢:

p(t+1) = S (N x p((=)V, 1)) . (5)

N
We will startby extendingthis resultto include schematatherthanthoseof the form
(=)". Assumethatthesetof possiblestringsis partitionedinto asetS of disjoint, fixed
lengthschemataWe will write S = {.S;} wherethe.S; aretheschemat& questionand
denotethelengthof thestringsin S; by |S;|. Furtherassumehatthefitnessfunctionis
constantvithin eachof theseschematawe will write f(S;) for thefitnesssharecby alll
instancef S;. Note thatthe assumption$ierearenot restrictive sincefor ary fitness
function we can always decomposéhe spaceinto singletonschematapne for each
differentstring,andthosesingletonschematavould trivially satisfytheseconditions.
Giventhesenew assumptiongnecanrewrite Eq. (5) as

pt+1) = (1Si| x p(Si, 1) (6)

2

andEqg. (1) (from Sec.2.3)as

p(t) =D (1Si] x ¢(Si, 1)) - (7)

K3

It is usefulin whatfollows to generalizeu sothatwe cancomputethe meanlengthof
stringsmatchinga particularsubset) of theschematdi.e.,Q C S):

2.:(1Qil x (Qi, 1)
Eq.(7) is now aspeciainstanceof Eq.(8) where@ = S, in which case&hedenominator
is 1.

For fithessproportionateselectionwe know that
¢(S’l= t) X f(S’l)

p(Sit) = ¢(Si, t) x £(Si)/F(t) = S (65, x F(S) (9)

wmQ,t) = (8)




PuttingEq. (9) into Eq. (6), we thenget

Theorem6 (u(t+ 1) in terms of ¢(t)). If the setof possiblestringsis partitionedinto
a setof disjoint, fixedlengthschemata{S;} of uniformfitnesswe have for an infinite
population,standad crosswer, no mutation,andfithessproportionateselectionthat

215l x ¢(Si, t) x £(Sa)) _ 24(1Sil X ¢(Si, 1) x f(Si))
f@) 2k (6(Sk,t) x f(Sk))

Notethatin Eq. (10),thenumeratois nearlyEq.(7) for u(t) exceptfor thepresence
of the f(.S;) term. This suggestshatif we make somesimplifying assumptionsbout
thefitnesswe mightbeableto write thisin termsof u(t). Assumethen,thatthefitness
functiononly hastwo values,1 and1 + f Thenwe cansplit theset{S;} of schemata
into a disjoint union {S;} = {A;} U {B,} where{A,} = {S; | f(S;) = 1}, and
{B,} = {Si| f(S;) = 1+ f}. Thisallows usto furtherrewrite Eq. (10):

plt+1) =

(10)

pu(t +1)
= ( Eq.(10);definitionof {A,}, {By}.)
2o ([Az] X ¢(Az, 1) X f(Aa)) + 32, (IBy| X $(By, 1) X f(By))
20 (0(Aa,t) X f(Az)) + 22, (6(By, 1) x f(By))
= (f(A)=1/(B)=1+])
>o(|4e] X $(Aa, 1) + 30, (1By| X $(By, 1) x (1 + f))
o ¢4, 1) + 3, ($(By, 1) x (1 + 1))
= (Distributingacrosg(1 + f); {Si} = {4, } U{B,})
i(1Sil x 6(Si, 1)) + f x X, (1By| x ¢(By, 1))
S 0(Sit) + F x X, (B, 1)
= ( Equationg7) and(8).)
() + f x p({By},6) x T, #(By, 1)
1+ 7% Y, (B, 1)
= (Factorout u(t).)
1+H({ﬁt)}t) Xfxz ¢(By,t)
T X T, 4B

This, then,givesusthefollowing:

Theorem7 (Sizeevolution equation). If {B,} is a setof disjoint, fixedlengthsde-

mata of uniform fitness1 + f, and the rest of the seach spacehasfitnessi, then,
for an infinite population,standad crosswer, no mutation,and fitnessproportionate
selectionwehave

14+ L0830 fx 5, 4(By, 1)
p(t+1) = p(t) x foEMBy,t) : (11)




The numeratorand denominatotin Eq. (11) differ only by u({By},t)/u(t). This
allowsusto fully characterizéhechangen the(infinite) populationsaveragesizefrom
timet to ¢ + 1 solelyin termsof thesignof f andwhetheru({B, }, t)/u(t) is greater
or lessthan1. For “spikes”,i.e.,whenf > 0, we have

p({ By}, 1)/ u(t) > 1 <= p(t +1) > p(t)
n({By}, 1)/ u(t) <1 <= p(t +1) < p(t).

For “holes”, i.e., f < 0, thecorverseis true:

p({ By}, 1)/ u(t) > 1 <= p(t +1) < p(t)
n({By}, 1)/ pu(t) <1 <= p(t+1) > p(t).

Thusif thefitnessof the B; is betterthanthefithnessof the A;, the averagesizeof the
populatiorwill movetowardstheaveragesizeof the B;. If, ontheotherhand thefitness
of the B; is worsethanthefitnessof the A;, thentheaveragesizeof thepopulationwill
move awayfromthe averagesizeof the B;.

It is importantto notethatthis latter casecould leadto eitherbloator a shrinking
averagesize dependingon whethery(t) is above or belov p({B,},t). Thuswe see
thatthe sameforcesthatcanleadto bloatin onesettingcanleadto the oppositeeffect
in anothersetting.It is alsoimportantto note that while this tells us that (in these
conditions)bloatwill continueforever, it doesnottell usthatthemagnitudeof thebloat
is unboundedit is possible for example,that the averagesizewill continueto grow
towardssomeasymptotidimit.

Oneof the mostremarkableémplicationsof this is that a single string with higher
or lower fithessthanan otherwiseflat landscapés sufiicient (in the infinite population
case)to drive the averagesize of the entire population.Preliminaryexperimentswith
finite populationsndicatethat small holesarealsocapableof affecting changein the
averagelengthfor a time, althoughsamplingeffects eventually take over. It's possi-
ble, therefore that one might be ableto usetheseideasto develop nev methodsfor
managinghesizeof individualsduringarun.

6 Conclusionsand futur e work

In this paperwe have shovn how the schemaheoryfor linearstructureGP from [20]

can be productively appliedto the important challengeof better understandinghe
changesn sizedistributionsduring a GP run. We have seen(Sec.1.2) that, while ex-

perimentawork is crucial,onemustbevery carefulin interpretingthe datathatcomes
from unavoidably small views on a large and complex process Applications of the
schemaheoryto problemshothwith (Sec.4) andwithout fithess(Sec.3) suggesthat
standarccrosseer inducessomevery specifichiasesn the distributionsof sizeswith

a very strongtendeng to over samplethe smallerstructuresTherealsoappearo be
significantredistritution effectsthat may be a major forcein the early stagesof a GP
run. We have alsogeneralizedhesespecificresults,yielding two importanttheoretical
results.The first is an exact theory of bloat (Sec.2.3) which givesa formula for the
changen averageprogramsizefor infinite populationsof linear structuresvhenusing



standardcross@er without mutation. The secondis a generaltheory of how average
sizeschangeon flat landscapesvith glitches(Sec.5), including the surprisingresult
thata single string glitch is sufficient to drive the averageprogramsize of aninfinite
population.

Theseideasopenup numerouspossibleavenuesfor future researchboththeoret-
ical andapplied.While this paperhasconcentrate@n standardsP crosseer without
mutation,we have extendedthis elsavhereto include headleshicken crosseer and
two differenttypesof subtreemutation[19, 14]. The theory could thenbe extended
to combinationsof operatorscompletewith differentlikelihood of application.Also,
sincethe lengthdistribution for the one-then-zeroproblem(Fig. 3(b)) doesnt appear
to reacha limit distribution asit did in theflat fithesslandscapefinding a closedform
for thatdistribution overtime would be of realvalue.The two-level fitnesstheorytells
usthatundercertainconditionsbloatwill happenandwill in factcontinueforever, but
at the momentit’s not clearwhetherthe averagesize risestowardssomeasymptotic
value,or insteadcontinueswithout bound.

Oneof the mostintriguing possibleapplicationsof theseideasis the possibility of
usingartificially created‘'holes” to control codegrowth. The two-level fithesstheory
suggestthat onemight be ableto slow or stopbloat eitherby lowering the fitnessof
a (possiblysmall) setof large individuals, or by raising the fithessof a setof small
individuals. Thereareimportantissues suchassamplingerrors,that would alsoneed
to bestudied but onemight eventuallybeableto developamethodthatwould allow us
to controlcodegrowth in away which limits the changesnadeto thefithesslandscape,
therebylimiting theintroducedbias.

Anotherkey applicationis to the questionof populationinitialization. Most of the
existing initialization techniquesrefairly ad hoc,andmayin factinteractbadly with
the samplingbiasinducedby standardcrossaer. Our theoreticakesultscould be used
asthe basisfor new initialization techniqueghat minimize the potentially distributive
effectsof bothlengthredistribution andover samplingof smallstructures.

In sum,we have seenthatthe schemaheorycanbe successfullyappliedto a vari-
ety of linearproblemsandthattheresultshelpansweliimportantquestionandsuggest
interestingnew linesof inquiry. It is our expectatiorthatfurtherdevelopmenwill con-
tinueto yield valuableresults.
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