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Abstract. In thispaperwe usetheschematheorypresentedin [20] to betterun-
derstandthechangesin sizedistributionwhenusingGPwith standardcrossover
andlinearstructures.Applicationsof thetheoryto problemsbothwith andwith-
out fitnesssuggestthatstandardcrossover inducesspecificbiasesin thedistribu-
tionsof sizes,with astrongtendency to oversamplesmallstructures,andindicate
theexistenceof strongredistributioneffectsthatmaybeamajorforcein theearly
stagesof a GP run. We alsopresenttwo importanttheoreticalresults:An exact
theoryof bloat,anda generaltheoryof how averagesizechangeson flat land-
scapeswith glitches.Thelatterimpliesthesurprisingresultthatasingleprogram
glitch in anotherwiseflat fitnesslandscapeis sufficient to drive theaveragepro-
gramsizeof an infinite population,which may have importantimplicationsfor
thecontrolof codegrowth.

1 Intr oduction

Thephenomenonof bloat,or codegrowth, hasbeenobservedin geneticprogramming
(GP) from the very beginning [5], andover the yearsthe studyof bloat hasprobably
beenoneof themostactive areasof foundationalGPresearch[3, 13, 15, 24, 21, 11, 6,
8, 7]. Numeroustheorieshave beenproposedto explain bloat,but thesehave typically
beenqualitativeratherthanquantitativein nature.It is likely thatnoneof theseproposed
mechanismsis the completestory, andthat they in fact interactin complex waysthat
varyover thecourseof aGPrun.Theirqualitativenature,however, makesit difficult to
performthekindsof quantitativestudythatwouldallow oneto begin to teaseout these
complex relationships.In this paperwe show how recentresultsin GPschematheory
canbeusedto take whatmaybethefirst stepstowardsproviding a unifiedtheoretical
framework for understandingcodegrowth in GP.

In recentwork [20, in this proceedings]we presentan exact schematheory for
GeneticProgramming(GP)usingstandardcrossoveron linearrepresentations.Wealso
show how thattheorycanbeusedto understandthesignificantbiasesstandardcrossover
introducesonthedistributionandsamplingof programsof differentlengthsevenwhen
the fitnesslandscapeis flat. In this paperwe apply that schematheoryto theproblem
of betterunderstandingchangesin thedistributionof lengthsunderstandardcrossover.
Wefind thatin problemsbothwith andwithoutfitness,standardcrossover inducesvery
specificbiasesin the distribution of sizes,with a strongtendency to over samplethe
smallerstructures.Therealsoappearto be significantredistribution effects that may



be a major force in the early stagesof a GP run. We then generalizetheseresults,
yielding two importanttheoreticalresults.The first is an exact theoryof bloat which
givesaformulafor thechangein averageprogramsizefor infinite populationsof linear
structureswhen usingstandardcrossover without mutation.The secondis a general
theoryof how averagesizeschangeon a flat landscapewith “glitches” (setsof strings
with above or below averagefitness),which implies the surprisingresultthata single
programglitch is sufficient to drive theaverageprogramsizeof aninfinite population.

While thework reportedhereis all onGPwith linearstructures,theschematheorem
usedis a specialcaseof a moregeneralGPschematheorem[17, in this proceedings].
We have chosenin theseearly applicationsto focuson linear structuresbecausethe
theoreticalanalysisis moremanageableandthecomputationsaremoretractable.This
hasyieldeda numberof importantresultsfor the linear case,andpreliminaryresults
further suggestthat many of the key ideasherearealsoapplicable(at leastin broad
terms)to thenon-lineartreestructurestypically usedin GP.

In the remainderof this sectionwe will briefly survey threekey theoriesof bloat,
anddiscusswhy theoreticaltoolsarecrucialin ourattemptsto understandfoundational
phenomenalikebloat.In Sec.2 wewill presenttheschematheoremfor GPusinglinear
structuresandstandardcrossover. In Sec.3 wewill summarizetheoretical resultsfrom
[20] showing thatbloatdoesnot happenon flat fitnesslandscapeswhenusingstandard
GPcrossover(for relatedempiricalresultssee,e.g.,[9]), andin factstandardcrossover
heavily over samplestheshorterprograms;we alsopresenttheexactschematheorem
there.Wethenapplythetheoryin Sec.4 to aproblemthatdoesbloatandusethetheory
to bothpredictandbetterunderstandthechangesin thedistribution of sizes.In Sec.5
we show how the schematheorycanbe usedto derive somegeneralresultsrelating
variationsin the fitnesslandscapeto changesin the averageprogramsize,and then
finishwith someconclusionsandideasfor futureresearch(Sec.6).

1.1 Thr eetheoriesof bloat

As mentionedearlier, bloat in GP is an old problemthat hasreceived quite a lot of
attentionover theyears.Many techniqueshave beenproposedto combatbloatbut, as
notedin [11], thesearemostlyadhoc, precedingratherthanfollowing from knowledge
of the causesof bloat. To datethereare threemajor theoriesthat proposeto at least
partially explainbloat:

1. Replicationaccuracy, or protectionagainstbadcrossover
2. Removal bias
3. Natureof programsearchspaces

It is notgenerallyclaimedthatany oneof theseis sufficient,or eventhatthissetis com-
plete,but eachof thesedoesappearto explainsomeinterestingfacetof theproblem,and
in combinationthey provideavaluablesetof toolsfor understandingcodegrowth.They
are,however, primarily qualitative ratherthanquantitative in nature,which ultimately
limits their predictivepower.

Thereplicationaccuracy theory[13, 3, 15] is basedon theidea(commonin evolu-
tionarybiology)thatanimportantcomponentof thesuccessof anorganism(in ourcase
a GPindividual) is its ability to reproduceaccurately, i.e.,haveoffspringthatarefunc-
tionally similarto theparent(see,e.g.,[4, 1]). Thiswouldsuggestthatif anevolutionary



computationsystemcouldevolve towardsrepresentations(includingspecificsizesand
shapes)that increasedreplicationaccuracy then,all otherthingsbeingequal,it would
do so.Oneway this canhappenin GPis throughtheevolution of largeblocksof code
that do not contribute to the semanticsof the individual. The larger theseblocks,the
greaterthechancethatcrossoverpointswill bechosenthere,ensuringthattheoffspring
aresemanticallyequivalentto therootparent.

Onedrawbackof the replicationaccuracy hypothesisis that it is presentedsolely
in termsof individualsavoidingdisruption,anddoesnotconsidercreationeffects.Cre-
ationeffects,however, arecrucial,becausewithout themonecannothavetheevolution
of new structures.Replicationaccuracy is typically assumedto bemostimportantlater
in therun, whenthere’s little or no changein thebestfitnessandcreationeffectsmay
indeedbe minimal. It tells us little, however, aboutthe changesin programsizewe
observe in the earlystagesof runs.The replicationaccuracy hypothesisalsoprovides
no way of judging the relative importanceof potentiallycompetingforces.If, for ex-
ample,thereis a fitnessinducedbiasfavoring smallertrees,andreplicationaccuracy
favorslargertrees,how will thesebiasesinteract?In many casestheseinteractionsmay
changeover the courseof a run, and this hypothesiscurrentlyprovides little help in
understandingthesephasetransitions.

Theremoval biastheory[22, 11] is basedon theobservationthat thesemantically
irrelevantnodesof a GPtreetendto be in the lower partsof thetreeandaretherefore
theroot of subtreesthataresmallerthantheaveragesubtreefor that individual. If it is
indeedthe casethat successfulcrossoverswill tendto replacesemanticallyirrelevant
nodes,thentheremovedsubtreewill tendto beasmallerthanaveragesubtree.Thereis
nosizebiaswith respectto theinsertedsubtree,however, sincethatsubtreewill haveno
semanticimpact.This meansthat fitnessneutralcrossover eventswill tendto replace
smallersubtreeswith largersubtrees,whichwill leadto bloat.

Theremoval biashypothesisis closelyrelatedto thereplicationaccuracy hypothe-
sis,andnot surprisinglyit suffersessentiallythesamedrawbacks:Failure to consider
creationeffects,no way of predictingthe interactionsof competingforces,anda pri-
mary applicability to the later stagesof a run. It further hinges,though,on important
assumptionsaboutthe structureof programtrees,suchasthe assumptionthat the se-
manticallyimportantnodestendto beclusteredneartherootof thetree.While thereis
evidencethat this is truein many cases,it is unclearhow well this generalizes,e.g.,to
problemswith side-effectingprimitives.

Thenatureof programsearchspacestheory[11] is basedon theexperimentalob-
servation that, for a variety of testproblems(e.g., [10, 6]), above a certainproblem
dependentsize,thedistribution of fitnessesdoesnot vary a greatdealwith thesizeof
theprograms.Sincetherearemore(syntactically)differentlongprograms,thenumber
of long programsof a givenfitnessis greaterthanthenumberof shortprogramsof the
samefitness.Thus,all otherthingsbeingequal,over time oneis morelikely to sample
thelong programssimply becausetherearemoreof them.

This theoryhastheadvantageof beingquitegeneral.Sinceit talksaboutthesearch
spaceratherthanthesearchmechanism,it potentiallyappliesto awholevarietyof vari-
ablelengthsearchtechniques(see[11] for examples).It relies,however, on two crucial
assumptions.First it requiresthatthedistributionof fitnessesis roughlyindependentof
length.As mentionedabove,thishasbeenobservedexperimentallyonavarietyof prob-
lems,and[6] providesa theoreticalanalysiswhich shows that certaingeneralclasses
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Fig.1. Graphsof the averagesizeover time of a representative run of the INC-IGNORE prob-
lem. Graph(a) (basedon [13]) alsoincludestheaveragefitness(multiplied by 50 sotheranges
coincide).Thepopulationsizeis 200.

of problemswill alwayshave this property. It is, however, easyto construct(artificial)
problemswherethisassumptiondoesnothold,yetbloatstill occurs(e.g.,theone-then-
zerosproblemin Sec.4). Second,this hypothesisassumesthat the searchoperators
samplethespacein a mannerthat is neutralwith regardto size.Recentschematheory
resultsonflat fitnesslandscapesandlinearstructures[20] raiseseriousdoubtsaboutthe
veracityof thatassumptionwhenoneis usingstandardcrossover. While thereareGP
crossover operatorsthat areneutralwith regardto size(e.g.,one-pointGP crossover
[18]), standardcrossover clearly is not, being insteadheavily biased(on flat fitness
landscapesover linearstructures)towardsanoversamplingof thesmallerstructures.

1.2 Why theory matters

Beforeproceedingto thepresentationof theschematheoryandits applicationsto bloat,
it is worth lookingat anexampleof why theoreticaltoolsaresoimportant.

Six yearsagoMcPheeandMiller [13] examinedbloat in the INC-IGNOREprob-
lem, an artificial problemdesignedspecificallyto help isolatethe causesof bloat. In
this problemthereis a singleterminal,

�
, andtwo unaryfunctions,INC andIGNORE,

definedby ���
	
�
����������� and �����
�
�����
��� � � . ThusINC addsoneto its argument,
andIGNOREreturnsa constant

�
regardlessof its argument.Thegoal is to generatea

stringhaving value � �!� ; thefitnessis theabsolutevalueof thedifferencebetweenthe
string’s valueandthe targetof � �"� , with low valuesbeingbetter. Thusa correctindi-
vidualwouldbeastringof 100INCsfollowedby eithertheterminal

�
, or anIGNORE

which could thenbe followed by any numberof nodesof any type (sincetheir value
would beignored).

Were-implementedthisproblemanddid new runs,gettingverysimilarbehavior to
thatreportedin [13].1 Fig. 1(a)showsthechangesin theaveragefitnessandtheaverage
sizeover time in a representative run,andonecanseea clearrelationshipbetweenthe
abruptdiscoveryof asolutionandtheonsetof bloat.

1 To getthefairly flat fitnessoneseesin theearlygenerationsin Fig. 1(a)it is necessaryto bias
theinitial populationsotherearemany moreIGNOREnodesthanINC nodes;aratioof #%$
&"'
wasusedbothhereandin [13].
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Fig.2. Graphof theaveragesizeover time in theINC-IGNOREproblemaveragedover 20 runs.
Also plottedaretheaverage( onestandarddeviation.Thepopulationsizeis 200.

Dueto practicallimitations,therunsreportedin [13] wereonly takenout 100gen-
erations.Whateffect did this limitation have?Fig. 1(b) shows thedevelopmentof the
averagesize in a new run taken out to 3000 generations.In this extendedrun bloat
appearsto continuesteadilyfor several hundredgenerations,but with an increasing
amountof noise.After that initial steadyrise, though,the behavior becomesvery er-
ratic. By showing more generations,Fig. 1(b) shows a much more complex picture
thanthatin Fig. 1(a).This raisesquestionsaboutwhetheror how long thecodegrowth
wouldcontinueif we ranmoregenerations.Theoverall trendsarea little easierto read
in Fig. 2, wherewe show the averageof 20 runsof INC-IGNORE out to 2000gen-
erations.While thereis clearly a changein the rate of growth after several hundred
generations,theaveragesizepastthatpoint is still remarkablynoisydespitetheaverag-
ing, andit’s unclearwhether, for example,thelong termbehavior will beasymptotic.

Thepoint hereis not to criticize themethodologyin [13]; all empiricalpapersare
subjectto practicallimits, andany suchpapermight yield new ideasandinformation
if onewere able to extend the experiments.The point is that any empirical study is
unavoidably limited, andcanperforceonly provide a small window on the large and
complex pictureof GPbehavior. How dowegetaroundthoselimitations?In thispaper
we proposeto useschematheory.

2 Schematheory for GP on linear structures

In recentwork theGA schematheoryin [23] hasbeenextendedto GP[16, 17]. Unlike
most previous schematheory work, which provides lower boundson the numberof
instancesof a schema,this new work providesexact formulasfor the transmissionof
schematafrom onegenerationto thenext.

GP is a highly complex processand,asmight be expected,the schematheoryto
describeits behavior is alsorelatively complex. To makemattersmoretractablein this
paper, we will only considerapplicationsof thetheoryto a specificsimplifieddomain,
namelythatof linearstructures;thuswewill restrictourattentionto problemswith only
unaryoperators.See[17] for amoregeneraltreatment.



2.1 Schematheory definitions

In this sectionwe will presenta seriesof crucialdefinitionsthatallow us to represent
schemata,andcountandbuild instancesof schemata.

In a linear-structureGPwhere) is thesetof non-terminalnodesand * is thesetof
terminalnodes,individualscanbeseenassequencesof symbols+-,.+ �0/1/1/ +-243 � where+-5768) for 9;:=<?>@� and +-243 � 6A* . We will thendefinea linear GP schemaas
thesamekind of sequence+ , + � /1/%/ + 243 � exceptthata new “don’t care”symbol‘ � ’ is
addedto both ) and * .2 Thusschematarepresentsetsof linear structures,wherethe
positionslabelled‘ � ’ canbe filled in by any elementof ) (or * if it is the terminal
position).A few examplesof schemaare:3B �C��� 2 : Thesetof all sequencesof length < .B �"�D����E : Thesetof all sequencesof length F��G� startingwith a1.B �"� � ��E : Thesingletonsetcontainingthestring1 followedby F 0’s.

Now thatwecanrepresentschemata,wepresentaseriesof definitionsthatallow us
to countinstancesof schemata.

Definition 1 (Proportion in population). HI�KJML�N�� is the proportion of strings in the
populationat time N matching schemaJ . For finite populationsof size O , HI�PJMLQN��4�R �KJML�N��TS-O , where R �PJUL�N�� is thenumberof instancesof J at time N .
Definition 2 (Selectionprobability). VI�PJMLQN�� is theprobabilityof selectinganinstance
of schemaJ fromthepopulationat time N . This is typically a functionof HI�KJML�N�� , the
fitnessdistribution in the population,and the detailsof the selectionoperators. With
fitnessproportionateselection,for example, VI�PJMLQN����@HW�KJML�N���XUY0�PJMLQN��QS YW�PN�� , whereY0�PJMLQN�� is theaverage fitnessof all the instancesof J in thepopulationat time N andY0�
N�� is theaveragefitnessin thepopulationat time N .
Definition 3 (Transmissionprobability). Z �KJML�N�� is the probability that the schemaJ will be constructedin the processof creatingthe populationfor time N��[� out of
the populationat time N . This will typically be a functionof VW�K\UL�N�� , for the various
schemata\ that couldplay a role in constructingJ , andof thedetailsof thevarious
recombinationandmutationoperatorsbeingused.

Given thesedefinitions,we canmodel the standardevolutionaryalgorithmasthe
repeatedapplicationof thecycle

HW�KJML�N��^]
_a` _abDcPd eQf>�g VW�KJML�N�� hIi cKj�cPd eTfbak
eQ]P]
ealm_ak>�g Z �KJML�N�� /
For an infinitepopulationHI�PJMLQNn�o�.�p�GZq�PJUL�N�� for N r � , whichmeanswecaniterate
theseequationsto exactlymodelthebehavior of aninfinite populationover time.

2 Thisnew ‘ s ’ symbolplaysarole similar to thatof the‘#’ “don’t care”symbolin GA schema
theory. For historical reasons,however, ‘#’ hasbeenassignedanothermeaningin the more
generalversionof theGPschematheory[17].

3 We will usethe superscriptnotationfrom theoryof computation,where tvu indicatesa se-
quenceof wxt ’s.



To formalizethecreationof instancesof a linearschemawe definey �KJML�9mLTz{�p�|+},.+ �I/%/1/ +15
3 � �C���Q~ 3�5� �KJML�9mLQ���p���D����� 3�2q��5 +-5C+-5�� �I/1/%/ +-243 �
Here y �PJMLQ9TLmz�� is the schemaof length z matchingthe leftmost 9 symbolsof J , and� �PJUL�9mL���� is theschemaof length � matchingtherightmost <�>�9 symbolsof J .4 The
importantthing about y and

�
is that if you usestandardcrossover to crossover any

instanceof y �KJML�9mLTz{� atposition 9 with anyinstanceof
� �PJMLQ9mL���� atposition ��>�<���9 ,

theresultwill beaninstanceof J , provided5 z��x����< , and
��� �P<�>
���q��9p:�<���z .

Further, thesearetheonly waysto usestandardcrossover to constructinstancesof J ,
sothesedefinitionsfully characterizethemechanismfor constructinginstancesof J .

2.2 The schematheorem

Giventhesedefinitions,we now presenttheexactschematheoremfor linearstructures
from [20] in amorecompactform:

Theorem1 (Schematheorem for linear structur esand standard crossover). For
GP on linear structuresusingstandard crossover with probability V XO andno mutation
wehave Z �KJML�N�� �[����>�V XO ��X�VI�PJMLQN����MV XO X�Z XO �KJML�N��
where

Z XO �PJUL�N��p� � �m�!�� �!���� � �"�
�� �z�X�� X �,Q�.� 243 �!¡D¢ 5P£�2q¤ ~ VW� y �KJML�9mLmz��}LQN��qX�VI� � �KJML�9mLQ���}L�N���¥¦ /

To simplify the calculationsin the remainderof the paperwe will assumeV XO �§�
throughout.

2.3 An exacttheory of bloat

Oneway to calculatethe averagelengthof the populationat time N , which we shall
write as ¨p�
N�� , is ¨p�PN����©� 2 �K<?X�HI���D��� 2 L�N��Q� / (1)

For an infinite population(where HW�KJML�N����.�ª��Z �KJML�N�� ), we canrewrite Eq. (1) as¨p�
NI�A�«���­¬ 2 �P<®X�Z �Q�C��� 2 L�N��Q� / A surprisingresultfrom [20], though,shows that
youcanreplaceZ by V to gettheaveragesizefor thenext generation:

4 ¯ and ° arebasedonoperators± and ² (see,e.g.,[17]) whichmatchtheupperandlowerparts
of general,non-linear, GPschemata.

5 Wewill use ³ asa binaryinfix maxoperator, and ´ asa binaryinfix min operator.



Theorem2. For GP usinginfinite populations,linear structures,standard crossover,
andno mutationwehave¨p�
N��G�«�p�8� 2 �K<?X�VI���C��� 2 LQN���� / (2)

Implicit it theseresults,but clarifiedherefor thefirst time, is:

Theorem3 (Exact theory of length changefor infinite populations). For GP using
infinitepopulations,linear structures,standard crossover, andno mutationwehave¨p�
N��|�.�I>µ¨p�
N���� � 2 �P<¶X�Z �Q�C��� 2 LQN����0> � 2 �P<¶XMHW�Q�C��� 2 LQN���� (3)

or equivalently¨p�PN��G�«�I>�¨p�PN���� � 2 �K<?X�VI���C��� 2 LQN����0> � 2 �P<¶XMHI���C��� 2 L�N���� / (4)

For infinite populationsTheorem3 givesanexactquantitativetheoryof thechanges
in theaveragesizeof apopulationovertime.6 Previoustheoriesof bloatarethenin some
senseapproximationsof this result,usually basedon somesimplifying assumptions
(e.g.,thata run has“plateaued”).This resultalsomakesit clearthat it would berather
surprisingif therewasn’t somesort of changein the averagesize, sincethis would
requireanunlikelybalancebetweentheselectionprobabilityandthelengthdistribution.

3 Flat fitnesslandscapes

In [20, in this proceedings]we appliedtheSchemaTheoremfrom theprevioussection
to the caseof a flat fitnesslandscape;dueto spacelimitations we won’t repeatthose
resultshere.A key result in this context, however, was that standardcrossover on a
flat landscapeheavily over samplesthe shorterprograms.This samplingbiasin favor
of shorterprogramsraisesseriousquestionsaboutthe “all other thingsbeingequal”
assumptionin the “Natureof programsearchspaces”theoryof bloat (Sec.1.1). That
theorydependscrucially on at leastanapproximatelyuniform samplingof the search
spaceby the operators,and here,at least,we clearly do not have uniform sampling
by standardcrossover. So while that theorymay well be valuablein helpingexplain
behaviors in othercontexts, it is not clearhow it canbeappliedin thissetting.

4 The one-then-zerosproblem

We will now apply the SchemaTheoremin a settingwherethereis bloat,namelythe
one-then-zerosproblem. We will startby definingandmotivatingtheproblem,andwe
will thenusetheSchemaTheoremto derive lengthdistribution resultssimilar to those
reportedin [20] for the flat fitnesslandscapecase.In contrastto the flat fitnesscase,
in the one-then-zerosproblemwe do observe bloat,aswell assomeimportantlength
redistributioneffectsin theearlygenerations.

6 We can,in fact,extendthis to thefinite populationcase,but to do sowe needto replacethe
exactvalueon theleft handsidewith anexpectation,namely, ·x¸ ¹�º¼»�½¾'}¿�À;¹�º¼»�¿KÁ .



4.1 One-then-zerosproblemdefinition

In this problemwe have )§�¶Â � ��L1�Ã�ÅÄ and *?�?Â � Ä . Both
� � and �Ã� areunary

operatorsthatadd
�

and � respectively to their argument.This givesusa problemthat
is essentiallyequivalentto studyingvariablelengthstringsof 0’sand1’s,with thecon-
straintthat thestringsalwaysendin a 0. Note that �Ã� is INC, and

� � canbeseenas
DON’T-INC, so this problemis structurallyquitesimilar to the earlierINC-IGNORE
problem.Fitnessin this problemwill be 1 if the string startswith a 1 andhaszeros
elsewhere,i.e., thestringhastheform �"� � �QE whereFÆ� � ; fitnesswill be0 otherwise.

Both the replicationaccuracy andthe removal biashypotheses(Sec.1.1) suggest
that this problemmight exhibit bloat.For replicationaccuracy, increasinglylong tails
of
�
’s couldactasamechanismfor increasingtheprobabilityof constructing“correct”

offspring (avoiding badcrossover). Similarly thereis a slight removal biassincethe
one“bad” crossover involvesremoving the entire root parentandreplacingit with a
substringconsistingof all

�
’s, which would on averagebe shorterthan the removed

string. Note, however, that the natureof programsearchspaceshypothesisdoesnot
appearto apply here,as the proportionof fit individuals is not constantwith respect
to length.Thereis in fact just a single “correct” string for any given length,so the
densityof solutionsdropsdramaticallyas length increases.In this casethe program
searchspacehypothesiswould not appearto suggestbloat,andmight insteadbeseen
assuggestingthe opposite,sincethe oddsof finding a correctshort individual would
seemto bemuchhigherthantheoddsof findinga correctlong individual.

4.2 Calculating Ç XO È%ÈQÉ�Ê}ËÍÌ%Î1Ê and Ç XO È-Ï�ÈQÐ�Ê-Ñ�Ì1Î1Ê
We will start7 by deriving schemaequationsfor Zq���D��� 2 L�N�� sowe canstudytheevolu-
tion of length.

Theorem4 (Length distrib ution for one-then-zeros). Using the SchemaTheorem
(Theorem1) we can showthat for GP on the one-then-zerosproblemusingstandard
crossover andno mutation,thedistribution of lengthsis characterized(for <¶� � ) by

Z XO �Q�C��� 2 LQN��p� � �}�!�� �!��Q� � �"�
Ò <���zª> �
� �K<=>µ���zÆXÓ� XªVW���"� � � ~ 3 � LQN��ÔX�VI���Õ� � ��� 3 � L�N���Ö /

In the flat fitnesscase,the formula for Z �Q�C��� 2 LQN�� dependedonly on probabilities
of theform VW�Q�C����EÕLQN�� , so if we wantedto iteratetheequationwe only neededto keep
trackof HI���D����E×LQN�� for all thelegal F ateachgeneration.In thiscase,though,Z �Q�C��� 2 LQN��
dependsonprobabilitiesof theform VI���Õ� � �QEÕL�N�� , sowealsoneedto know HW���"� � ��EÕLQN�� at
eachgeneration.Thuswe needto usetheSchemaTheorema secondtime to computeZ ���"� � ��EÕLQN�� for F;� � .

7 The derivation of the resultsin this sectionaremore lengthy than illuminating andwill be
omittedasa result.See[12] for thedetails.



Theorem5 ( �Õ� � �QE distrib ution for one-then-zeros).UsingtheSchemaTheorem(The-
orem1) wecanalsoshowthat for F;� �Z XO ���"� � � E L�N��p� �~«Ø ,�Ù VI���Õ�

� � ~ 3 � L�N��qXªVW���"� � ��EÕLQN��zÓX¾�PF��G�«�
� � � �!�� �"�}�"Ú��×Û �PFx�G�«�W�ÅzÅ>�� � �PFx�oÜ
>µ���z�X�� XªVW���"� � � ~ 3 � LQN��ÔX�VI���Õ� � ��� 3 � L�N��aÝ /

Fortunatelywe find herethat Zq���Õ� � � E L�N�� only dependson probabilitiesof theformVW���Õ� � ��Þ!L�N�� , sono furthercalculationsareneeded.Unfortunatelymostproblemsarenot
so restricted,and it is possiblefor this processto quickly balloonuntil one is forced
to tracktheproportionof every differentstring.This is essentiallyintractable,though,
sincethenumberof differentstringsgrowsdoublyexponentiallywith thegenerationN .
As aresultit is, at thispoint in thedevelopmentof thetheory, still arareproblemwhere
onecando this level of exactanalysis.

4.3 One-then-zerosresults

We can numerically iteratethe equationsin Theorems4 and 5 to betterunderstand
thebehavior of aninfinite GPpopulationon this problem.Note,however, thattracking
thesedistributionsovertimebecomesexpensivein termsof computationaleffort. In this
case,for example,generatingboth Zq���C��� 2 L�N�� and Zq���Õ� � ��EÕL�N�� are ß7�CÜáàQâ�� whereN is the
generation.8 A crucialpoint, though,is that theseequationsonly needto berun once,
andhave no stochasticeffects.They areexact calculationsof the relevant quantities
(up to the limitations of the floating point representation),and oncecomputedneed
neverbecomputedagain.This is in contrastto typicalempiricalresultsin evolutionary
computation,wherecombinationsof largepopulationsandmultiple runsarenecessary
to smoothout the stochasticeffects,andeven thenthereis no guaranteethat any two
setsof runswill havesimilar behavior.

Herewe calculatedZq���D��� 2 L�N�� and Zq���Õ� � �QEÕL�N�� for 75 generations,with an initial
populationconsistingentirelyof the only fit individual of length3, namely“100” (soVW��� �!� L � �ª�¶� ). The key resultsaresummarizedin Figures3 and4. Fig. 3(a) shows
thataftera few generations,theaveragelengthbeginsto grow quitesteadily, at leastfor
those75 generations.As we saw in Sec.1.2, though,therearesignificantrisksin over
generalizingfrom asmallview like this,soit is by nomeansclearthatthisgrowth will
continue.Our eventualgoal is to developsomethinglike a closedform for theaverage
sizeat time N to betterunderstandthelong termbehavior.

Both Figures3 and 4 show interestingbehavior in the first few generationsthat
deservesattention.In Fig.3(a)weseeaflat sectionatthebeginning,whichthenchanges
to steadygrowth. In Fig. 3(b) we seea veryhigh proportionof shortindividualsat the
beginning, which then dropsquite steeply. In Fig. 4 we seea surprisingdip in the
proportionof fit individualsin thefirst few generations,which is thenfollowedby the

8 We have found,though,that ignoringvaluesof ã below somesmall threshold(we have used'}$áä �På ) seemsto have little impacton thenumericresultsandcangreatlyspeedup thecalcu-
lationssinceit significantlyslows thegrowth of thenumberof stringsthatneedto betracked.
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Fig.3.Graph(a),ontheleft, shows thegrowth in theaveragelengthof the(infinite) populationin
theone-then-zerosproblem.Graph(b), on theright, shows thedistribution of lengthsplottedfor
every10generations.Thegeneralshapesresemblethegammadistributionsfor theflat landscape
in [20], but heretheheightof thedistributionsclearlydropsandthepeakmovesto theright over
time,reflectingtheincreasein averagesizeshown in (a).
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Fig.4. Theproportionof fit individuals(or, equivalently for this problem,theaveragefitness)in
theone-then-zerosproblemasa functionof time,plottedalongsidetheproportionof individuals
of length2 andthe proportionof both “10” and“00”. (Note that every individual in the initial
populationis fit.)

expectedrise. While we have no definitive explanationfor thesebehaviors, we can
suggestsomepossibilities.It seemslikely, for example,that the rise in theproportion
of stringsof length2 is simply a move in theearlygenerationstowardsa gamma-like
distributionwith ameanlengthnear3 (themeanlengthof theinitial distribution).This
may, in turn,betheindirectcauseof boththelackof initial bloatandtheinitial dropin
theproportionof fit individuals.

In Fig. 4 the initial dip in the proportionof fit individualscorrespondsclosely to
very high proportionsof individualsof length2. As the averagesizegrows, however,
theproportionof stringsof length2 in the(still gamma-like) distributionssoondrops.
Note also the significantproportionof the unfit string “00”, which contributesto the
initial dip in the proportionof fit individuals.After a sharpdrop in the proportionof
“00” in thefirst few generations,its proportiondropsquiteslowly thereafter(especially
given that it hasfitness

�
). In contrast,the proportionof “10” (which hasfitness1)

risesfor severalgenerations,but thendropsmuch morequickly thanthatof “00”, soon
beingalmostequalto it. Since“00” hasfitness

�
, it cannever beselectedasa parent,



soneitherreplicationaccuracy nor removal biascantell usanythingaboutwhy a non-
trivial proportionof the population’s resourcesaredevotedto samplingthis string. It
existsstrictly asa creationeffect,aneffect frequentlydismissedin othertheories.9

Theseobservationssuggestthatit maybecommonfor runsto haveaninitial period
that is heavily influenced(andin somecasesdominated)by a redistribution of lengths
towardsa gamma-like distribution. This redistribution may have little to do with fit-
ness,beinginsteaddrivenby thesizebiasof standardcrossover. Thereis, for example,
considerableanecdotalevidencethat many GP runsare initially dominatedby short,
moderatelyfit trees,andthat theheavy samplingof theseshorttreescaninterferewith
theprogressof therun.Theresultspresentedheresuggestthis mightbeespeciallytrue
if the initial averagesize is small (as in this case),as the gammadistribution with a
smallmeanhasa verystrongbiastowardsoversamplingsmalltrees.It is possiblethat
furtherexplorationof theseideascouldleadto importantnew understandingin thearea
of populationinitialization.

5 Landscapelevelsand program size

In theprevioussectionswe saw how theschematheorycouldbeusedto betterunder-
standtheevolution of lengthdistributionsover time both in caseswheretherewasno
bloatandin caseswheretherewasbloat. In this sectionwe will show how the theory
canbeusedto predictsomeimportantbehaviors in caseswherethefitnesscanbeseen
asessentiallytwo-valued.10 Whatwefind is thatin theinfinite populationcasetheaver-
agelengthof thepopulationmovesaway from theaverage lengthof thestringshaving
the lower fitness.Thustheparticularsof thefitnesslandscapearenot important;what
is importantis simply theaveragelengthof thestringshaving thelower fitnessandthe
averagelengthof the population.Quite surprising,perhaps,is the fact that this holds
evenif oneof thetwo levelsis sampledby justasinglestring,11 whichmeansthateven
asinglestringwith fitnessdifferentfrom thatin anotherwiseflat landscapeis sufficient
to drive theaveragesizeof theentirepopulation.We will call smallpartsof thesearch
spacehaving the lower fitness“holes”, andsmall partsof thesearchspacehaving the
higherfitness“spikes”;wewill usetheterm“glitch” to describebothholesandspikes.

Theseresultsarebasedon theassumptionof aninfinite population,which ensures
that the averagesizeof the stringsin the two fitnesslevels is accuratelysampled.In
the finite populationcasestochasticeffectsmake it possiblefor oneof the levels to
not be sampledaccurately(especiallyif that level only representsa small proportion
of thesearchspace).As anexample,considerana fitnesslandscapewherethefitness
of every string is 1 except for the string “00”, which hasfitness0. If the population

9 It is alsoa smallexampleof thepossibleuseof bloatasa repositoryfor geneticmaterial,as
suggestedin [2]. In this casethematerialin questionnever directly contributespositively to
thefitnessof individualsit’ s insertedinto, but it doessuggestthatspecificstructurescouldbe
preservedin bloatandrecoveredlater.

10 Therequirementthatthefitnessfunctionhasonly two valuesmight,atfirst, seemquiterestric-
tive. Therearesettings,however, wherethis maynot besucha unrealisticmodel.In a highly
convergedrunof a discreteproblem,for example,theselectionprocessmaywell only turnup
a limited numberof fitnessvalues(see,e.g.,[7]).

11 Herewemeana singlestringin thesearchspaceandnota singleindividual in thepopulation.



containsmany shortstrings,thenthe hole is likely to be heavily sampledand,aswe
shall seeshortly, bloat will likely occur. If, however, the populationconsistsof very
long strings,then it is much lesslikely that the hole will ever be sampled,and if it
isn’t thenthe systemwill presumablybehave (at leasttemporarily)asif it’s actingon
a flat fitnesslandscape.It is possiblethat this is at leastpartof theexplanationfor the
increasinglynoisybehavior of thesizecurvesin theINC-IGNOREproblem(Fig.1(b)).
As theaveragesizein thesmallpopulationgrows,thesamplingof theunfit stringsmay
becomeincreasinglyerratic,causing(in part)this highly noisybehavior.

5.1 Computing the meansize

Sinceoneof our key goalsis tracking the changesin the meanpopulationsizeover
time, it would beniceif we couldfind anequationthatrelatestheaveragesizeat timeN-�Æ� in termsof theaveragesizeattime N . In thissectionwewill derivesuchanequation
undertheassumptionthatthefitnessfunctionhasonly two values,andtheassumption
of aninfinite population.

Theorem2 gaveusthefollowing formulafor theaveragesizeof aninfinite popula-
tion at time N : ¨p�
N��G�«�p�8� 2 �K<?X�VI���C��� 2 LQN���� / (5)

We will startby extendingthis resultto includeschemataotherthanthoseof theform�C��� 2 . Assumethatthesetof possiblestringsis partitionedinto aset è of disjoint,fixed
lengthschemata.Wewill write èé�AÂÃè�5aÄ wherethe è�5 aretheschematain question,and
denotethelengthof thestringsin è�5 by ê è�5Tê . Furtherassumethatthefitnessfunctionis
constantwithin eachof theseschemata;wewill write Y0�Kè 5 � for thefitnesssharedby all
instancesof è�5 . Note that theassumptionsherearenot restrictive sincefor any fitness
function we can always decomposethe spaceinto singletonschemata,one for each
differentstring,andthosesingletonschematawould trivially satisfytheseconditions.

Giventhesenew assumptionsonecanrewrite Eq. (5) as¨p�
N��G�«�p�8� 5 �Tê è�5Tê×XªVW�Cè�5QL�N���� (6)

andEq.(1) (from Sec.2.3)as¨p�
N����A� 5 �Qê è�5Tê�X�HI�Cè�5�LQN���� / (7)

It is usefulin what follows to generalizë sothatwe cancomputethemeanlengthof
stringsmatchinga particularsubsetë of theschemata(i.e., ë�ìGè ):¨p�KëíL�N��p� ¬ 5 �Qê ëx5Qê�X�HI�Kë�5�LQN����¬ 5 HI�Cëx5�LQN�� / (8)

Eq.(7) is now aspecialinstanceof Eq.(8)whereë[�8è , in whichcasethedenominator
is 1.

For fitnessproportionateselectionwe know thatVW�Kè�5�LQN��p�©HI�Kè�5�LQN��ÔX�Y0�Cè�5K�TS YI�
N�� � HI�Kè�5TLQN��qX�Y0�Cè�5C�¬ ~ �KHI�Kè ~ L�N��qXUY0�Cè ~ ��� / (9)



PuttingEq.(9) into Eq. (6), we thenget

Theorem6 ( ¨p�PN��o�«� in terms of HI�
N�� ). If thesetof possiblestringsis partitionedinto
a setof disjoint, fixedlengthschemataÂÃè 5 Ä of uniformfitness,wehave, for an infinite
population,standard crossover, no mutation,andfitnessproportionateselection,that¨p�
N��G�«�p� ¬ 5 �Tê è�5mêvXMHI�Kè�5QL�N���X�Y0�Cè�5K�Q�YI�
N�� � ¬ 5 �Tê è�5mêvXMHI�Kè�5QL�N���X�Y0�Cè�5K�Q�¬ ~ �KHI�Kè ~ L�N��qXMY0�Kè ~ ��� / (10)

Notethatin Eq.(10),thenumeratoris nearlyEq.(7) for ¨p�
N�� exceptfor thepresence
of the Y0�Cè�5K� term.This suggeststhat if we make somesimplifying assumptionsabout
thefitness,wemightbeableto write this in termsof ¨p�
N�� . Assume,then,thatthefitness
functiononly hastwo values,� and �q�ïîY . Thenwe cansplit theset ÂÃè 5 Ä of schemata
into a disjoint union Â«è 5 Äµ�®Â.ð�ñvÄ�ò�Â.ó
ô"Ä where Â«ð�ñ×Äé�?ÂÃè 5 ê{Y0�Cè 5 �Æ�õ�!Ä , andÂ.ó ô Ä
�[Â«è�5Wê«Y0�Kè�5D�p��� � îY�Ä . This allowsusto furtherrewrite Eq. (10):¨p�
N��|�.�� ö Eq.(10);definitionof Â.ð4ñvÄ , Â.ó
ô"Ä . ÷¬ ñ �Qê ð�ñ�êvXMHW�Kð�ñ{L�N��ÔXMY0�Pð4ñ"���W��¬ ô �Qê ó4ô�êvX�HI�Pó
ôvLQN��ÔX�Y0�Kó4ôÃ�Q�¬ ñ �KHI�Kð�ñnL�N��qXMY0�Pð�ñÕ����� ¬ ô �KHI�Pó
ôvL�N���X�Y0�Kó4ôÃ���� ö�Y0�Pð4ñ"���[� , Y0�Kó4ôá�p��� �õîYí÷¬ ñ �Qê ð�ñ�êvXMHW�Kð�ñ{L�N����W��¬ ô �Qê ó4ô�ê�X�HI�Kó4ô×LQN��ÔXµ��� �õîY��Q�¬ ñ HI�Pð�ñnL�N�����¬ ô �KHI�Pó
ôvL�N��qX¾���Ô�õîY����� ö Distributing across��� �õîY�� ; Â«è�5aÄ
�AÂ«ð ñ Ä òUÂ«ó ô Ä�÷¬ 5 �Qê è 5 êvXMHW�Cè 5 L�N����W�õîYÍX ¬ ô �Qê ó
ô�ê×XUHW�Kó4ô×LQN����¬ 5 HI�Cè 5 L�N����õîYUX ¬ ô HI�Pó
ô×L�N��� ö Equations(7) and(8). ÷¨p�
N����®îYÍX�¨p��Â.ó
ôÕÄ"L�N��qXU¬ ô HI�Kó4ô×LQN��� �õîYUXU¬ ô HI�Pó ô L�N��� ö Factorout ¨p�
N�� . ÷¨p�
N��ÔX � �ùø �¼úQû�ü.ý-þ â ¡ø � â ¡ X=îYÍXM¬ ô HW�Kó4ô�L�N��� �?îYÍXM¬ ô HI�Kó4ôvLQN��/
This, then,givesusthefollowing:

Theorem7 (Sizeevolution equation). If Â.ó ô Ä is a setof disjoint, fixedlengthsche-
mata of uniform fitness �x� îY , and the rest of the search spacehas fitness � , then,
for an infinite population,standard crossover, no mutation,and fitnessproportionate
selection,wehave

¨p�
N��|�.�p�|¨p�
N��ÔX � ��ø �ÿú�û ü ý}þ â ¡ø � â ¡ X=îYUXU¬ ô HI�Kó4ô×LQN��� � îYUX ¬ ô HI�Pó ô L�N�� / (11)



The numeratoranddenominatorin Eq. (11) differ only by ¨p��Â.ó ô Ä"L�N��TS«¨p�PN�� . This
allowsusto fully characterizethechangein the(infinite) population’saveragesizefrom
time N to NW�|� solelyin termsof thesignof îY andwhether̈p�aÂ«ó4ôÕÄÕL�N��TS«¨p�
N�� is greater
or lessthan1. For “spikes”, i.e.,when îYÍ� � , wehave¨p�aÂ«ó ô ÄÕL�N��QSÃ¨p�
N�� �A�����?¨p�
N��G�«�q�o¨p�PN��¨p�aÂ«ó4ôÕÄÕL�N��QSÃ¨p�
N�� :A�����?¨p�
N��G�«�q:o¨p�PN�� /
For “holes”, i.e., îYÍ: � , theconverseis true:¨p�aÂ«ó ô ÄÕL�N��QSÃ¨p�
N�� �A�����?¨p�
N��G�«�q:o¨p�PN��¨p�aÂ«ó4ôÕÄÕL�N��QSÃ¨p�
N�� :A�����?¨p�
N��G�«�q�o¨p�PN�� /
Thusif thefitnessof the ó 5 is betterthanthefitnessof the ð 5 , theaveragesizeof the
populationwill movetowardstheaveragesizeof the ó45 . If, ontheotherhand,thefitness
of the ó 5 is worsethanthefitnessof the ð 5 , thentheaveragesizeof thepopulationwill
moveawayfrom theaveragesizeof the ó 5 .

It is importantto notethat this lattercasecould leadto eitherbloator a shrinking
averagesizedependingon whether ¨p�
N�� is above or below ¨p��Â.ó
ô!ÄÕL�N�� . Thuswe see
that thesameforcesthatcanleadto bloat in onesettingcanleadto theoppositeeffect
in anothersetting.It is also important to note that while this tells us that (in these
conditions)bloatwill continueforever, it doesnot tell usthatthemagnitudeof thebloat
is unbounded;it is possible,for example,that the averagesizewill continueto grow
towardssomeasymptoticlimit.

Oneof themostremarkableimplicationsof this is thata singlestringwith higher
or lower fitnessthananotherwiseflat landscapeis sufficient (in theinfinite population
case)to drive the averagesizeof the entirepopulation.Preliminaryexperimentswith
finite populationsindicatethat small holesarealsocapableof affectingchangein the
averagelength for a time, althoughsamplingeffectseventually take over. It’s possi-
ble, therefore,that onemight be able to usetheseideasto develop new methodsfor
managingthesizeof individualsduringa run.

6 Conclusionsand futur e work

In this paperwe have shown how theschematheoryfor linear-structureGPfrom [20]
can be productively applied to the important challengeof better understandingthe
changesin sizedistributionsduringa GPrun. We have seen(Sec.1.2) that,while ex-
perimentalwork is crucial,onemustbeverycarefulin interpretingthedatathatcomes
from unavoidably small views on a large and complex process.Applicationsof the
schematheoryto problemsbothwith (Sec.4) andwithout fitness(Sec.3) suggestthat
standardcrossover inducessomevery specificbiasesin thedistributionsof sizes,with
a very strongtendency to over samplethe smallerstructures.Therealsoappearto be
significantredistribution effectsthatmaybe a major force in theearlystagesof a GP
run.We have alsogeneralizedthesespecificresults,yielding two importanttheoretical
results.The first is an exact theoryof bloat (Sec.2.3) which givesa formula for the
changein averageprogramsizefor infinite populationsof linearstructureswhenusing



standardcrossover without mutation.The secondis a generaltheoryof how average
sizeschangeon flat landscapeswith glitches(Sec.5), including the surprisingresult
that a singlestring glitch is sufficient to drive the averageprogramsizeof an infinite
population.

Theseideasopenup numerouspossibleavenuesfor future research,both theoret-
ical andapplied.While this paperhasconcentratedon standardGPcrossover without
mutation,we have extendedthis elsewhereto includeheadlesschicken crossover and
two different typesof subtreemutation[19, 14]. The theorycould thenbe extended
to combinationsof operators,completewith differentlikelihoodof application.Also,
sincethe lengthdistribution for theone-then-zerosproblem(Fig. 3(b)) doesn’t appear
to reacha limit distribution asit did in theflat fitnesslandscape,finding a closedform
for thatdistribution over time would beof realvalue.Thetwo-level fitnesstheorytells
usthatundercertainconditionsbloatwill happen,andwill in factcontinueforever, but
at the momentit’s not clearwhetherthe averagesize risestowardssomeasymptotic
value,or insteadcontinueswithout bound.

Oneof themostintriguing possibleapplicationsof theseideasis thepossibilityof
usingartificially created“holes” to control codegrowth. The two-level fitnesstheory
suggeststhatonemight beableto slow or stopbloateitherby lowering thefitnessof
a (possiblysmall) setof large individuals,or by raising the fitnessof a setof small
individuals.Thereareimportantissues,suchassamplingerrors,thatwould alsoneed
to bestudied,but onemighteventuallybeableto developamethodthatwouldallow us
to controlcodegrowth in awaywhich limits thechangesmadeto thefitnesslandscape,
therebylimiting theintroducedbias.

Anotherkey applicationis to thequestionof populationinitialization. Most of the
existing initialization techniquesarefairly adhoc,andmay in fact interactbadlywith
thesamplingbiasinducedby standardcrossover. Our theoreticalresultscouldbeused
asthebasisfor new initialization techniquesthatminimize thepotentiallydistributive
effectsof bothlengthredistributionandoversamplingof smallstructures.

In sum,we have seenthat theschematheorycanbesuccessfullyappliedto a vari-
etyof linearproblems,andthattheresultshelpanswerimportantquestionsandsuggest
interestingnew linesof inquiry. It is ourexpectationthatfurtherdevelopmentwill con-
tinueto yield valuableresults.
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