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Abstract- Understanding operator bias in evolutionary
computation is important becauseit is possible for the
operator’s biasesto work against the intended biasesin-
ducedby the fitnessfunction. In recentwork we showed
how developmentsin GP schematheory can be used to
better understandthe biasesinducedby the standard sub-
tr ee crossover when genetic programming is applied to
variable length linear structur es. In this paper we use
the schematheory to better understandthe biasesinduced
on linear structur esby two commonGP subtreemutation
operators: FULL and GROW mutation. In both caseswe
find that the operators do have quite specificbiasesand
typically strongly oversampleshorter strings.

1 Intr oduction

Most (if not all) GP operatorshave a variety of biaseswith
respectto boththesyntaxandthesemanticsof thetreesthey
produce.Unfortunatelythesebiasescanoften work against
the biasesimplied by the fitnessfunction, which makesun-
derstandingthesebiasescrucial to understandingthe behav-
ior of andrelationshipsamongthevariousoperators.

In [1, 2] we showed how recent developmentsin GP
schematheory (e.g., [3, 4, 5, 6]) can be usedto betterun-
derstandthebiasesinducedby thestandardsubtreecrossover
whengeneticprogrammingis appliedto variablelengthlin-
earstructures.In particularweshowedthatsubtreecrossover
hasa very strongbias towardsoversamplingshorterstrings
and,in somesenses,worksagainstbloat. An importantfol-
lowup question,then, is what sort of biasesare inducedby
thecommonGPmutationoperators.

In this paperwe applytheschematheoryto this question,
deriving exactschemaequationsfor subtreemutationon lin-
earstructures,usingboth the FULL andGROW methodsto
generatethenew, randomsubtrees.Iteratingthoseequations
on both a flat fitnesslandscapeand a needle-in-a-haystack
styleproblem,calledtheone-then-zerosproblem,shows that
both of thesesubtreemutationoperatorshave strongbiases
with regardto thepopulation’s lengthdistribution. Similar to
thebiasof subtreecrossover, we find thatthesemutationop-
eratorsarestronglybiasedin favor of shorterstringsin both
thesefitnessdomains.

In thefollowing section(Section2) we review theFULL
andGROW mutationoperatorsthatwill theobjectsof this in-

vestigation,andthenreview the necessarybasicsof schema
theory in Section3. Section4 presentsexact schematheo-
remsfor both the FULL andGROW mutationoperatorsfor
linearstructureson a flat fitnesslandscape,aswell asthere-
sultsof iteratingthoseschemaequations.Section5 presents
the resultsfor the one-then-zerosproblem,a simple linear
problemthatexhibitsbloatunderstandardcrossover. Wethen
presentconclusionsandideasfor futurework in Section6.

2 GP mutation

A widevarietyof GPmutationoperatorshavebeensuggested
(e.g.,[7, 8, 9, 10]), but in this paperwe aregoingto focuson
two of theearliestandstill mostcommon:FULL andGROW
subtreemutation[11]. Theschematheoryis generalenough,
however, to handlemany of theseother mutationoperators
(see,e.g.,[12]).

Both FULL and GROW mutation have the samebasic
form. First an individual is selectedfor mutation,thensome
nodein that tree is chosenas the mutationpoint, and then
somenew randomsubtreeis generatedto be insertedat the
mutationpoint. Thusboth resemblecrossover, but the sub-
treebeinginsertedis randomlygeneratedinsteadof coming
from someothertreein thepopulation.

WhereFULL and GROW mutationdiffer is in how the
new randomsubtreesare generated,and in particularhow
their sizesandshapesaredetermined.In FULL, eachbranch
of the treehasa specifieddepth � . Thusnon-terminalsare
selecteduntil depth� is reached,atwhichpointterminalsare
selected.1 In GROW mutation,onechoosesfrom thesetof all
functionsandterminalseverytime,only terminatingabranch
if aterminalis chosen.Thusthereisnoapriori limit oneither
thesizeor depthof theresultingtrees,and[10] showsthatun-
dercertaincircumstancestheexpectedsizeof treesgenerated
usingthis processis in fact infinite! As a result,the GROW
generationmethodoftenhasanadditionaldepthlimit � and
theconstraintthatoncedepth� is reachedonly terminalsare
chosen.[10] presentssomerelatedtreegenerationalgorithms
thatallow morecontrolof thestatisticaldistributionof there-
sultingtrees.

1It is commonfor theselectionof non-terminalsandterminalsto bedone
uniformly, andthat will be followed here. As [10] pointsout, though,one
couldspecifynon-uniformselectiondistributionsto biasthenodeselection
process.



For amoredetailedschematheoryanalysisof generalsub-
treemutationoperators,aswell asthecloselyrelatedheadless
chickencrossover, see[12].

3 Schema theorem for subtree mutations on
linear structures

In [12] weprovidetheexactschematheoryfor subtreemuta-
tion. In this sectionwe will specializethat to thecaseof GP
on linear structures,and in the subsequentsectionswe will
thenusethat resultto betterunderstandtheeffectsof differ-
entmutationsoperationsin two specificsituations.

3.1 Preliminary definitions

Beforerestatingtheschematheoremfor subtreemutation,we
presenta few definitionsthatallow us to simplify the theory
in thecaseof linearstructures.

3.1.1Representingschemata

Let � bethesetof possiblenon-terminalnodes,� betheset
of terminals,and�����	�
� . In alinear-structureGPindivid-
ualscanthenbeseenassequencesof symbols�
�������������������
where ������� for ���! #"%$ and �����&�'�(� . We will
thendefinea linearGPschemaasthesamekind of sequence�
������������������� exceptthat a new “don’t care” symbol ‘ � ’ is
addedto both � and � .2 Thusschematarepresentsetsof lin-
earstructures,wherethe positionslabelled‘ � ’ canbefilled
in by any elementof � (or � if it is theterminalposition).In
thefollowingwewill usethesuperscriptnotationfrom theory
of computation,where )+* indicatesa sequenceof ,-) ’s; ) �
is theemptystring.

A few examplesof schemaare:.�/ �10 � : Thesetof all sequencesof length  .. $ / �1032 : Thesetof all sequencesof length 465�$ starting
with a 1.. $ /87 092 : The singletonset containingthe string 1 fol-
lowedby 4 0’s.

3.1.2Characterizing schemata

In orderto countinstancesof schemata,weneedasetof def-
initions thatcapturethewaysin which schemataareselected
andtransformed.
Definition 1 (Proportion in population) : /<;�=3> 0 is thepro-
portionof stringsin thepopulationat time > matchingschema; . For finite populationsof size ? , : /<;�=3> 0@�BA /8;�=9> 09C�? ,
where A /<;�=3> 0 is the numberof discrete instancesof ; at
time > .

2This new ‘ D ’ symbolplaysa role similar to thatof the‘#’ “don’t care”
symbolin GA schematheory. For historicalreasons,however, ‘#’ hasbeen
assignedanothermeaningin previouswork [5, 6, 13]. Schematawhichcon-
tain no ‘#’s areknown asfixed-size-and-shapeschemata;all schematadis-
cussedin this paperarefixed-size-and-shapeschemata.

Definition 2 (Selectionprobability) E /8;-=3> 0 is theprobabil-
ity of selectingan instanceof schema ; from the popu-
lation at time > . This is typically a function of : /8;�=9> 0 ,
the fitnessdistribution, and the details of the selectionop-
erators. With fitnessproportionateselection,for example,E /8;-=3> 0F�B: /<;�=3> 0&GIH /8;-=3> 09C H /J> 0 , where H /8;-=3> 0 is theaver-
age fitnessof all theinstancesof ; in thepopulationat time> and H /J> 0 is theaveragefitnessof thepopulationat time > .
Definition 3 (Transmissionprobability) K /<;�=3> 0 is the
probability that the schema ; will be constructedin the
processof creating the population for time > 5L$ out of
the populationat time > . This will typically be a function
of E /8M-=9> 0 for the various schemata M that could play a
role in constructing ; , and of the details of the various
recombinationandmutationoperatorsbeingused.

Wecannow modelthestandardevolutionaryalgorithmas
thetransformation: /<;�=3> 0ONJPRQ PRSUT8V W9X"ZY E /<;�=3> 0 []\ T<^3T8V W�XSR_JW9N8NJWR`aPR_"ZY K /<;�=3> 0 N8^ [Ob Q V X�c"ZY : /8;�=9> 5d$e0
�
Herethe arrows indicatethat somenew distribution (on the
RHSof thearrow) is generatedby applyingthespecifiedop-
eration(s)to the previous distribution (on the LHS). So, for
example,theprocessof selectioncanbeseenasatransforma-
tion from thedistributionof schemata: /8;-=3> 0 to theselection
probability E /<;�=3> 0 . A crucial observation is that, for an in-
finite population, : /8;�=9> 5f$e0g�hK /8;-=3> 0 for >jik7 , which
meanswe caniteratethesetransformationsto exactlymodel
thebehavior of aninfinite populationover time.

Themutationoperatorswewill belookingat in Sections4
and5 will dependon onefurtherdefinition:
Definition 4 (Creationprobability) l mut

/8; 0 (or l mut
/8;�=9> 0 if

it dependson the generation > ) is the probability that some
GP subtreemutationoperator will generate a new, random
subtreethat is an elementof theschema; .

3.1.3Creating instancesof schemata

Definition 5 ( m and n ) We define for linear schema; ���
�o���]�����3������� thefollowingm /8;�= � =ap 0q� � � � � ������� �J�&� / �103r �s� (1)n /8;�= � = ,t0q� / �10 * �s�vu&� � � � �wux� �����3� �y�&� (2)

Here m /8;�= � =�p 0 is theschemaof length p containingtheleft-
most � symbolsof ; , and n /8;�= � = ,t0 is theschemaof length, containingtherightmost z"j� symbolsof ; .3 Theimpor-
tant thing about m and n is that if you usestandardcrossover
to crossover any instanceof m /<;�= � =�p 0 at position � with
any instanceof n /8;�= � = ,t0 at position ,{"| }5~� , the result
will be an instanceof ; provided that p 5f,!�� and7���/  �"�,t0������� �� p , where � is a binary infix max
operator, and � is a binaryinfix minoperator. A relatedpoint
which is crucial hereis that if we performsubtreemutation

3 � and � arebasedon operators� and � (see,e.g.,[12]) which contain
theupperandlower partsof general,non-linear, GPschemata.



on any instanceof m /8;�= � =�p 0 at position � , wherethe sub-
stringswappedin is aninstanceof n /8;-= � =  �"��R0 , thenweget
aninstanceof ; . Further, thesearetheonlywaysto usestan-
dardcrossover or subtreemutationto constructinstancesof; . Thusthesedefinitionslet usfully characterizethemech-
anismsfor constructinginstancesof thelinearschemata; .

To clarify which operatorwe areworking with, we intro-
ducespecializedformsof the transmissionprobability func-
tion K , namely. K mut is the transmissionprobability duespecificallyto

mutation,. K FULL is thetransmissionprobabilityduespecificallyto
subtreemutationusingtheFULL method,and. K GROW is thetransmissionprobabilityduespecificallyto
subtreemutationusingtheGROW method.

3.2 Schematheoremfor generalmutations

Given the above definitionswe cannow restatethe schema
theoremfor node-invariant4 subtreemutation (Corollary 6
from [12]) in a morecompactform:
Theorem1 (Schema theorem for mutation on linear
structur es) The total transmissionprobability for a fixed-
size-and-shapeGP schema; ���
�e���]�����3������� undernode-
invariantsubtreemutationisK mut

/<;�=3> 0� � �a����3������������J��� � $p GxE / m /8;�= � =�p 0 =3> 0&GIl mut
/ n /8;�= � =  ("���030��

� � �
��������J���s 3� � $p GtE / �
�6�����3���8��� / �109r �Z� =3> 0GIl mut
/ ���¡��������������0 � (3)

It is importantto realizethatthisisageneralresultandapplies
to many differentsubtreemutationoperators,with thedetails
of thespecificoperatorencapsulatedin the l mut

/ ���¢�����3��������0 .
4 Flat fitnesslandscapes

GivenTheorem1 we cannow specializethis for thecaseof
a flat fitnesslandscape(i.e.,all individualshave thesamefit-
ness).This is a valuableexercisebecauseit allows us to see
thebiasesof theoperatorswithouttheaddedeffectsof fitness.
Thesebiasescan,in somecases,bequitestrong,andactually
work againstthe(intended)biasinducedby thefitnessfunc-
tion. (See[2] for examplesof this in the caseof standard
subtreecrossover.)

4A mutationoperatoris node-invariant if thechoiceof themutationpoint
in theparentprogramdependsonly on its shape(see[12]). Most commonly
usedGPoperatorsarenode-invariant,andonly node-invariantoperatorswill
beconsideredin thispaper.

In this sectionwe will specializeTheorem1 for FULL
andGROW mutationrespectively, andthenlook at thelength
biasestheseoperatorsinduceon aflat fitnesslandscape.

Beforedoingthis, though,we canusethefactthatwe are
on a flat fitnesslandscapeto make an immediatesimplifica-
tion. In particularwe notethatfor aflat fitnesslandscapeE /<;�=3> 0I��: /8;�=9> 0 =
i.e., the probability of selectingan individual matchingthe
schema; is the sameasa proportion : /<;�=3> 0 of ; in the
populationat thattime.

Ourconcernhereis to betterunderstandtheeffectof these
operatorson the distributions of lengths,so we will focus
solely on the lengthsof the strings. If onewasinterestedin
othereffects,suchasmixing, thenonewould needto tracka
largersetof schemata,but in this caseweonly needconsider
schemata; of theform / �10 � .

4.1 FULL mutation

To specializeTheorem1 for FULL mutation,we needto de-
termine l FULL

/ ���£�����9��������0F�|l FULL
/9/ �10 �y�s� 0��

Since FULL always (and exclusively) generatesstrings of
length � , weknow thatl FULL

/9/ �10 ���s� 06��¤ /  L"����|�¥0 (4)

where¤ /§¦ 0F��$ if ¦ is trueand0 otherwise.Thisallowsusto
rewrite Theorem1:K FULL

/3/ �10 � =3> 0� ¨ Theorem1; simplifying E and l FULL . ©� �
��������J���s 3� � $p Gv: /3/ �10 r =9> 0&Gª¤ /  L"��]���¥0 �� ¨ (  «"��]�~��0F¬ / ���~ «"���0]©�re­ � � $p GI¤ /87 �® k"{�«�' «� p 0tGv: /9/ �10 r =3> 0 �� ¨ /<p � 7
¯�7 �® «"��«�° «� p 0¬ /87 �' «"{�«� p 0]©¤ / �«�' ±0&G �re­ ���Z² � $p Gv: /9/ �109r =3> 0 � (5)

This, then,givesus:
Theorem2 (Schematheorem for FULL mutation on flat
fitness landscapes)The transmissionprobability for FULL
subtreemutationfor depth� usinglinear structuresona flat
fitnesslandscapeisK FULL

/9/ �10 � =3> 0F�~¤ / �«�® �0tG �re­ ���Z² � $p Gv: /3/ �103r =9> 0R�³�
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Figure 1: The distribution of lengthsover time on a flat fitness
landscapeusing a linear representation.Only FULL mutation is
used,with µ·¶�¸ . The initial populationconsistssolely of indi-
vidualsof length45. Thedistributionafteroneroundof mutationis
a flat distribution,with eachlengthbetween5 and49equallylikely.
The distribution quickly moves towardsa limit distribution where
theproportionis constantfor lengths5 through9, andthenfalls off
steeplyfor longerstrings.
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Figure2: SameasFigure1 excepthere µ¹¶»º�¼ . The resultsare
quite similar, with the primary differencesbeinga longerflat area
andahigheraveragelength.(Notethattherangeontheverticalaxis
is considerablysmallerthanin Figure1.)

4.2 The biasesof FULL mutation

GivenTheorem2, wecaniteratethisequationfrom someini-
tial distribution : /3/ �10 � =97 0 of lengthsandget theexactdis-
tributionsof lengthsovertimefor thecaseof FULL mutation
actingon aninfinite populationwith flat fitness.Figures1, 2,
and3 show the evolution of the length distribution and the
averagelengthsover100generationsfor two differentvalues
of � (5 and20).

Thereareseveral importantthingsto noteaboutthesere-
sults:. In eachcasethe populationquickly moves to a limit

distribution, so after a brief redistribution of lengths,
thedistributionof lengthsis stable.. The population moves very quickly to an average
lengthof ½¾G1�h"¿$ , and this averagelength is inde-
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Figure3: TheaveragelengthsusingFULL mutationonaflat fitness
landscape.Thefour plotsshow theeffectsof differentchoicesof µ
anddifferentinitial conditions.In the“all 45” casesall theindividu-
alsin theinitial populationwereof length45. In the“half 5 half 45”
cases,theinitial populationwasevenly split betweenindividualsof
length5 andlength45.

pendentof theinitial distribution. Thus,aftertheinitial
redistribution of lengthsis over, therewill be neither
growth (bloat)or shrinkage.. K FULL

/9/ �10 � =9> 0 is

– 7 if  ��'� ,

– Someconstantvalueif �L�® Á�|½
Gª� (i.e., the
distribution is “flat” in thatregion),

– Rapidlydecreasingfor ½
Gª�«�' .. TheFULL mutationoperatoron linearstructuressam-
plesstringswhoselength  is in therange�}�~ Â�½ÃG@� much morethanstringswhoselengthis outside
this range.

[14] containsanumberof theoreticalresultsonthebehav-
ior of standardcrossover andboth FULL andGROW muta-
tion on linearstructuresin theflat fitnesscase.Amongthese
is aproofthatthelimit of theaveragelengthis indeed½ÄG���"Å$
(andthereforeindependentof theinitial distribution),andthat
thedistribution is flat for lengths�k�® ��®½@Gª� .

4.3 GROW mutation

Having specializedTheorem1 for FULL mutationand ex-
ploredits biases,we will now do thesamefor GROW muta-
tion.

Hereagainweneedto determinel GROW
/3/ �10 ���Z� =3> 0 , but in

the GROW caseit is not quite so simplesincethe lengthof
thestringgeneratedby theGROW methodis not determinis-
tic. Anothercomplicationis that the GROW methodhasan
optionalparameterwhich limits thedepthof the treesit will
generate. In the linear casethe treesgeneratedby GROW
tendto be small even without a limit, so in this analysiswe
will not limit thedepth;it would,however, beasimplematter
to includeadepthlimit if desired.



WhenusingGROW mutation,theprobabilityof generat-
ing astringof agivenlength(  �"	� in ourcase)is a function
of thenumberof terminals,Æ �¥Æ , thenumberof non-terminals,Æ ��Æ , andthetotalnumberof symbolsÆ �6ÆÇ�fÆ ��Æ�5�Æ ��Æ . In par-
ticular wecancalculatel GROW

/ ���¢�����3�����&��0F��l GROW
/3/ �10 ���Z� 0

by noting that the first  q"���"L$ symbols have to be
non-terminals(and thus eachchosenwith probability È¿�Æ ��Æ C£Æ �6Æ ), and the last symbol must be a terminal (and thus
chosenwith probability $
"�È��¹Æ �jÆ C£Æ �6Æ ). This thenimplies
that l GROW

/3/ �10 ���Z� 06��È �y�s�J�&� G / $@"{ÈÇ0
� (6)

We canthencombinethiswith Theorem1 to get
Theorem3 (Schematheoremfor GROW mutation on flat
fitnesslandscapes)Thetransmissionprobability for GROW
subtreemutationwith no depthlimit usinglinear structures
on a flat fitnesslandscapeisK GROW

/3/ �10 ���Z� 0� � �a����3�������s 9� � $p Gv: /9/ �109r =3> 0&GªÈ ���s�J�&� G / $@"{ÈÇ0R���
4.4 The biasesof GROW mutation

As before,we can iteratethe equationin Theorem3 from
someinitial distribution : /3/ �10 � =97 0 of lengthsand get the
exactdistributionof lengthsover time for thecaseof GROW
mutationactingonaninfinite populationwith flat fitness.

Figure4, for example,shows thechangingdistribution of
lengthsover time when È	��É�CÇÊ . The first generationhasa
distribution thatbearssomesimilarity to thedistributionsob-
tainedwith FULL mutation,but subsequentgenerationshave
distributionsthatareextremelysimilar to thediscretegamma
distributionsobtainedwhenusingstandardsubtreecrossover
on aflat fitnesslandscape(see[1]).

As was the casewith FULL mutation, we seethat the
distribution for GROW mutationapproachesa limit distribu-
tion veryquickly, andthat this limit distribution samplesthe
shorterstrings(in this case,thosewith length lessthan20)
much morethanit samplesthe longerones.The limit distri-
bution for GROW is alsoindependentof the initial distribu-
tion, but it doesvary with È . Figure5 shows the limit dis-
tributionsfor five differentvaluesof È , andwe seethatboth
the height and width of the distributions vary a greatdeal.
Figure6 shows similar variationin the averagelengthsover
this rangeof valuesof È . Theseresultscorroboratethe sug-
gestionsin [10] thatwhenusingGROW mutationoneshould
be very careful aboutthe relative numberof functionsand
terminals,asa “small” changein thosesetscouldhaveapro-
nouncedeffectonthesizebiasinducedby themutationoper-
ator.

As mentionedabove, the limit distributions in Figure 5
look verysimilarto thediscretegammadistributionsobtained
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in [1] for standardsubtreecrossover. [14] provesthat these
distributions for GROW mutation are in fact also discrete
gammadistributions. This is a rathersurprisingresultsince
onewould nota priori expectstandardsubtreecrossoverand
grow mutationto necessarilyinducethesamelengthdistribu-
tions. It suggestssomerelationshipbetweenthedistribution
of thelengthsof thenew, randomstringsgeneratedby GROW
mutationandthedistribution of the lengthsof thesubstrings
chosento swap in whenusingsubtreecrossover, but this re-
lationshipis not yetwell understood.

5 The one-then-zerosproblem

Theone-then-zerosproblemwasintroducedin [2] asasimple
linearproblemthatexhibitsbloatingbehavior understandard
subtreecrossover. In this problemwe have �Á�hÎ 7 5 = $Ï5¾Ð
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and �(��Î 7 Ð . 7 5 and $o5 arebothunaryoperatorsthatadd
0 and1 respectively to theirarguments.This givesusaprob-
lem thatis essentiallyequivalentto studyingvariablelengths
stringsof 0’s and1’s, with the constraintthat the string al-
waysendin a0. Fitnessin thisproblemwill be1 if thestring
startswith a1 andhaszeroselsewhere,i.e., thestringhasthe
form $ /<7 092 where4�� 7 . Thefitnesswill be0 otherwise.

In [2] we usedschematheoryto show that standardsub-
treecrossover inducesbloat in this problem. More specifi-
cally, in theinfinite populationcasetheaveragesizeincreases
steadilyfor at leastthe75generationsoverwhichweiterated
the schemaequations. The overall length distributions ap-
pearedto be similar to the discretegammadistributionsob-
tainedon theflat fitnesslandscapes,asshown in Figure7. A
key question,then, is whetherFULL andGROW mutation
will alsoinducebloator gamma-likedistributions.

Following adevelopmentsimilar to thatin [2], wecande-
rive the following specializationof Theorem1 for the one-
then-zerosproblem:

Theorem4 (Schematheorem for mutation on one-then-
zeros) The total transmissionprobabilities inducedby mu-
tation in the one-then-zerosproblemfor the schemata/ �10 �
and $ /87 032 aregivenby:K mut

/3/ �10 � =3> 0F�� �a����3�������s 9� � $p GxE / $ /87 03r �&� =9> 0&GIl mut
/9/ �10 �y�s� 0 �

andK mut
/ $ /87 0 2 =9> 0F��ro­ � � $p GxE / $ /87 03r �&� =3> 0xGIl mut

/ $ /<7 0 2 0 � 5� �a���Ñ �����ÓÒÕÔ3Ö Ñ8×  3� � $p GxE / $ /87 0 r ��� =3> 0&GIl mut
/<7 2 ux�
�Z� 0R�³�

One advantageof using the schematheory is that one
can use it to preciselydeterminewhich schemataneedto
be tracked in orderto iteratethe schemaequations.For the
one-then-zerosproblem, for example,working throughthe
schematheoryasis donein [2] shows that to trackschemata
of theform / �10 � wealsoneedto trackschemataof theform$ /87 032 . Further, thetheoryshows thatno otherschemataneed
to betracked,sowe know that thesearenecessaryandsuffi-
cient.

5.1 FULL mutation

To specializeTheorem4 for the FULL mutationwith depth� weneedto specializetheappropriatel mut expressions:l FULL
/3/ �10 ���Z� 0Ø� $ if ���� L"��� 7 otherwisel FULL
/ $ /87 0 2 0Ø� $oCÇ½ ²v��� if 4Ù���z"'$� 7 otherwisel FULL
/<7 2 u]�a�s� 0Ø� $oCÇ½ ²v��� if �O��415|$@"{�� 7 otherwise

Pluggingtheseinto Theorem4 yields
Theorem5 (Schematheoremfor FULL mutation on one-
then-zeros) The total transmissionprobabilities induced
by FULL mutation in the one-then-zeros problem for the
schemata/ �10 � and $ /<7 032 areasfollows.First,K FULL

/9/ �10 � =9> 0F� �re­ ���Z² � $p GxE / $ /<7 03r ��� =3> 0 �
if  «"�� i®7 , andis 7 otherwise. Second,K FULL

/ $ /87 0 2 =3> 0F� �re­ 2 �Z²Fux� � $p GxE / $ /<7 03r ��� =9> 09C�½ ²v�&� �
if 4 i ��"°$ , andis 7 otherwise.



We iteratedtheseequationsfor 100generationsasin Sec-
tion 4.1to seewhatbiasesFULL mutationhadin thisdomain.
Rathersurprisingly, the length distribution generatedwhen
weapplyFULL mutationto theone-then-zerosproblemis in
factidenticalto thelengthdistributionobtainedwhenwe ap-
plied FULL mutationto the flat fitnesslandscapeearlier in
Section4.1. In otherwords,Figure1 illustratesthebehavior
of FULL mutationon bothproblems.

The reasonfor this appearsto be the fact that the odds
of FULL mutationcreatinga “correct” offspring (i.e., gen-
eratingthe new, randomsubstringnecessaryto generatean
individual having fitness1) is independentof the length of
theparent.ThusFULL mutationwill generatemany unfit in-
dividualsin the one-then-zerosproblem,but all lengthswill
have the sameproportionof unfit stringswhich will be ig-
noredin theselectionprocess.

It seemslikely that this is a ratherunusualartifactof this
particularproblem,and that thereare certainly many prob-
lems where the FULL mutation operatorinducesdifferent
distributionsof lengthsthanthedistribution it induceson the
flat fitnesslandscape.

5.2 GROW mutation

To specializeTheorem4 for GROW mutation(againassum-
ingnodepthlimit) weagainneedto specializetheappropriatel mut expressions.In this problemwe have two non-terminals
andoneterminal,so ÈÚ�B½�CÏÛ . This thengivesusl GROW

/9/ �10 �y�s� 0Ø� / ½ÓCÏÛ�0 ���Z�8��� G / $ÏCÏÛÓ0l GROW
/ $ /<7 0 2 0Ø� / $ÏCÏÛ�0 2 ux�l GROW
/87 2 ux�a�s� 0Ø� / $ÏCÏÛ�0 2 ux�
�Z�

Pluggingtheseinto Theorem4 thenyieldsthefollowing:
Theorem6 (Schema theorem for GROW mutation on
one-then-zeros)Thetotal transmissionprobabilitiesinduced
by GROW mutation in the one-then-zeros problem for the
schemata/ �10 � and $ /<7 032 areK GROW

/9/ �10 � =9> 0F�� ½Û � � G
�re­ �ÅÜ $p GtE / $ /87 03r �&� =9> 0tG Ü � Û ½ � ��� r "°$�ÝÚÝ
and K GROW

/ $ /87 0 2 =3> 0F�Þ re­ ��ß �r GxE / $ /87 0 r �&� =3> 0xG / Û¡à 2 ux�3á�â r "'$e09ã½
GªÛ 2 u]� �
Figure 8 shows that the length distribution inducedby

GROW mutationontheone-then-zerosproblemis againquite
similar to thoseinducedin the flat fitnesslandscape(see,
e.g.,Figure 4). While the shapesaresimilar, however, the
specificsof thedistributionareindeeddifferent,with theaver-
agelengthin theone-then-zeroscasebeingsmallerthanthat
for the flat fitnesslandscape.This, however, is not surpris-
ing sincetheoddsof GROW mutationgeneratinga “correct”
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Figure8: The lengthdistributionsfor theone-then-zerosproblem
with GROW mutation. The generalshapeis quite similar to those
obtainedon theflat fitnesslandscape(see,e.g.,Figure4).

new, randomsubstringfalls exponentiallywith the lengthof
thegeneratedstring.Thusshortstringsaremuchmorelikely
generatefit individualsthanlongstrings,generatingabiasto-
wardsshorterstrings. The surprisingresult,perhaps,is that
thebiasis not stronger.

6 Conclusionsand futur e work

Continuingearlierwork on subtreecrossoveron linearstruc-
tures[1, 2], we have shown herethat schematheorycanbe
effectivelyappliedto theproblemof understandingthelength
biasesinducedby bothFULL andGROW subtreemutation.
Onaflat fitnesslandscapewefoundthatbothoperatorshada
distinctbiastowardsoversamplingshorterstrings,andin the
caseof GROW mutationwe foundthatthebiaswasidentical
to that foundearlierfor subtreecrossover. On the one-then-
zerosproblem,whichwasshown in [2] to bloatundersubtree
crossover, we foundthatbothmutationoperatorsquickly led
to astablestate,afterwhich therewasnochangein thedistri-
butionof lengthsand,consequently, nochangein theaverage
length.

All the resultsreportedhereare for GP on linear struc-
tures,andoneshouldalwaysbe cautiousaboutover gener-
alizing thesesortsof resultsto themoregeneralcaseof tree
structures.Someof theresultsreportedherefor linearstruc-
tures(suchasthosefor FULL mutation)maywell bequali-
tatively similar to theresultsfor treestructures,while others
(suchasthosefor GROW mutation)maywell exhibit impor-
tantdifferenceswhenappliedto treestructures.

Thereareat leastthreeobviousareasfor extensionof this
work. Oneis to explorethebiasesof mutationwhenapplied
to moregeneraltreestructures.Anotheris to explorethebi-
asesof someof the othermutationoperatorsthathave been
proposed(suchasnodelevel mutation). The third is to ex-
plore thebiasesinducedby combinationsof differentopera-
tors,suchasstandardsubtreecrossoverandmutation.

This lastextensionis particularlyimportantbecausecould
allow usto begin thedifficult processof understandhow op-



eratorsinteract.Evolutionarycomputationsystemstypically
involve a wide variety of processes(e.g., selection,recom-
bination, mutation,andfitnessevaluation),and thesemany
processesofteninteractin complex waysthatarehardto pre-
dict beforehandor understandafter the fact. Onceschema
equationslike thosepresentedherearegenerated,it is rea-
sonablystraightforward to combineand iteratethemto see
whathappenswhenmultipleoperatorsinteract.

It would also be nice to find closedforms for the fixed
points of many of the recursive equationspresentedhere.
[14], for example,providesclosedforms for several of the
flat fitnesscases,includinga proof that the limit distribution
inducedby GROW mutationon a flat fitnesslandscapeis in
fact a discretegammadistribution like that seenin [1] for
standardsubtreecrossover. Unfortunatelyit is not clearhow
we might provide closedforms for morecomplex caseslike
thosefor theone-then-zerosproblem.
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