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Abstract- Understanding operator bias in evolutionary
computation is important becauseit is possible for the
operator’s biasesto work againstthe intended biasesin-
ducedby the fitnessfunction. In recentwork we showed
how developmentsin GP schematheory can be usedto
better understandthe biasesnducedby the standard sub-
tree crossower when genetic programming is applied to
variable length linear structures. In this paper we use
the schematheory to better understandthe biasesinduced
on linear structur esby two commonGP subtreemutation
operators: FULL and GROW mutation. In both caseswve
find that the operators do have quite specificbiasesand
typically strongly oversampleshorter strings.

1 Intr oduction

Most (if not all) GP operatorshave a variety of biaseswith
respecto boththe syntaxandthe semanticof the treesthey
produce. Unfortunatelythesebiasescan often work against
the biasesimplied by the fithessfunction, which makesun-
derstandinghesebiasescrucial to understandinghe beha-
ior of andrelationshipsamongthe variousoperators.

In [1, 2] we shoved how recentdevelopmentsin GP
schematheory (e.g., [3, 4, 5, 6]) canbe usedto betterun-
derstandhebiasesnducedby thestandardsubtreecrosswer
whengeneticprogrammings appliedto variablelengthlin-
earstructuresin particularwe shavedthatsubtreecrosswer
hasa very strongbiastowardsoversamplingshorterstrings
and,in somesensesworks againstbloat. An importantfol-
lowup question,then, is what sort of biasesareinducedby
thecommonGP mutationoperators.

In this paperwe applythe schemaheoryto this question,
deriving exactschemaequationgor subtreemutationon lin-
earstructuresusingboththe FULL and GROW methodsto
generatehe new, randomsubtreeslteratingthoseequations
on both a flat fithesslandscapeand a needle-in-a-haystack
style problem,calledthe one-then-zeroproblem,shavs that
both of thesesubtreemutationoperatorshave strongbiases
with regardto the populationslengthdistribution. Similarto
thebiasof subtreecrosswer, we find thatthesemutationop-
eratorsarestronglybiasedin favor of shorterstringsin both
thesefitnessdomains.

In the following section(Section2) we review the FULL
andGROW mutationoperatorghatwill theobjectsof thisin-
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vestigation,andthenreview the necessaryasicsof schema
theoryin Section3. Section4 presentsxact schematheo-
remsfor boththe FULL and GROW mutationoperatorsor
linear structureson a flat fitnesslandscapeaswell asthere-
sultsof iteratingthoseschemaequations.Section5 presents
the resultsfor the one-then-zeroproblem, a simple linear
problemthatexhibitsbloatunderstandaratrosseer. Wethen
presentonclusionandideasfor futurework in Section6.

2 GP mutation

A widevarietyof GPmutationoperatordiave beensuggested
(e.q.,[7, 8,9, 10)), butin this paperwe aregoingto focuson
two of the earliestandstill mostcommon:FULL andGROW
subtreemutation[11]. Theschemaheoryis generakenough,
however, to handlemary of theseother mutationoperators
(seee.g.,[12).

Both FULL and GROW mutation have the samebasic
form. Firstanindividual is selectedor mutation,thensome
nodein that treeis chosenas the mutation point, and then
somenew randomsubtreeis generatedo be insertedat the
mutationpoint. Thusboth resemblecrossweer, but the sub-
tree beinginsertedis randomlygeneratednsteadof coming
from someothertreein the population.

Where FULL and GROW mutationdiffer is in how the
nev randomsubtreesare generatedand in particular how
their sizesandshapesredeterminedln FULL, eachbranch
of thetree hasa specifieddepth D. Thusnon-terminalsare
selectedintil depthD is reachedatwhich pointterminalsare
selected. In GROW mutation,onechoosegrom thesetof all
functionsandterminalseverytime, only terminatingabranch
if aterminalis chosenThusthereisnoapriori limit oneither
thesizeor depthof theresultingtrees and[10] shavsthatun-
dercertaincircumstancethe expectedsizeof treesgenerated
usingthis processs in factinfinite! As aresult,the GROW
generatiormethodoften hasan additionaldepthlimit D and
theconstrainthatoncedepthD is reachednly terminalsare
chosen[10] presentsomerelatedtreegeneratioralgorithms
thatallow morecontrolof thestatisticaldistribution of there-
sultingtrees.

11t is commonfor the selectiorof non-terminalsandterminalsto bedone
uniformly, andthatwill be followed here. As [10] pointsout, though,one
could specifynon-uniformselectiondistributionsto biasthe nodeselection
process.



Foramoredetailedschemaheoryanalysisof generakub-
treemutationoperatorsaswell asthecloselyrelatedneadless
chickencrosswer, see[12].

3 Schema theorem for subtree mutations on
linear structures

In [12] we provide the exactschemaheoryfor subtreemuta-
tion. In this sectionwe will specializethatto the caseof GP
on linear structuresandin the subsequensectionswe will
thenusethat resultto betterunderstandhe effectsof differ-
entmutationsoperationsn two specificsituations.

3.1 Preliminary definitions

Beforerestatingheschemaheorenfor subtreemutation,we
presenta few definitionsthatallow usto simplify the theory
in the caseof linearstructures.

3.1.1Representingschemata

Let F bethesetof possiblenon-terminahodes;] bethe set
of terminalsandC = FUT. In alinearstructureGPindivid-
ualscanthenbe seemassequencesf symbolscyc; ... ey -1
wherec; € Ffori < N—1andey_1 € 7. We will
thendefinealinear GP schemaasthe samekind of sequence
cocy ---cy—1 exceptthata new “don’t care” symbol‘=" is
addedo both F and7.? Thusschemataepresensetsof lin-
earstructureswherethe positionslabelled' =" canbefilled
in by ary elemeniof F (or 7T if it is theterminalposition).In
thefollowing wewill usethesuperscriphotationfrom theory
of computationwherez™ indicatesa sequencef n z's; z°
is theemptystring.

A few examplesof schemaare:

e (=)V: Thesetof all sequencesf length V.

e 1(=)%: Thesetof all sequencesf lengtha + 1 starting
with al.

e 1(0)*: The singletonset containingthe string 1 fol-
lowedby a O's.

3.1.2Characterizing schemata

In orderto countinstance®f schemataywe needa setof def-
initions thatcapturethewaysin which schematareselected
andtransformed.

Definition 1 (Proportion in population) ¢(H, t) is thepro-
portion of stringsin the populationat timet matding schema
H. For finite populationsof size M, ¢(H,t) = m(H,t)/M,
whee m(H,t) is the numberof discreteinstancesof H at
timet.

2Thisnew ‘=" symbolplaysarole similarto thatof the'# “don’t care”
symbolin GA schemaheory For historicalreasonshowever, ‘# hasbeen
assignedinothemeaningn previouswork [5, 6, 13]. Schematavhich con-
tain no ‘#'s areknown asfixed-size-and-shapgchemataall schematalis-
cussedn this paperarefixed-size-and-shapehemata.

Definition 2 (Selectionprobability) p(H,t) is theprobabil-
ity of selectingan instanceof schema H from the popu-
lation at time ¢. This is typically a function of ¢(H, 1),
the fitnessdistribution, and the details of the selectionop-
erators. With fithessproportionateselection,for example
p(H,t) = ¢(H,t) * f(H,t)/f(t), whee f(H,t) is theaver
age fitnessof all theinstanceof H in the populationat time
t and f(t) is theaverage fitnessof the populationat time+¢.
Definition 3 (Transmissionprobability) «(H,t) is the
probability that the schema H will be constructedin the
processof creating the population for time ¢ + 1 out of
the populationat time ¢. This will typically be a function
of p(K,t) for the various schemataK that could play a
role in constructing H, and of the details of the various
recombinatiorand mutationoperators beingused.

We cannow modelthe standardevolutionaryalgorithmas
thetransformation

mutation

O(H, 1) " p(H, 1) "3 a(H, 1) U5 g(H, t4+1).

Herethe arrows indicatethat somenew distribution (on the
RHS of the arrow) is generatedby applyingthe specifiedop-
eration(s)to the previous distribution (on the LHS). So, for
example the proces®f selectiorcanbeseermasatransforma-
tion from thedistribution of schemata(H, t) to theselection
probability p(H,t). A crucial obsenationis that, for anin-
finite population,¢(H,t + 1) = «(H,t) for t > 0, which
meanswe caniteratethesetransformationgo exactly model
thebehavior of aninfinite populationovertime.
Themutationoperatorsve will belookingatin Sectionst
and5 will dependon onefurtherdefinition:
Definition 4 (Creation probability) m..(H) (Of mu(H, t) if
it dependon the genemtion t) is the probability that some
GP subtee mutationoperator will geneiate a new, random
subteethatis an elemenbf theschemaH.

3.1.3Creatinginstancesof schemata

Definition 5 (v andl) We define for linear scema
H = ¢ycq . .. cn—1 thefollowing
u(H,i, k) coct - - ci_1 (=)0 (1)
I(H,i,n) = (="M i ...en1 @)

Hereu(H, i, k) is the schemaof lengthk containingthe left-
mosti symbolsof H, andl(H,,n) is the schemaof length
n containingtherightmostN' — i symbolsof H.2 Theimpor-
tantthing aboutu and! is thatif you usestandardccrosswer
to crosswer any instanceof u(H,i,k) at position with
any instanceof [(H,i,n) at positionn — N + i, the result
will be an instanceof H providedthatk + n > N and
01 (N —n) <i< N | k,wheret is abinaryinfix max
operatorand/ is abinaryinfix min operator A relatedpoint
which is crucial hereis thatif we performsubtreemutation

3w andl arebasecdon operators/ and L (see,e.qg.,[12]) which contain
theupperandlower partsof generalpon-lineay GPschemata.



on any instanceof u(H,i, k) at position:, wherethe sub-
stringswappedn is aninstanceof [(H, i, N — i), thenwe get
aninstanceof H. Further thesearetheonly waysto usestan-
dard crosswer or subtreemutationto constructinstanceof
H. Thusthesedefinitionslet usfully characterizéhe mech-
anismdfor constructingnstance®f thelinearschematd.

To clarify which operatorwe areworking with, we intro-
ducespecializedorms of the transmissiorprobability func-
tion a, namely

® a,, is the transmissiorprobability due specificallyto
mutation

e aq,, isthetransmissiorprobability duespecificallyto
subtreemutationusingthe FULL method,and

® agrow IS thetransmissiomprobabilityduespecificallyto
subtreemutationusingthe GROW method.

3.2 Schematheoremfor generalmutations

Given the above definitionswe can now restatethe schema
theoremfor node-irvariant subtreemutation (Corollary 6

from [12]) in amorecompactform:

Theorem1 (Schema theorem for mutation on linear

structur es) The total transmissionprobability for a fixed-
size-and-shap&P schemaH = c¢yc; ...cy—1 undernode-
invariant subtieemutationis

anu(H, 1)
— z (— *p(u(H,i,k),t)*Wmut(l(H,i,N—i)))

(CO v Ci1 (=)k7i, t)

* M€ - - .cN_l)) (3)

I
N
/7~
| =
*
=

k>0
0<i< Nk

It isimportantto realizethatthisis ageneratesultandapplies
to mary differentsubtreanutationoperatorswith the details
of the specificoperatorencapsulateth the m,.(c; . . .cn—1)-

4 Flat fitnesslandscapes

Given Theoreml we cannow specializethis for the caseof
aflat fitnesslandscapéi.e., all individualshave the samefit-
ness).This is a valuableexercisebecausdt allows usto see
thebiaseof theoperatorwithouttheaddedeffectsof fitness.
Thesebiasescan,in somecasesbe quite strong,andactually
work againsthe (intended)biasinducedby thefitnessfunc-
tion. (See[2] for examplesof this in the caseof standard
subtreecrosswoer.)

4A mutationoperatotis node-ivariantif thechoiceof themutationpoint
in theparentprogramdepend®nly on its shapg(see[12]). Mostcommonly
usedGP operatorsaarenode-iivariant,andonly node-ivariantoperatorswill
be consideredn this paper

In this sectionwe will specializeTheorem1 for FULL
andGROW mutationrespectiely, andthenlook atthelength
biasegheseoperatorsnduceon aflat fitnesslandscape.

Beforedoingthis, though,we canusethe factthatwe are
on a flat fitnesslandscapd&o make animmediatesimplifica-
tion. In particularwe notethatfor aflat fithesslandscape

p(H,t) = ¢(H, 1),

i.e., the probability of selectingan individual matchingthe
schemaH is the sameasa proportion¢(H,t) of H in the
populationat thattime.

Ourconcerrhereis to betterunderstandhe effect of these
operatorson the distributions of lengths,so we will focus
solely on the lengthsof the strings. If onewasinterestedn
othereffects,suchasmixing, thenonewould needto tracka
largersetof schematabut in this casewe only needconsider
schematdd of theform (=).

4.1 FULL mutation

To specializeTheoreml for FULL mutation,we needto de-
termine

7r|=ULL(Cz' e CN—l) = WFULL((:)N_i)-

Since FULL always (and exclusively) generatesstrings of
length D, we know that

TruLL ((Z)N_i)

whered (b) = 1if b is true and0 otherwise.This allows usto
rewrite Theoremi.:

aFULL((:)N7t)
( Theoreml; simplifying p andmey,, . )
1 .
> (frato s -i=0))

k>0
0<i<Nlk

= ((N-i=D)=(i=N-D))
Z(%*J(OSN—D<N¢k)*¢((=)’“,t)>

k>0
= ((k>0N0L<N—-D<N k)
=(0<N-D<k))
1
wsMr ¥ (praete) ©

k>N-D

=§(N —i=D) 4)

This, then,givesus:
Theorem?2 (Schematheoremfor FULL mutation on flat
fithesslandscapes)The transmissiorprobability for FULL
subteemutationfor depthD usinglinear structureson a flat
fithesdandscapés

0% ) =60 <My x T (pra0).

k>N—-D
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Figure 1. The distribution of lengthsover time on a flat fitness
landscapeusing a linear representation.Only FULL mutationis

used,with D = 5. Theinitial populationconsistssolely of indi-

vidualsof length45. Thedistribution afteroneroundof mutationis

aflat distribution, with eachlengthbetweerb and49 equallylikely.

The distribution quickly movestowardsa limit distribution where
the proportionis constanfor lengths5 through9, andthenfalls off

steeplyfor longerstrings.
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Figure2: SameasFigure 1 excepthere D = 20. Theresultsare
quite similar, with the primary differencesbeinga longerflat area
andahigheraveragdength. (Notethattherangeontheverticalaxis
is considerablysmallerthanin Figurel.)

4.2 The biasesof FULL mutation

GivenTheoren, we caniteratethis equatiorfrom someini-
tial distribution ¢((=)", 0) of lengthsandgetthe exactdis-
tributionsof lengthsovertime for the caseof FULL mutation
actingon aninfinite populationwith flat fithess.Figuresl, 2,
and 3 shav the evolution of the length distribution and the
averagelengthsover 100generationgor two differentvalues
of D (5 and20).

Thereareseveralimportantthingsto noteaboutthesere-
sults:

¢ In eachcasethe populationquickly movesto a limit
distribution, so after a brief redistribution of lengths,
thedistribution of lengthsis stable.

e The population moves very quickly to an average
lengthof 2 x D — 1, andthis averagelengthis inde-
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Figure3: TheaveragdengthsusingFULL mutationonaflatfitness
landscapeThefour plotsshav the effectsof differentchoicesof D
anddifferentinitial conditions.In the“all 45” casesll theindividu-
alsin theinitial populationwereof length45. In the“half 5 half 45”
casestheinitial populationwasevenly split betweernindividualsof
length5 andlength45.

pendenbf theinitial distribution. Thus,aftertheinitial
redistribution of lengthsis over, therewill be neither
growth (bloat) or shrinkage.

o ar ((=)V,1)is

- 0if N< D,

— Someconstanvalueif D < N < 2« D (i.e.,the
distributionis “flat” in thatregion),

— Rapidlydecreasindor 2« D < N.

e TheFULL mutationoperatoron linear structuressam-
plesstringswhoselength NV is in therangeD < N <
2 x* D mud morethanstringswhoselengthis outside
thisrange.

[14] containsanumberof theoreticaresultsonthebeha-
ior of standarccrosswer andboth FULL and GROW muta-
tion on linear structuresn theflat fitnesscase.Amongthese
is aproofthatthelimit of theaveragdengthis indeed®x D —1
(andthereforandependenof theinitial distribution),andthat
thedistributionis flat for lengthsD < N < 2% D.

4.3 GROW mutation

Having specializedTheoreml for FULL mutationand ex-
ploredits biaseswe will now do the samefor GROW muta-
tion.

Hereagainwe needto determinersaow ((=)V %, ¢), butin
the GROW caseit is not quite so simple sincethe length of
the stringgeneratedy the GROW methodis not determinis-
tic. Anothercomplicationis thatthe GROW methodhasan
optionalparametewhich limits the depthof the treesit will
generate. In the linear casethe treesgeneratecby GROW
tendto be small evenwithout a limit, soin this analysiswe
will notlimit thedepth;it would, however, beasimplematter
toincludeadepthlimit if desired.



Whenusing GROW mutation,the probability of generat-
ing astringof agivenlength(N — ¢ in our case)s afunction
of thenumberof terminals,| T |, thenumberof non-terminals,
| F|, andthetotalnumberof symbols|C| = | 7|+ | F|. In par
ticular we cancalculate

7TGR0W(Ci e CN_1) = WGRO\N((Z)N_i)

by noting that the first N — ¢ — 1 symbolshave to be
non-terminals(and thus eachchosenwith probability g =
|F|/IC|), and the last symbol mustbe a terminal (and thus
choserwith probabilityl — ¢ = |7|/|C|). Thisthenimplies
that

Teron((=)V ) = ¢V % (1 - g). (6)

We canthencombinethiswith Theoreml to get

Theorem3 (Schematheoremfor GROW mutation on flat
fitnesslandscapes)Thetransmissiorprobability for GROW
subteee mutationwith no depthlimit usinglinear structues
on aflat fithesdandscapéds

aGFoW((:)N_i)

-z

k>0
0<i<Nlk

(3o 01 0))

4.4 The biasesof GROW mutation

As before,we caniterate the equationin Theorem3 from
someinitial distribution ¢((=)",0) of lengthsand get the
exactdistribution of lengthsovertime for the caseof GROW
mutationactingon aninfinite populationwith flat fithess.

Figure4, for example,shawvs the changingdistribution of
lengthsover time wheng = 5/6. Thefirst generatiorhasa
distribution thatbearssomesimilarity to thedistributionsob-
tainedwith FULL mutation,but subsequergenerationsiave
distributionsthatareextremelysimilar to thediscretegamma
distributionsobtainedwhenusingstandardsubtreecrosswer
on aflat fitnesslandscapdsee[1]).

As was the casewith FULL mutation, we seethat the
distribution for GROW mutationapproaches limit distribu-
tion very quickly, andthatthis limit distribution sampleghe
shorterstrings(in this case,thosewith lengthlessthan20)
mud morethanit sampleghe longerones.The limit distri-
bution for GROW is alsoindependenbf theinitial distribu-
tion, but it doesvary with ¢. Figure5 shows the limit dis-
tributionsfor five differentvaluesof ¢, andwe seethatboth
the heightand width of the distributions vary a greatdeal.
Figure6 shows similar variationin the averagelengthsover
this rangeof valuesof ¢q. Theseresultscorroboratehe sug-
gestionsn [10] thatwhenusingGROW mutationoneshould
be very careful aboutthe relative numberof functionsand
terminals,asa“small” changan thosesetscould have a pro-
nounceckeffectonthesizebiasinducedby themutationoper
ator.

As mentionedabove, the limit distributionsin Figure 5
look verysimilarto thediscretegammadistributionsobtained
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Figure4: Similarto Figure2 exceptherewe areusingGROW mu-
tationwith nodepthlimit andg = 5/6. Theinitial distribution was
againall individuals of length45. The distribution quickly moves
to alimit thatlooksvery similar to the discretegammadistributions
generatedby subtreecrosseer alone(see[1)).
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Figure5: Thelimit lengthdistributionsfor theflat fitnessandscape
whenusing GROW mutationwith no depthlimit andseveraldiffer-
entvaluesof ¢. Clearly changingg canhave a substantiakffect on
the heightandwidth of the distribution, althougheachdistribution
looksvery similar to the discretegammadistributionsgeneratedy
subtreecrosswoer[1]. Notethattheq = 5/6 limit is thesameasthat
in Figure4, althoughon a differentscale.

in [1] for standardsubtreecrosswer. [14] provesthatthese
distributions for GROW mutationare in fact also discrete
gammadistributions. This is a rathersurprisingresultsince
onewould nota priori expectstandardubtreecrosseerand
grow mutationto necessarilynducethesamedengthdistribu-

tions. It suggestsomerelationshipbetweerthe distribution

of thelengthsof thenew, randomstringsgeneratethy GROW

mutationandthe distribution of the lengthsof the substrings
choseno swap in whenusingsubtreecrosseer, but this re-

lationshipis not yet well understood.

5 The one-then-zeos problem

Theone-then-zerogroblemwasintroducedn [2] asasimple
linearproblemthatexhibits bloatingbehaior understandard
subtreecrosswer. In this problemwe have 7 = {0+,1+}
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Figure7: Thelengthdistributionsfor the one-then-zeroproblem
with standardsubtreecrosseer, plottedevery 10 generationsThe
generalshapesesemblehe gammadistributionsobtainedon a flat
landscapausing standardcrosseer, but the heightof the distribu-
tions clearly dropsandthe peakmovesto the right over time, re-
flectingtheincreasen averagesize.

and7 = {0}. 0+ and1+ arebothunaryoperatorghatadd
0 and1 respectiely to theirarguments This givesusa prob-
lemthatis essentiallyequivalentto studyingvariablelengths
stringsof 0's and 1's, with the constraintthat the string al-
waysendin a 0. Fitnessn this problemwill be1l if thestring
startswith a1 andhaszeroselsavhere,i.e., thestring hasthe
form 1(0)* wherea > 0. Thefitnesswill beO otherwise.

In [2] we usedschemaheoryto show that standardsub-
tree crosseer inducesbloatin this problem. More specifi-
cally, in theinfinite populationcaseheaveragesizeincreases
steadilyfor atleastthe 75 generationsverwhich we iterated
the schemaequations. The overall length distributions ap-
pearedto be similar to the discretegammadistributions ob-
tainedon theflat fitnesslandscapesasshovn in Figure7. A
key question,then, is whetherFULL and GROW mutation
will alsoinducebloator gamma-lile distributions.

Following a developmensimilar to thatin [2], we cande-
rive the following specializationof Theoreml for the one-
then-zerogproblem:

Theorem4 (Schematheorem for mutation on one-then-
zeros) The total transmissiorprobabilities inducedby mu-
tation in the one-then-zers problemfor the schemata(=)"v
and1(0)® are givenby:

an (=)V,1) =

>

k>0
0<i<Nlk

«p(1(0)* 1) » wmm«:)“))

el

and
amux(l(o)a7 t) =
) (% £ p(1(0)*1, 1) » wmm(l(O)“)) +

k>0

>

k>0
1<i<(at1)Lk

(3P0 £ m (0717 )

One advantageof using the schematheory is that one
canuseit to preciselydeterminewhich schemataneedto
be tracked in orderto iteratethe schemaequations.For the
one-then-zeroproblem, for example, working throughthe
schemaheoryasis donein [2] shavs thatto trackschemata
of theform (=)~ we alsoneedto track schemataf theform
1(0)°. Further thetheoryshavsthatno otherschemataneed
to betracked,sowe know thatthesearenecessarandsuffi-
cient.

5.1 FULL mutation

To specializeTheorem4 for the FULL mutationwith depth
D we needto specializeéhe appropriater,,, expressions:

T (=YY = 1 ifi=N-D
= 0 otherwise
T (1(0)%) = 1/2P71 ifa=D -1
= 0 otherwise
Teu (097178) 1/2P71 ifi=a+1-D
= 0 otherwise

Pluggingtheseinto Theorem yields

Theorem5 (Schematheoremfor FULL mutation on one-
then-zeros) The total transmissionprobabilities induced
by FULL mutationin the one-then-zers problem for the
schemata(=)" and1(0)* are asfollows. First,

a0 = 3 (§epa0*10)

k>N—-D

if N — D > 0, andis 0 otherwise Second,

> (st

k>a—D+1

aFULL(l(O)a7 t) =

if a > D — 1, andis 0 otherwise



We iteratedtheseequationgor 100generationgsin Sec-
tion 4.1to seewhatbiased~ULL mutationhadin thisdomain.
Rathersurprisingly the length distribution generatedvhen
we apply FULL mutationto the one-then-zeroproblemis in
factidenticalto the lengthdistribution obtainedwhenwe ap-
plied FULL mutationto the flat fithesslandscapesarlierin
Section4.1. In otherwords,Figure1 illustratesthe behavior
of FULL mutationon bothproblems.

The reasonfor this appeardo be the fact that the odds
of FULL mutationcreatinga “correct” offspring (i.e., gen-
eratingthe new, randomsubstringnecessaryo generatean
individual having fitness1) is independenbf the length of
theparent. ThusFULL mutationwill generatenary unfitin-
dividualsin the one-then-zeroproblem,but all lengthswill
have the sameproportionof unfit stringswhich will be ig-
noredin theselectionprocess.

It seemdikely thatthis is a ratherunusualartifact of this
particularproblem, and that thereare certainly mary prob-
lems wherethe FULL mutation operatorinducesdifferent
distributionsof lengthsthanthe distribution it induceson the
flat fithesslandscape.

5.2 GROW mutation

To specializeTheorem4 for GROW mutation(againassum-
ing nodepthlimit) weagainneedo specializaheappropriate
Tma EXPressionsin this problemwe have two non-terminals
andoneterminal,sog = 2/3. Thisthengivesus

Teon((Z)V ) = (2/3)N T % (1/3)
Terow(1(0)*) = (1/3)a+1
Mo 071170 = (/37

Pluggingtheseinto Theorem4 thenyieldsthe following:
Theorem6 (Schematheorem for GROW mutation on
one-then-zeps)Thetotal transmissiorprobabilitiesinduced
by GROW mutationin the one-then-zeays problemfor the
schemata(=)" and1(0)* are

acon((=)"51) =

@)N * ;;) (% +p(1(0)F=1,¢) ((;)N_k — 1))

erow(1(0)%, ) =

S kso (% xp(L(0)F1, ) % (3(at Dk — 1))
2 x 3a,+1 -

Figure 8 shaws that the length distribution induced by
GROW mutationontheone-then-zerogroblemis againquite
similar to thoseinducedin the flat fitnesslandscapg(see,
e.g., Figure4). While the shapesare similar, however, the
specificof thedistributionareindeeddifferent,with theaver-
agelengthin the one-then-zerosasebeingsmallerthanthat
for the flat fitnesslandscape.This, however, is not surpris-
ing sincethe oddsof GROW mutationgeneratinga “correct”

and

0.25

0.2 Limit distribution
c
% Length distribution
3 GROW mutation
g 0.15 One-then-zeros problem
£
s
k= 0.1
S Gen 3
Q
o
o Gen 2
0.05
/Gen 1
N N
10 20 30 40 50 60

Program length

Figure8: Thelengthdistributionsfor the one-then-zeroproblem
with GROW mutation. The generalshapeis quite similar to those
obtainedontheflat fithesslandscapésee e.qg.,Figure4).

new, randomsubstringfalls exponentiallywith the lengthof
thegeneratedtring. Thusshortstringsaremuchmorelik ely
generatdit individualsthanlong strings,generating biasto-
wardsshorterstrings. The surprisingresult, perhapsjs that
thebiasis not stronger

6 Conclusionsand futur e work

Continuingearlierwork on subtreecross@eron linear struc-
tures[1, 2], we have shavn herethat schemaheorycanbe

effectively appliedto the problemof understandinghelength

biasesinducedby both FULL and GROW subtreemutation.
Onaflatfitnesslandscapeve foundthatbothoperatordhada

distinctbiastowardsoversamplingshorterstrings,andin the

caseof GROW mutationwe foundthatthe biaswasidentical
to thatfound earlierfor subtreecrosswer. On the one-then-
zerosproblemwhichwasshavn in [2] to bloatundersubtree
crossoer, we foundthatboth mutationoperatorsjuickly led

to astablestate afterwhich therewasno changen thedistri-

bution of lengthsand,consequentlyno changen theaverage
length.

All the resultsreportedhereare for GP on linear struc-
tures,and one shouldalways be cautiousaboutover gener
alizing thesesortsof resultsto the more generalcaseof tree
structures Someof theresultsreportedherefor linear struc-
tures(suchasthosefor FULL mutation)may well be quali-
tatively similar to the resultsfor treestructureswhile others
(suchasthosefor GROW mutation)maywell exhibit impor-
tantdifferencesvhenappliedto treestructures.

Thereareatleastthreeobviousareador extensionof this
work. Oneis to explore the biasesof mutationwhenapplied
to moregeneralreestructures.Anotheris to explorethe bi-
asesof someof the othermutationoperatorghat have been
proposedsuchasnodelevel mutation). The third is to ex-
plore the biasesnducedby combinationsof differentopera-
tors,suchasstandardsubtreecrosse@er andmutation.

Thislastextensionis particularlyimportantbecauseould
allow usto begin the difficult processof understandhow op-



eratorsinteract. Evolutionarycomputationsystemgypically
involve a wide variety of processege.g., selection,recom-
bination, mutation, and fitnessevaluation),and thesemary
processesfteninteractin complex waysthatarehardto pre-
dict beforehandor understandafter the fact. Onceschema
equationdik e thosepresentechereare generatedit is rea-
sonablystraightforward to combineand iteratethemto see
whathappensvhenmultiple operatorsnteract.

It would also be nice to find closedforms for the fixed
points of mary of the recursve equationspresentecdhere.
[14], for example, provides closedforms for several of the
flat fitnesscasesjncluding a proof that the limit distribution
inducedby GROW mutationon a flat fithesslandscapés in
fact a discretegammadistribution like that seenin [1] for
standardsubtreecross@er. Unfortunatelyit is not clearhow
we might provide closedforms for morecomplex casedike
thosefor the one-then-zeroproblem.
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