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Abstract

This paper focuses on the halting probability and the number of instructions executed by

programs that halt for Turing-complete assembly-like languages and register based machines.

The halting probability represents the fraction of programs which provide useful results in a

machine code genetic programming system. The number of instructions executed by halting

programs determines run time and whether or not the distribution of program functionality

has reached a fixed-point. We describe a sophisticated, but efficient, Markov chain model of

program execution and halting which accurately fits and explains the empirical data allowing

us to estimate the halting probability and the numbers of instructions executed for programs

including millions of instructions in a few minutes. We also discuss how this model can be

applied to improve GP practice.

1 Introduction

Recent work on strengthening the theoretical underpinnings of genetic programming (GP) has
considered how GP searches its fitness landscape [8, 10, 12, 13, 11, 1]. Results gained on the space
of all possible programs are applicable to both GP and other search based automatic programming
techniques. We have proved convergence results for the two most important forms of GP, i.e. trees
(without side effects) and linear GP [8, 2, 3, 5, 4]. As remarked more than ten years ago [14],
it is still true that few researchers allow their GP’s to include iteration or recursion. Without
some form of looping and memory there are algorithms which cannot be represented and so GP
stands no chance of evolving them. For these reasons, we are interested in extending the analysis
of program search spaces to the case of Turing-complete languages.

In a recent paper [7], we started extending our results to Turing complete linear GP machine
code programs. We analysed the formation of the first loop in the programs and whether programs
ever leave that loop. The investigation started by using simulations on a demonstration computer.
In particular we studied how the frequency of different types of loops varies with program size. In
addition, we performed a mathematical analysis of the halting process based on the fragmentation
of the code into jump-free segments. Under the assumption that all code fragments had the
same length we were then able to derive a scaling law indicating that the halting probability for
programs of length L was of the order 1/

√
L, while the expected number of instructions executed

by halting programs was of the order
√

L. Experimental results confirmed theory and showed that,
the fraction of programs that halt is vanishingly small. Finally, to further corroborate our results
we developed a first Markov chain model of program execution and halting. Given its complexity
and the limitations of space available, however, in [7] we only provided a one-page summary of its
structure and results. The results confirmed both the simulations and the “

√
L” scaling laws.

Since [7], we further developed, validated and refined our Markov chain model, developing ways
of iterating its transition matrix efficiently. In this paper we present the new model in detail and
we discuss its implications for genetic programming research. As with [7] we will corroborate our
theoretical investigation using a particularly simple computer, the T7.
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Table 1: T7 Turing Complete Instruction Set
Instruction #operands operation v set
ADD 3 A + B→C v
BVS 1 #addr→pc if v=1
COPY 2 A→B
LDi 2 @A→B
STi 2 A→@B
COPY PC 1 pc→A
JUMP 1 addr→pc

Every ADD operation either sets or clears
the overflow bit v.
LDi and STi, treat one of their arguments
as the address of the data. They allow
array manipulation without the need for
self modifying code. (LDi and STi data
addresses are 8 bits.)
To ensure JUMP addresses are legal, they
are reduced modulo the program length.

The next section describes the T7 computer. Sections 3 and 4 describe the states of our Markov
chain model and report the calculation required to compute the chain’s transition probabilities.
Section 5 shows how the model can be used to compute important quantities, such as the halting
probability. Section 6 describes ways to speed up the iteration of the Markov chain for the purpose
of evaluating halting probabilities and the expected number of instructions executed by halting
programs. In Section 6 we also compare the model’s predictions with empirical data. We discuss
the implications of the model for GP practice and further possible improvements in Section 7.
Finally, Section 8 summarises our findings and indicates some avenues for future research.

2 The T7 computer

To test our theoretical results we used need a simple Turing complete system,
called T7. This is based on the Kowalczy F-4 minimal instruction set computer
http://www.dakeng.com/misc.html, cf. appendix of [6]. Our CPU T7 has seven instruction
(see Table 1) including: directly accessed bit addressable memory (there are no special registers),
a single arithmetic operator (ADD), an unconditional JUMP, a conditional Branch if oVerflow
flag is Set (BVS) jump and four copy instructions. COPY PC allows a programmer to save the
current program address for use as the return address in subroutine calls, whilst the direct and
indirect addressing modes allow access to stacks and arrays.

Eight bit data words are used. The number of bits in address words is just big enough to be
able to address every instruction in the program. E.g., if the program is 300 instructions, then
BVS, JUMP and COPY PC instructions use 9 bits. The experiments reported in [7] used 12 bytes
(96 bits) of memory (plus the overflow flag).

The T7 instruction set has been designed to have as little bias as possible. In particular, given
a random starting point a random sequence of ADD and copy instructions will create another
random pattern in memory. The contents of the memory is essentially uniformly random. I.e. the
overflow v bit is equally likely to be set as to be clear, and each address in memory is equally
likely. So, until correlations are introduced (e.g., by re-executing the same instructions), we can
treat JUMP instructions as being to random locations in the program. Similarly we can treat half
BVS as jumping to a random address. The other half do nothing.

3 Markov chain model: States

We model the process of executing instructions in a program as a Markov chain. The states of the
chain represent how many instructions have been visited so far (i.e., how many different values the
program counter register has taken) and whether or not the program has looped or halted. The
Markov state transition matrix represents the probability of moving from one state to any other
state.

The process starts with the system being in state 0, which represents the situation where no
instruction has been visited. From that state naturally, we can only go to state 1, where one
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instruction has been visited. (Note that this instruction is not necessarily the first in the program.
For example, in our experiments in [7] with the T7 we started execution at a random location
within the program.) From this new state, however, the system can do three different things: 1) it
can halt (this can happen if the current instruction is the last in the program), 2) it can perform
a jump and revisit the single instruction we have just executed, or 3) it can proceed visiting a
new instruction (thereby reaching state 2). Naturally, if the system halts there is no successor
possible other than the halt state again. If instead the system reaches a new instruction, the
process repeats: from there we can halt, revisit an old instruction or visit a new instruction.

Note that if the system revisits an instruction, this does not automatically imply that the
system is trapped in a loop. However, determining the probability that a program will still be
able to halt if it revisits instructions is very difficult, and, so, we will assume that all programs
that revisit an instruction will not halt. For this reason, our model will provide an underestimate
of the true halting probability of a program. In the following we will call “sink” the state where
the system has revisited one or more instructions. If the system is in the sink state at one time
step it will remain in the sink state in future time steps. This is similar to what happens in the
halt state.

Note also that with our representation it is impossible to go from a state i to a state j where
j < i (we cannot “unvisit” visited instructions) or j > i + 1 (we cannot visit more than one
instruction per time step). This property will greatly simplify the calculations involved in iterating
the Markov chain.

So, every time step the state number must increment unless the system halts or revisits. Of
course, however, there is a limit to how many times this can happen. Indeed, in programs of
length L, even the luckiest sequence of events cannot result in more than L new instructions being
visited. So, the states following state i = L − 1 can really only result in revisiting or halting. We
will discuss this in more detail in Section 4.3.

4 Markov chain model: transition probabilities

In order to determine the probability of moving from one state to visit a new instruction, halt or
reach the sink, we need to make a number of assumptions which we can represent diagrammatically
with the probability tree in Figure 1.

4.1 State transitions: general case

4.1.1 Probability of being the last instruction

Assuming that we are in a generic state 0 < i < L, where L is the program length, our first question
when we consider the instruction currently being visited is whether or not that instruction is the
last in the program. This is important because it is only by first visiting, and then going beyond
the last instruction, that a program can terminate. So, we want to estimate the probability,
p1 (cf. Figure 1) that the instruction currently being visited is the last. If we start program
execution from a random position and the memory is randomly initialised and, so, any jumps
land at (approximately) random locations, we can assume that the probability of being at the last
instruction in a program is independent of how may (new) instructions have been executed so far.
So, we set

p1 =
1

L
.

If program execution was not started at a random position, but, for example, from the first instruc-
tion in the program, it would be easy to modify the expression above to reduce the probability of
being the last instruction for small values of i (i.e., when the probability of having encountered a
jump instruction is low). In particular, in this situation, it must be the case that p1 = 0 for i = 1.
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Figure 1: Event diagram used to construct our Markov chain model of the program execution and
halting process.

4.1.2 Probability of instruction causing a jump

Irrespective of whether or not the current instruction is the last in the program, we then need
to ask whether or not the instruction will cause a jump to be performed. Naturally, jumps will
happen as a result of a jump instruction. However, certain types of conditional jump instructions
may or may not cause a jump, depending on the state of flag registers (e.g., the overflow flag). For
simplicity, we will assume that we have two types of jumps: 1) unconditional jumps, where the
program counter is assigned a value retrieved from memory or from a register, and 2) conditional
jumps. We will assume that unconditional jumps are present in the stream of instructions with
probability puj , while conditional jumps are present with probability pcj . We further assume that
the flag bit which causes a conditional jump instruction to perform a jump is set with probability
pf . Therefore, the total probability that the current instruction will cause a jump is

p2 = puj + pcj × pf .

For the CPU T7, we set puj = 1

7
, pcj = 1

7
, and pf = 1

2
, whereby p2 = 3

14
.

4.1.3 Probability of next instruction not having been unvisited before

In order to determine other state transitions we need to ask one additional question. Whether
or not this instruction will cause a jump, is the next instruction one that has not previously
been visited? To calculate the probability of this event with the necessary accuracy, we need to
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distinguish between the case where we jump and the case where we simply increment the program
counter. These are represented by the probabilities p3 and p4 in Figure 1.

Probability of new instruction after jump Let us start from the case where instruction i is
about to cause a jump, and let us estimate the probability of finding a new instruction, thereby
reaching state i + 1, after the jump. Because we assume that the program counter after a jump
is effectively a random number between 1 and L, the probability of finding a new instruction is
therefore the ratio between the number of instructions still not visited and the total number of
instructions in the program. That is

p3 =
L− i

L
.

This probability clearly decreases linearly with the number of instructions executed. This is one
of the reasons why it really difficult for a program to execute many instructions without looping.
Naturally, if we don’t find a new instruction we must be revisiting, and so we are in the sink state,
that is, we assume that the program is a non-terminating one.

Probability of new instruction after non-jump Let us now consider the case where instruc-
tion i in not going to cause a jump, and let us estimate the probability of finding a new instruction,
thereby reaching state i + 1 after the increment in program counter. Here the situation is much
more complex than the previous one. Let us first consider a simple case in which we have executed
a certain number of instructions, i, but we have not found any jump instructions so far. Since
there have been no jumps, the visited instructions form a contiguous block within the program.
Clearly, if the current instruction is not going to cause a jump and we have not reached the end
of the program, then we can be certain that the next instruction has not been previously visited,
irrespectively of the number of instructions executed. Similarly, if we have executed one or more
jumps, but the blocks of previously visited instructions precede the current instruction, then again
with probability 1 we will find another new instruction. In general, however, the more jumps we
have executed the more fragmented the map of visited instructions will look. In the presence of
such fragmentation, we should expect the probability of finding a new instruction after a non-jump
to decrease as a function of the number of jumps/fragments. Our estimate for p4 is motivated by
these considerations.

To construct this estimate we start by computing the expected number of fragments (jumps)
in a program having reached state i (i.e., after the execution of i new instructions). This is given
by

E[J ] = i × p2 = i × (puj + pcj × pf )

In the case of T7 this gives us E[J ] = 3i
14

.
[E[J ] gives us an upper bound for the expected number of contiguous blocks of instructions

that have previously been visited. Let us, for the moment, neglect the possibility that a block
began at the first instruction of a program or that two blocks are contiguous. In these conditions,
each block will be preceeded by at least one unvisited instruction. If the system has executed J
jumps and i instructions so far, then there is a probability

J

L − i − 1

that the current instruction (the i-th) is one of the J unvisited instructions immediately preceeding
a block of previously visited instructions. So the next instruction will be a previously visited one
and the state of the system will be the sink. Naturally, we don’t know J but, as we have see
above, we can estimate and use E[J ] instead. So, we could estimate

p4 ≈ 1 − J

L − i − 1
=

L − E[J ] − i − 1

L − i − 1
.

This gives us a reasonably good model of program behaviour. However, as the number of jumps
grows the probability that blocks of previously visited instructions will be contiguous becomes

5



 0  10  20  30  40  50  60  70  80  90  100 0
 10
 20
 30
 40
 50
 60
 70
 80
 90
 100

 0

 2

 4

 6

 8

 10

 12

E[B]

Empirical results
Combinatorial estimate

i

L

E[B]

Figure 2: Actual number of contiguous blocks of visited code as a function of the number of
instructions executed, i, and program length, L, together with the predictions of our combinatorial
model for T7. Empirical data were obtained by simulating the process of program execution 5,000
times for each program length L and instruction count i. All runs that did not terminate at exactly
instruction i were discarded. For the remaining runs the blocks of code executed were analysed
and statistics on executed-code fragmentation were collected. These were then used to estimate
E[B] for each pair of L and i. The noise affecting the data is due to the limited number of runs
that met the necessary conditions when L is large and i is close to L.

important. In fact, beyond a certain i, we are virtually certain that some blocks of instructions
will be contiguous. So, our estimate for p4 is expected to become inaccurate as E[J ] grows. To
improve it we have used the following combinatorial approximation for the actual number of blocks
of contiguous instructions:

E[B] ≈ max

(

E[J ] − E[J ](1 + E[J ])

2(L − i)
, 0

)

= max

(

i × (puj + pcj × pf ) − i × (puj + pcj × pf )(1 + i × (puj + pcj × pf ))

2(L − i)
, 0

)

where the max operation is to ensure the number of blocks never becomes negative. The quality
of the approximation is very good, at least for T7, as shown in Figure 2, where we compared it
with fragmentation statistics obtained by simulating the execution process. We can, therefore,
confidently take

p4 =
L − E[B] − i − 1

L − i − 1
.

4.2 State transition probabilities

We are now in a position to calculate the total transition probabilities from state i to states “halt”,
i + 1 and “sink”. These are simply the sums of the products of the probabilities on the paths
connecting the root node to each leaf in Figure 1.

The simplest case is the transition from i to the halt state, since in this case there is only one
path from the root to the leaf “halt”. If the current instruction is the last (probability p1) and
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it did not cause a jump to occur (probability 1 − p2) then the program will halt (see Figure 1).
That is, the probability of going from a generic state i to the halt state (in one step) is

p(i → halt) = p1(1 − p2) =
1 − puj + pcj × pf

L
.

For T7, p(i → halt) = 11

14L
. Note that this probability does not depend on i, the number of

instructions visited (executed) so far, but is inversely proportional to the program length.
In the case of the “sink” state there are three paths from the root to leafs labelled as “sink”,

leading to the following equation

p(i → sink) = p1p2(1 − p3) + (1 − p1)p2(1 − p3) + (1 − p1)(1 − p2)(1 − p4).

There are three paths also in the case of state i + 1, which gives

p(i → i + 1) = p1p2p3 + (1 − p1)p2p3 + (1 − p1)(1 − p2)p4.

It is easy to verify that

p(i → halt) + p(i → i + 1) + p(i → sink) = 1

for all i, as expected. Note, however, that while p(i → halt) is not a function of i, p(i → i + 1) is
a decreasing function of i while, obviously, p(i → sink) is an increasing function of i.

4.3 State transitions: L − 1 instructions visited

In order to complete the picture we need to turn to the case where i = L − 1. This is a very rare
state, especially for large L since it can be reached only if we have executed L− 1 instructions all
for the first time. So, any approximation errors in evaluating state transition probabilities for this
state would have very little impact. Nonetheless, we can still model this situation fairly precisely.
Again, we use an event diagram (see bottom left of Figure 1). Like before, we start from the
question of whether or not this is the last instruction in the program. If it is and does not cause
a jump, then again we halt. This happens with probability

p(L − 1 → halt) = p1(1 − p2)

which is exactly the same as before.
If this is the last instruction but it causes a jump, then the program will loop. This is because

even assuming that the jump landed on the unique new instruction remaining, but that instruction
was itself a jump and that such jump returned to the last instruction (the gateway to halting),
that instruction would have been visited before. So, the state would be the sink. This is why in
the event diagram at the bottom left of Figure 1 we label the leftmost leaf with “sink”.

Similarly, if the current instruction is not the last in the program, then most likely the program
will loop. However there are two ways in which the program could still terminate: 1) the current
instruction is the penultimate, it does not cause a jump, the final instruction has not been visited
before and it does not cause a jump, or 2) the current instruction is not the penultimate, it causes
a jump, the jump lands on the last instruction, the final instruction has not been visited before
and it does not cause a jump. Both chains of events are so unlikely that we can safely label the
rightmost branch of the event diagram at the bottom left of Figure 1 as “sink” as well.

To summarise
p(L − 1 → sink) = p1p2 + (1 − p1).

As we mentioned above, all other state transitions are impossible and so they have an associated
probability of 0.
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4.4 Transition matrix

We can now write down the state transition matrix. In doing so, we will represent the sink as
state L and the halt state as state L + 1, while states 0 through to L− 1 represent the number of
instructions executed so far, as already mentioned above.

For example, for T7 and L = 7 we obtain

M =





























0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0.8312 0 0 0 0 0 0 0
0 0 0.7647 0 0 0 0 0 0
0 0 0 0.6812 0 0 0 0 0
0 0 0 0 0.566 0 0 0 0
0 0 0 0 0 0.3868 0 0 0
0 0.05655 0.1231 0.2065 0.3217 0.501 0.8878 1 0
0 0.1122 0.1122 0.1122 0.1122 0.1122 0.1122 0 1





























.

5 Halting probability

With the M matrix in hand, we can compute the probability of more complex events, such as the
probability of reaching the sink state after a certain number of instructions or the total halting
probability. To do this, it is sufficient to compute the appropriate power of M and multiply this by
the unit vector x = (1, 0, 0, · · · , 0)T , which represents the normal initial condition for the system
where no instructions have been marked as visited before program execution begins. Doing so
provides the vector

pstates = M ix

which represents the probability distribution over states after i instructions have been executed.
For example, using the M matrix shown above, for i = 3 we obtain

pstates =





























0
0
0

0.6356
0
0
0

0.1589
0.2055





























.

The last element of pstates represents the probability of halting by instruction i, which is 20.55%
in the example. The penultimate element of pstates represents the probability of having revisited
at least one instruction (sink). Clearly, the only other non-zero element in pstates can be the one
representing state i.

In order to compute the total halting probability for random programs of length L one needs
to set i = L. In our example, that produces

pstates =





























0
0
0
0
0
0
0

0.6364
0.3636





























,
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indicating that the halting probability for programs of length L = 7 is approximately 36.36%.
Note that, given the particular lower triangular structure of M , M i ≡ ML for i > L.

This technique is simple and gives us a full picture of how the probability over states changes.
However, as L increases, the size of the the Markov transition matrix increases and the values of
i of interest increase too. So, for example, if we are interested in the halting probability we have
a potentially exponentially explosive computation to perform (ML).

In the next section we look at the structure of the problem in more detail and reorder the
computations in such a way to make it possible to compute halting probabilities for programs
with millions of instructions. This will allows us to easily compute other quantities, such as
the expected number of instructions executed by halting programs or the expected number of
instructions executed by a looping program before it revisits a previously executed instruction.

6 Efficient recursive and iterative formulations of the model

As we have already mentioned, it is impossible for the system to go from a higher state to a lower
state (we cannot “unvisit” visited instructions) or from a state to a higher state more than one
instruction away. This property is reflected in the structure of the transition matrix M and can
be exploited to speed up calculations.

In Figure 1 we presented our event decomposition for the program execution process. If, as we
want to do here, we focus only on the possible outcomes of the process – loop, halt or move to next
state – then we could condense the generic event diagram into a simple tree including just a root
node with three children (labelled as sink, halt and i + 1) and the penultimate-instruction event
diagram as an even simpler tree including just a root node and two children (labelled as sink and
halt). The edges of these trees would be weighted with the transition probabilities p(i → i + 1),
p(i → halt), p(i → sink), p(L − 1 → halt) and p(L − 1 → sink), which we previously calculated.
We could then assemble the events for each stage of the execution process into the tree shown in
Figure 3.

The structure of the tree makes it clear that the system can halt or loop after the first instruc-
tion, or it can be faced with the same opportunity after two instructions, three instructions and
so on. That is

p(halt) =
L−1
∑

i=1

p(0 → i)p(i → halt)

and

p(sink) =

L−1
∑

i=1

p(0 → i)p(i → sink).

Given the structure of the event diagram, however, it is easy to see that

p(0 → i) =

i−1
∏

j=0

p(j → j + 1),

and so, for example,

p(halt) =

L−1
∑

i=1

p(i → halt)

i−1
∏

j=0

p(j → j + 1).

The computation required with this decomposition is much less than that required for the calcu-
lation of the powers of M . Indeed, as shown in Figure 4 we were easily able to compute halting
probabilities for programs of 10,000,000 instructions. (This was achieved in a few minutes with a
naive C implementation on a single PC.)

With this decomposition of the halting probability we can also easily compute the expected
number of instructions executed by halting programs:

E[instructions] =
L−1
∑

i=1

i × p(i → halt)
i−1
∏

j=0

p(j → j + 1).
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Figure 3: Condensed event diagram for the program execution process.

This is plotted for programs of up to 10, 000, 000 instructions in Figure 5.
For T7 the model predicts very accurately the halting probability for random programs over

around 5 orders of magnitude of program lengths (from about 10 instructions to about 1,000,000
instructions). The model also predicts accurately the average number of instructions performed
by halting programs over at least 4 orders of magnitude. These results are remarkable considering
the complexity program execution in a real machine code.1

Let us expand these calculations for a small L to show how the model can be run even more
efficiently. For L = 4, we have

p(halt) =

3
∑

i=1

p(i → halt)

i−1
∏

j=0

p(j → j + 1)

= p(1 → halt)p(0 → 1)

+ p(2 → halt)p(0 → 1)p(1 → 2)

+ p(3 → halt)p(0 → 1)p(1 → 2)p(2 → 3)

= p(0 → 1)
(

p(1 → halt) + p(2 → halt)p(1 → 2) + p(3 → halt)p(1 → 2)p(2 → 3)
)

= p(0 → 1)
(

p(1 → halt) + p(1 → 2)
(

p(2 → halt) + p(3 → halt)p(2 → 3)
)

)

This illustrates the recursive nature of the calculation and leads to minimising the number of mul-
tiplications required. The decomposition applies in general. So, algorithmically we can compute

1The calculation of the expected number of instructions is a sum of products between the number of executed

instructions before halting and the corresponding halting probability. So, approximation errors in the estimation

of the halting probability, albeit small, propagate and reduce the accuracy of the calculation.
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Figure 4: Estimate of the halting probability computed using our Markov chain model vs. real
execution data for T7.

p(halt) as
p(halt) = p0(halt)

where, for a particular L, pk(halt) is given by the following recursion:

pk(halt) = p(k → halt) + pk+1(halt)p(k → k + 1)

which is terminated with
pL−1(halt) = p(L − 1 → halt).

Note p(0 → halt) = 0.
Another, equivalent, alternative is to perform the computation iteratively. To do that we go

back to the formulation

p(halt) =

L−1
∑

i=1

p(0 → i)p(i → halt)

but note that we can compute the quantities p(0 → i) efficiently by exploiting the relation

p(0 → i) = p(0 → i − 1)p(i − 1 → i).

Following exactly the same principles we can compute E[instructions] either recursively or
iteratively in a very efficient way.

7 Discussion

7.1 Implications for Genetic Programming Research

One might wonder what is the relevance of the previous model and its results to GP research.
Firstly, these results contribute to characterising the search space explored by GP systems oper-
ating at the level of machine code. From earlier research we know that for those programs that
terminate, as the number of instructions executed grows, their functionality approaches a limiting
distribution. In this respect, actual program length is an insufficient indicator of how close the
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Figure 5: Estimate of the expected number of instructions executed by halting programs computed
using our Markov chain model vs. real execution data for T7. See also Figure 7.

distribution is to the limit. It is only by computing the expected number of instructions actually
executed by halting programs that we can assess this. For T7, for example, one can see that
very long programs have a tiny subset of their instructions executed (e.g., of the order of 1,000
instructions in programs of L = 1, 000, 000).

The introduction of Turing completeness into GP raises the problem of how to assign fitness to
a program which may loop indefinitely [9]. Often, from a GP point of view, those programs that
do not terminate are wasted fitness evaluations and they are given zero fitness. So, if the halting
probability is very low, the fraction of the population that is really contributing to the search can
be very small, thereby reducing GP ability to solve problems. Our theoretical model allows us to
predict the effective population size for the initial generation. I.e. the number of non-zero fitness
individuals within it. Since the initial population is composed of random programs only a fraction
p(halt) are expected to halt and so have fitness greater than zero. We can use this to improve
the size of the population or to put in place measures which ensure that a larger fraction of the
programs in the population do terminate. This is particularly important because if not enough
programs in the initial generation terminate, evolution may not even start.

A simple way to control how many programs terminate in the initial generation is to mod-
ify the probability of using instructions that may cause a jump. For example, instead of using
unconditional and conditional jumps in their natural proportions of 1

7
in T7, one might choose

to reduce these to a much smaller fraction (correspondingly increasing the probability of using
non-jump instructions). But what fraction should one use? For any specific assembly language
and program length we can answer this question by just looking at the plot of p(halt) as a function
of puj and pcj . For example, in Figure 6 we plot p(halt) of T7 programs for L = 10, L = 100,
L = 1, 000 and L = 10, 000 and for values of puj = pcj ∈ [ 0.01

7
, 1

7
]. If then one wanted to be certain

that, on average, at least, say, 10% of the programs in the population terminate, one could avoid
initialising the population with programs that are too long (e.g., for the standard puj = pcj = 1

7
,

any L ≤ 100 guarantees that). If it is not appropriate or possible to freely choose the value for
L, one could alternatively decrease puj , pcj or both appropriately. For example, for T7 programs
of length L = 1, 000, we could guarantee that 10% of programs in the initial generation terminate
by setting puj = pcj < 0.04.

The model can also be used to decide after how many instructions to abort the evaluation

12
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Figure 6: Halting probability for different values of the jump instruction probabilities puj = pcj

and program length.

of a program with confidence that the program would never terminate. In particular, we could
fix the threshold to be some (small) multiple m of the expected number of instructions executed
by terminating programs, E[instructions]. With this measure in place, we would then be in a
position to evaluate the expected run time of a genetic programming system, at least for the first
few generations of a run. As we mentioned above, the initial population is composed of random
programs and so, on average, only a fraction p(halt) will halt. So, the expected program runtime
would just be

E[runtime] = m × E[instructions](1 − p(halt)) + E[instructions]p(halt)

= (m(1 − p(halt)) + p(halt)) × E[instructions].

Naturally, formally, this calculation would be applicable only at the initial generation. However,
we should expect the estimate to remain reasonable for at least some generations after the first.

7.2 Improving the Model’s Accuracy

As we have shown in the previous section, for the T7 the model predicts accurately the halting
probability and the average number of instructions performed by halting programs over many
orders of magnitude. There are, however, unavoidable approximations and inaccuracies of the
model. We discussed some of these when we presented our event decomposition in the previous
sections.

One important assumption is that the memory is random and, so, jump landing-addresses are
uniformly distributed over the length of a program. This assumption becomes progressively less
and less applicable as the number of instructions executed grows. In programs of large size several
hundred instructions are executed. Some of these write to memory. As a result, the memory
available in the machine will eventually become correlated. This means that when a jump is
executed some addresses are more likely than others. As a result, the probability of finding a new
instruction after a jump decreases faster than what is predicted by our estimate p3 = L−i

L
. This

is the main reason for the saturation shown in Figure 5 by the empirical data for T7, starting in
the region L = 1, 000, 000.
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Figure 7: Estimate of the expected number of instructions executed by halting programs computed
using two variants of our Markov chain model where memory correlation is considered.

Naturally, there is no reason why one could not construct a more refined model for p3. Nothing
in our calculations in relation to the Markov chain would be affected by this change except, of
course, the numerical results. For example, the approximation

p3 =
(L − i)

L
× 2

1 + exp
(

i
40,000

)

where the number of available new instructions after a jump, L − i is modulated by a squashing
function, produces the saturation effect mentioned above, as shown in Figure 7.

Also, one could consider better models of the probability pf that the flag be set. For example,
pf might not be not constant, but it might increase with i. This effect might cause an increase of
the effective jumping probability, thereby leading to fewer programs halting and fewer instructions
being executed in those that do halt. Again, we could model this effect by applying an appropriate
squashing function to our pf = 1

2
original model. For example,

pf =
1

1 + exp
(

− i
100

)

in conjunction with our improved estimate for p3 produces the reduction in the slope of the plot
in Figure 7 (in addition to the saturation effect mentioned above) leading to an even better fit
with the empirical data.

Similarly, it would be easy to improve the accuracy of the model for small values of L.
Note that the values 100 and 40,000 used in the two squashing functions above have been

empirically determined. While the relative order of magnitude of the two makes entirely sense, at
this stage we have no empirical evidence to justify these values, nor, indeed, our particular choice
of squashing functions. We have used these values and functions simply to illustrate the ample
possibilities for improvement that our Markov chain model offers.

8 Conclusions

We provide a detailed Markov chain model for the execution process and halting for programs
written in Turing-complete assembly-like languages. Unlike other models proposed in the past,
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this model scales well with the size of the structures under investigation, namely linear programs.
Thanks to this, we are able to accurately estimate the halting probability and the number of
instructions executed by programs that halt for programs including millions of instructions in just
a few minutes.

We tested this model for one particular machine, T7, but the model is general and can be
applied to a variety of different conditions and machines. In future research we intend to verify
the accuracy of the model with other CPUs.

Although these results are of a theoretical nature and aim at understanding the structure
of the search space of computer programs, we feel this is a fundamental step for understanding
and predicting the behaviour of systems that explore such a search space, such as a genetic
programming system. Indeed, we were able to show that there are very clear implications of
this research from the point of view of GP practice. For example, Section 7 provides recipes to
ensure that enough programs in GP system actually terminate, recipes for halting non-terminating
programs and recipes for assessing the run-time requirements of GP runs with Turing-complete
assembly languages. In future research we want to explore further ramifications of this work in
relation to GP practice.
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