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Abstract In this paper we use register-based genetic programming with memory-with-
memory to discover probabilistic membership functions that are used to divide up
data-sets of event-related potentials recorded via EEG in psycho-physiological
experiments based on the corresponding response times. Theobjective is to
evolve membership functions which lead to maximising the statistical signif-
icance with which true brain waves can be reconstructed whenaveraging the
trials in each bin. Results show that GP can significantly improve the fidelity
with which ERP components can be recovered.
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1. Introduction

The electrical activity of the brain is typically recorded from the scalp us-
ing Electroencephalography (EEG). This is used in electrophysiology, in psy-
chology, as well as in Brain-Computer Interface (BCI) research. Particularly
important for these purposes are Event-Related Potentials(ERPs). ERPs are
relatively well defined shape-wise variations to the ongoing EEG elicited by a
stimulus and/or temporally linked to it (Luck, 2005). ERPs include early exoge-
nous responses, due to the primary processing of the stimulus, as well as later
endogenous responses, which are a reflection of higher cognitive processing
induced by the stimulus (Donchin and Coles, 1988).

While the study ofsingle-trialERPs has been considered of great importance
since the early days of ERP analysis, in practice the presence of noise and
artifacts has forced researchers to make use ofaveragingas part of their standard
investigation methodology (Donchin and Lindsley, 1968). Even today, despite
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enormous advances in acquisition devices and signal-processing equipment and
techniques, ERP averaging is still ubiquitous (Handy, 2004; Luck, 2005).

ERP averaging is also a key element in many BCIs. BCIs measurespecific
signals of brain activity intentionally and unintentionally induced by the partic-
ipant and translate them into device control signals (see, for example, (Farwell
and Donchin, 1988; Wolpaw et al., 1991; Pfurtscheller et al., 1993; Birbaumer
et al., 1999; Wolpaw et al., 2000; Furdea et al., 2009)). Averaging is frequently
used to increase accuracy in BCIs where the objective is to determine which of
the stimuli sequentially presented to a user is attended. This is achieved via the
classification of the ERP components elicited by the stimuli. This form of BCI
— which effectively started off with the seminal work of (Farwell and Donchin,
1988) who showed that it was possible to spell words through the detection of
P300 waves — is now one of the most promising areas of the discipline (e.g.,
see (Bostanov, 2004; Rakotomamonjy and Guigue, 2008; Citi et al., 2008)).

Averaging has empirically been shown to improve the accuracy in ERP-based
BCIs. However, the larger the number of trials that need to beaveraged, the
longer it takes for the system to produce a decision. So, onlya limited number
of trials can be averaged before a decision has to be taken. A limitation on
the number of trials one can average is also present in psychophysiological
studies based on ERPs: the larger the number of trials that are accumulated in
an average, the longer an experiment will last, potentiallyleading to participants
fatiguing, to increases in noise due to variations in electrode impedances, etc.
So, both in psychophysiological studies and in BCIs it wouldbe advantageous
to make the absolute best use of all the information available in each trial.
However, as we will discuss in Section 2, standard averagingtechniques do not
achieve this.

In recent work (Poli et al., 2009) we proposed, tested and theoretically anal-
ysed an extremely simple technique which can be used in forced-choice exper-
iments. In such experiments response times are measured viaa button press
or a mouse click. Our technique consists of binning trials based on response
times and then averaging. This can significantly alleviate the problems of other
averaging methods, particularly when response times are relatively long. In
particular, results indicated that the method produces clearer representations of
ERP components than standard averaging, revealing finer details of components
and helping in the evaluation of the true amplitude and latency of ERP waves.

The technique relies on dividing an ERP dataset into bins. The size and
position of these bins is extremely important in determining the fidelity with
which bin averages represent true brain waves. In (Poli et al., 2009) we simply
used standard (mutually exclusive) bins. That is, each bin covered a particular
range of response times, the ranges associated to differentbins did not overlap
and no gaps were allowed between the bins. As we will explain in Section 3,
this implies that, in bin averages, true ERP components are distorted via the
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convolution with a kernel whose frequency response is itself a convolution
between the frequency response of the original latency distribution ℓ(t) and the
Fourier transform of arectangular window(asinc function).

While provably this has the effect of improving the resolution with which
ERPs can be recovered via averages, it is clear that the convolution with sinc
will produce distortions due to the Gibbs phenomenon. Also,the width and
position of the bins we used in (Poli et al., 2009) was determined heuristically.
We chose bins as follows: one gathered the lower 30% of the response time
distribution, one the middle 30% and one the longer 30%.1 However, it is clear
that neither the choice of crisp mutually exclusive membership functions for
bins (leading to convolution withsinc) nor the position and width of the bins is
optimal.

So, although our binning method is a marked improvement overtraditional
techniques, it still does not make the best use of the information available in
an ERP dataset. It is arguable, for example, that doing binning using gradual
membership functions would provide even better ERP reconstruction fidelity.
Similarly, setting the size of the bins on the basis of the noise in the data and the
particular shape of the response time distribution would bebeneficial to make
best use of the available trials. Finding bin membership functions which satisfy
these criteria, however, is difficult. It is also difficult tospecify what notion of
optimality one should use. In this paper we solve both problems.

The paper is organised as follows. After the reviews of previous work pro-
vided in Sections 2 and 3, we define what an optimal set of binning functions
is (Section 4). As we will see this involves the use of statistical tests on the
data belonging to different bins. Then (Section 5), we applyGenetic Program-
ming (Poli et al., 2008) to the task of identifying optimal membership functions
for bins in such a way as to get the best possible reconstruction of real ERP
components from bin averages. The results of this process, as described in
Section 6, provide significant improvements over the original technique. We
give some conclusions and indications of future work in Section 7.

2. Averaging Techniques for ERPs

There are essentially three classes of methods that are commonly used to
resolve ERP components via averaging.Stimulus-locked averagingrequires
extracting epochs of fixed duration from the EEG signal starting at the stimu-
lus presentation and averaging the corresponding ERPs (Lindsley, 1968). An
important problem with this form of averaging is that any ERPcomponents
whose latency is not phase-locked with the presentation of the stimuli may be

1Since extremely long response times are typically the sign of the participant being distracted or having had
some other problem with providing a response, the 10% of the trials with the longest response times were
discarded.
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significantly distorted as a result of averaging (Spencer, 2004; Luck, 2005).
This is because the average,a(t), of randomly shifted versions of a waveform,
w(t), is the convolution between the original waveform and the latency distri-
bution,ℓ(t), for that waveform, i.e.,a(t) = w(t) ⋆ ℓ(t) =

∫

w(t − τ)ℓ(τ) dτ ,
e.g., see (Zhang, 1998). This typically means that a stimulus-locked average
can only show a smoothed (low-pass filtered) version of each variable-latency
component.

The problem is particularly severe when the task a subject needs to perform
after the presentation of the stimuli is relatively difficult since the variability in
the latencies of endogenous ERP components and in response times increase
with the complexity of the task (Luck, 2005; Polich and Comerchero, 2003). In
these cases, multiple endogenous variable-latency components may appear as a
single large blurred component in the average; a synthetic example is shown in
Figure 1-1 (left).2 This makes it very difficult to infer true brain area activityfor
any response occurring after the early exogenous potentials typically elicited
by (and synchronised with) a stimulus.

In experiments in which the task requires participants to provide a specific
behavioural response (e.g., in the form of a button press or aspoken response),
response-locked averagingcan be used as an alternative to stimulus-locked av-
eraging to help resolve variable-latency ERP components that are synchronised
with the response; see, for example, (Luck and Hillyard, 1990; Keus et al.,
2005; Spencer, 2004; Töllner et al., 2008). In this case, however, the early re-
sponses associated and phase-locked with the stimulus willend up being blurred
and hard to distinguish, since they are represented in the average by the convo-
lution of their true waveform with the response-time distribution; see (Zhang,
1998). A synthetic example illustrating this problem is shown in Figure 1-1
(right).

Thus, inferring whether a component in an average represents a true effect
or it is due to averaging biases can then be very difficult. Note that averaging
more data does not help increase the fidelity of the reconstructed signals because
there is asystematic errorin the averaging process.

A third alternative to resolve variable-latency waves is toattempt to identify
such components in each trial and estimate their latency. Then, shifting trials
on the basis of estimated latencies and averaging may bring out the desired
component from its noise background. However, most methodsof this kind re-
quire prior knowledge of what type of component to expect andat what times.
What if this knowledge is not available? Without this information automated
detection algorithms have very little hope of finding the latency of the waves
of interest. Also, latency detection algorithms assume that the component of

2Real EEG signals are extremely noisy. So, synthetic data illustrate the problem more clearly.
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STIMULUS LOCKED RESPONSE LOCKED

Figure 1-1. Example of distortions produced by averaging: the five sample ERPs at the top
present two positive and one negative deflections each, which are phase-locked with a stimulus,
as well as one positive component, which is of variable latency. Averaging them (plots at
the bottom) preserves the exogenous components when trialsare stimulus-locked (left). This,
however, turns the variable-latency component into an inconspicuous plateau which could easily
be misinterpreted as a continuation of the preceding positive wave. A response-locked average
(right), on the other hand, preserves the variable-latencyendogenous component but smears out
the details of early potentials turning them into a single, wide positive deflection.

interest is present in every trial and we just need to find its latency in the trial.
What if an ERP component is not always elicited by the stimuli? The presence
of a component might be, for example, condition-dependent,or dependent on
whether or not a participant attended a stimulus, whether a participant was
rested or tired, whether there was habituation to the stimuli, etc. (Bonala et al.,
2008; Wagner et al., 2000). If a component was absent frequently, running a
latency-measuring algorithm on trials where the componentdid not occur would
inundate the averaging process with bias and noise. And, unfortunately, thresh-
olds or even more sophisticated algorithms for the detection of thepresence
of the component, which in principle could be used to properly handle trials
that do not contain it, produce large numbers of mis-classification errors. So,
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the composition of detection errors with latency-estimation errors may render
component-locked averaging very unreliable in many situations.

Note also that all methods that realign trials based on component latencies can
potentially suffer from aclear-centre/blurred-surround problem. That is, after
shifting trials based on the latency of a particular ERP component, all instances
of that component will be synchronised, thereby effectively becoming fixed-
latency elements. However, stimulus-locked components will now become
variable-latency components. Also, all (other) components that are phase-
locked with some other event (e.g., the response), but not with the component
of interest, will remain variable-latency. Not surprisingly, then, they will appear
blurred and distorted in a component-locked average.

It is clear that the standard averaging techniques reviewedabove are not en-
tirely satisfactory and that a more precise and direct way ofidentifying variable-
latency components as well as measuring their latency and amplitude is needed.
In the following section we describe the binning technique we developed in (Poli
et al., 2009), which significantly improves on previous methods.

3. Averaging Response-time Binned ERPs

In (Poli et al., 2009) we proposed an extremely simple technique — bin-
ning trials based on their recorded response time and then applying averag-
ing to the bins. This has the potential of solving the problems with the three
main ways of performing averages (stimulus-locked, component-locked and
response-locked) discussed above, effectively reconciling the three methods.
In particular, response-time binning allows one to significantly improve the
resolution with which variable-latency waves can be recovered via averaging,
even if they are distant from the stimulus-presentation andresponse times. The
reason for this is simple to understand from a qualitative point of view.

The idea is that if one selects out of a dataset all those epochs where a par-
ticipant was presented with qualitatively identical stimuli and gave the same
response within approximately the same amount of time, it isreasonable to
assume that similar internal processes will have taken place. So, within those
trials, ERP components that would normally have a widely variable latency
might be expected to, instead, present a much narrower latency distribution,
i.e., they should occur at approximately the same time in theselected subset of
trials. Thus, if we bin epochs on the basis of stimuli, responses and response
times, we would then find that, for the epochs within a bin, thestimulus, the
response, as well as fixed- and variable-latency componentsare much more
synchronised than if one did not divide the dataset. Averaging such epochs
should, therefore, allow the rejection of noise while at thesame time reduc-
ing the undesirable distortions and blurring (the systematic errors) associated
with averaging. Response-time binning and averaging should thus result in
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the production of clearer, less biased descriptions of the activity which really
takes place in the brain in response to the stimuliwithout the need for prior
knowledgeof the phenomena taking place and ERP components present in the
EEG recordings.

In (Poli et al., 2009) we assessed the binning technique bothempirically
and theoretically. For empirical validation we modified andused an exper-
iment originally designed by (Esterman et al., 2004) in which the task was
relatively difficult, since target detection is based on specific combinations of
multiple features (i.e., requiring feature binding), and where response times
varied from around 400ms to over 2 seconds. We evaluated the empirical re-
sults in a number of ways, including: (a) a comparison between stimulus-locked
and response-locked averages which showed how these are essentially identical
under response-time binning; (b) an analysis of differences between bin means,
medians and quartiles of the amplitude distributions and ananalysis of sta-
tistical significance of amplitude differences using Kolmogorov-Smirnov tests
which showed that bins indeed captured statistically different ERP components;
and (c) an analysis of the signal-to-noise ratio (SNR) with and without binning
which showed that the (expected) drop in SNR due to the smaller dataset cardi-
nality associated with bins is largely compensated by a corresponding increase
due to the reduction in systematic errors.

From the theoretical point of view, we provided a comprehensive analysis of
the resolution of averages with and without binning, which showed that there
are resolution benefits in applying response-time binning even when there is
still a substantial variability in the latency of variable-latency components after
response-time binning. We summarise this analysis below since this is the
starting point for our fitness function, as we will show in Section 4.

Let us assume that there are three additive components in theERPs
recorded in a forced-choice experiment — a stimulus-lockedcomponent,s(t),
a response-locked component,r(t), and a variable-latency component,v(t).
Let R be a stochastic variable representing the response time in atrial and let
ρ(t) be its density function. Similarly, letL be a stochastic variable represent-
ing the latency of the componentv(t) and letℓ(t) be the corresponding density
function. Let us further assume that response time and latency do not affect the
shape of these components. Under these assumptions we obtain the following
equation for the stimulus-locked averageas(t):

as(t) = s(t) + v(t) ⋆ ℓ(t) + r(t) ⋆ ρ(t) (1.1)

where⋆ is the convolution operation.
Let us consider the most general conditions possible. LetL andR be de-

scribed by an unspecified joint density functionp(l, r). So, the latency and
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response-time distributions are marginals of this joint distribution:

ℓ(l) =

∫

p(l, r) dr and ρ(r) =

∫

p(l, r) dl.

Note that by the definition of conditional density function,we have that

p(l, r) = p(r|l)ℓ(l) and p(l, r) = p(l|r)ρ(r)

wherep(r|l) is the pdf ofR whenL = l andp(l|r) is the pdf ofL whenR = r.
In (Poli et al., 2009) we showed that if one considers a classical “rectangu-

lar” bin collecting the subset of the trials having responsetimes in the interval
[χ1, χ2), i.e., such thatχ1 ≤ R < χ2, the joint distribution ofL andR trans-
forms into

p[χ1,χ2)(l, r) =
δ(χ1 ≤ r < χ2)p(l, r)

∫ χ2

χ1
ρ(r) dr

,

where theδ(x) returns 1 ifx is true and 0 otherwise. So, it has the function of
zeroing the distribution outside the strip[χ1, χ2). The denominator normalises
the result so thatp[χ1,χ2)(l, r) integrates to 1.

We also showed that taking the marginal of this distributionw.r.t. l gives us
the response time distribution for response-time bin[χ1, χ2):

ρ[χ1,χ2)(r) =
δ(χ1 ≤ r < χ2) ρ(r)

∫ χ2

χ1
ρ(r) dr

.

The marginal of the distributionp[χ1,χ2)(l, r) w.r.t.r, which gives us the latency
distribution for the trials in response-time bin[χ1, χ2), is:

ℓ[χ1,χ2)(l) =
Pr{χ1 ≤ R < χ2 | l} ℓ(l)

∫ χ2

χ1
ρ(r) dr

.

These two marginals are important because we can express thestimulus-locked
bin average as follows:

a[χ1,χ2)
s (t) = s(t) + v(t) ⋆ ℓ[χ1,χ2)(t) + r(t) ⋆ ρ[χ1,χ2)(t).

The marginals determine in what ways and to what extentv(t) andr(t) appear

distorted and blurred in the average. So, in order to understand whya[χ1,χ2)
s (t)

provides a better representation ofr(t) andℓ(t) thanas(t), we need to analyse
the differences between the distributionρ[χ1,χ2)(t) andρ(t) and between the
distributionℓ[χ1,χ2)(t) andℓ(t). We will concentrate on the former pair since
the arguments for the latter are almost symmetric.

The key difference betweenρ[χ1,χ2)(t) andρ(t) is that, apart from a scaling
factor, ρ[χ1,χ2)(t) is the product ofρ(t) and a rectangular windowing func-
tion, δ(χ1 ≤ t < χ2). In the frequency domain, therefore, the spectrum of



High-significance ERP Averages via GP 9

ρ[χ1,χ2)(t), which we denote withR[χ1,χ2)(f), is the convolution between the
spectrum ofρ(t), denoted asR(f), and the spectrum of a translated rectangle,
∆(f). This is a scaled and rotated (in the complex plane) version of the sinc
function (i.e., it behaves likesin(f)/f ). The function|∆(f)| has a large cen-
tral lobe whose width is inversely proportional to the bin widthχ2 −χ1. Thus,
when convolved withR(f), ∆(f) behaves as a low pass filter. As a result,
R[χ1,χ2)(f) = R(f) ⋆ ∆(f) is a smoothed and enlarged version ofR(f). In
other words, whileρ[χ1,χ2)(t) is still a low-pass filter, it has a higher cut-off

frequency thanρ(t). So,a[χ1,χ2)
s (t) provides a less blurred representation of

r(t) thanas(t).
We will modify this analysis in the next section for the purpose of defining

a suitable fitness measure the optimisation of which would lead to maximising
the statistical significance with which ERP components can be reconstructed
via binning and averaging.

4. Binning Optimality and Fitness Function

As described in the previous section, in (Poli et al., 2009) we used the function
δ(χ1 ≤ R < χ2) to bin trials. To get the best out of the binning technique, here
we will replace this function with aprobabilistic membership functionwhich
gives the probability that a trial characterised by a response timeR would be
accepted in a particular binb. Let us denote this probabilistic membership
function as

Pb(r) = Pr{accept trial in binb | trial response timeR = r}.

Naturally, whenPb(r) = δ(χ1 ≤ R < χ2), then b is a traditional (crisp,
rectangular) bin.

Let us denote with a binary stochastic variableA the event
{accept trial for averaging in binb}. Let p(a, l, r) be the joint distribution of
the eventsR = r, L = l andA = a. This can be decomposed as follows

p(a, l, r) = p(a|l, r)p(l, r).

SinceA does not depend onL but only onR (we base the decision to accept
trials in a bin only on their associated response time), we have thatp(A =
true|l, r) = Pb(r) andp(A = false|l, r) = 1 − Pb(r).

Focusing our attention on the subset of the trials falling within bin b, we
obtain the following joint distribution ofL andR

pb(l, r) = p(l, r |A = true) =
p(A = true, l, r)

p(A = true)
=

p(A = true | l, r)p(l, r)

p(A = true)

Hence

pb(l, r) =
Pb(r)p(l, r)

∫ ∫

Pb(r)p(l, r) dr dl
=

Pb(r)p(l, r)
∫

Pb(r)ρ(r) dr
.
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So,

ρb(r) =

∫

pb(l, r) dl =
Pb(r)

∫

p(l, r) dl
∫

Pb(r)ρ(r) dr
=

Pb(r)ρ(r)
∫

Pb(r)ρ(r) dr
.

Also,

ℓb(l) =

∫

pb(l, r) dr =

∫

Pb(r)p(l, r) dr
∫

Pb(r)ρ(r) dr
=

ℓ(l)
∫

Pb(r)p(r|l) dr
∫

Pb(r)ρ(r) dr
.

Again these two marginals are important because we can express the stimulus-
locked bin average as follows:

ab
s(t) = s(t) + v(t) ⋆ ℓb(t) + r(t) ⋆ ρb(t).

From the equations above, one can clearly understand how different definitions
of the probabilistic membership functionPb(r) can lead to radically different
results in terms of the resolution of true ERP components in bin averages.

Naturally, one will generallyuse multiple probabilistic response-time bins for
the purpose of analysing ERP trials. For each, a membership functionPb(r)
must be defined. Our objective is to use GP to discover these membership
functions in such a way as to maximise the information extracted from the raw
data. To do so, we need to define an appropriate fitness function.

While we form bins based on response times, each data elementin a bin
actually represents a fragment of EEG signal recorded at some electrode site.
The question we need to ask is: what do we mean by extracting maximal infor-
mation from these data? Naturally, alternative definitionsare possible. Here we
want to focus on thegetting ERP averages which are maximally significantly
different.

An ERP bin average,ab
s(t), is effectively a vector, each element of which

is the signal amplitude recorded at a particular time after stimulus presentation
averaged over all the trials in a bin. Because we use probabilistic membership
functions for the bins, the composition of a bin is in fact a stochastic variable.
Let us denote the stochastic variable representing binb withBb. The probability
distribution ofBb is determined by the membership functionPb(r) and by the
response time distributionρ(r). An instantiation ofBb, βb, is effectively an
array with as many rows as there are trials in binb and as many columns as
there are time steps in each epoch. An element inβb represents the voltage
amplitude recorded in a particular trial and in a particulartime step in that trial
at the chosen electrode. Letβb(t) represent the set of the amplitudes recorded
at timet in the trials in binb.

Let us consider two bins,b1 andb2. If βb1 is an instantiation ofBb1 and
βb2 is an instantiation ofBb2, one could check whether the signal amplitude
distributions recorded in binsb1 andb2 at a particular time stept are statistically
different by applying the Kolmogorov-Smirnov test for distributions to the data-
setsβb1(t) andβb2(t). The test would return ap value, which we will call
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pb1,b2(t). The smallerpb1,b2(t), the better the statistical separation between the
signal amplitude distributions in binsb1 andb2 at time stept. Naturally to get
an indication of how statistically different the ERPs in different bins are one
would then need to somehow integrate thepb1,b2(t) values obtained at different
t’s and for different pairs of bins.

Since we are interested in obtaining bins (via the optimisation of their mem-
bership functionsPb(r)) which contain maximally mutually statistically differ-
ent trials, we require that the sum of thep values returned by the Kolmogorov-
Smirnov test when comparing the signal amplitudes in each pair of bins over
the time steps in an epoch be as small as possible. So, we want to maximise
the followingfitness function:

f =
∑

b1 6=b2

∑

t

(1 − E[pb1,b2(t)]), (1.2)

where the expectation operatorE[·] is required becausepb1,b2(t) is a stochastic
variable in that we can only apply the Kolmogorov-Smirnov test to amplitude
measurements obtained frominstantiationsof the stochastic variablesBb1 and
Bb2. For this reason, the use of Equation (1.2) as a fitness function would require
repeatedly assigning trials to bins based on their membership functions, assess-
ing the mutual statistical independence of the trials, and averaging the results.
However, this repeated sampling is a very expensive operation (see Section 5).
Therefore, we adopted a noisy fitness function, where the expectation operator
is omitted. In other words, we only sample the stochastic variablesBb1 andBb2

once per fitness evaluation. Fitness, however, gets re-evaluated periodically, as
described in the next section. So, general and robust solutions to the problem
are favoured by evolution.

5. GP System and Settings

We did our experiments using a linear register-based GP system. The system
uses a steady-state update schedule.

The primitive set used in our experiments is shown in Table 1-1. The in-
structions refer to four registers: the input registerri which is loaded with
the response time,r, of a trial before a program is evaluated, the two general-
purpose registersr0 andr1 that can be used for numerical calculations, and
the registerrs which can be used as a swap area.r0, r1 andrs are initialised
to 0. The output of the program is read fromr0 at the end of its execution. In
the addition and multiplication instructions we used the memory-with-memory
technique proposed in (McPhee and Poli, 2008) with a memory coefficient
of 0.5. So, for example the instructionr0 <- r0 + ri is actually imple-
mented asr0 = 0.5 * r0 + 0.5 * ( r0 + ri ) while r1 <- r0 * r1

is implemented asr1 = 0.5 * r1 + 0.5 * ( r0 * r1 ).
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Table 1-1. Primitive set used in our experiments.
NOP r0 <- -1 r1 <- r0 + r1

r0 <- 0 r1 <- 1 r0 <- r0 * r1

r1 <- 0 r0 <- -r0 r1 <- r0 * r1

r0 <- 0.5 r1 <- -r1 r0 <- r0 * r0

r1 <- -0.5 r0 <- r0 + ri r1 <- r1 * r1

r0 <- -0.1 r1 <- r1 + ri rs <-> r0

r1 <- 0.1 r0 <- r0 + r1 rs <-> r1

As in (Poli et al., 2009), in our tests we consider three bins.So, we need
to evolve three membership functions, which we will callP1(r), P2(r) and
P3(r). To help GP in this difficult task we constrained the family offunctions
from which the membership functions could be drawn. So, instead of evolving
the three functionsP1(r), P2(r) andP3(r), we decomposed each function
into three components and we asked GP to evolve the components used in the
formulation of eachPi(r). So, each GP individual was actually made up of nine
programs. All nine must be run to decide with which probability an element of
an ERP dataset should belong to each response-time bin.

More specifically, our membership functions had the following form:

Pi(x) =

(

pcos

(

r − c(r)

w(r)

))|e(r)|

wherec(r) = ci+pic(r),w(r) = wi+piw(r), e(r) = ei+pie(r)andpcos(x) =
cos

(

π
2 x

)

if |x| < 1, and 0 otherwise. Herep1c(r), p2c(r), p3c(r), p1w(r),
p2w(r), p3w(r), p1e(r), p2e(r), andp3e(r) are the nine programs forming a
particular individual. The termsc1, c2, c3, w1, w2, w3, e1, e2 and e3 are
constants which we defined so as to give meaningful bins even if pic(r) =
piw(r) = pie(r) = 0 for all i andr. Since we initialised the programs in the
population with a high proportion ofNOP operations, this ensured that even
individuals in the first generation could obtain reasonablefitness levels. More
specifically,c1, c2 andc3 were set to be the medians of the three bins chosen
using the heuristic method described in (Poli et al., 2009) (where each bin
gathered 30% of the response-time distribution), whilew1, w2 andw3 were set
to twice the standard deviation of the data in such bins. Standard deviations
were estimated using the robust estimator provided by 1.4826 times the median
absolute deviation from the median (or MAD for short) (Wilcox, 2005). Finally,
the constantse1, e2 ande3 were all set to 0.5. This value is half-way between
0, which would give an perfectly rectangular bin, and 1, which gives bins a
perfectly sinusoidal shape.

The system initialised the population as follows. All nine programs in an
individual had identical length (50 instructions). The length was fixed, but
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through the use ofNOP instructions, the active code was effectively of variable
size. The nine programs were concatenated, so effectively an individual was
an array of 450 instructions. Programs were initially all made up only ofNOP
instructions, but they were immediately mutated with pointmutation with a
mutation rate of 8% so that on average approximately 4 instructions in each of
the 9 programs were non-NOP. When an instruction was mutated, the instruction
was replaced with a random instruction from the whole primitive set. These
choices of parameters were based on some preliminary tests.

The system used tournament selection with tournament size 10. At each
iteration, the system randomly decided whether to perform reevaluation of the
fitness of an individual (keep in mind that our fitness function is noisy) or to
create a new individual. It reevaluatedfitness withprobability0.1 and performed
crossover with a probability of 0.9. When fitness reevaluation was chosen, the
new fitness value was blended with the old one using the formula: f = 0.8fold+
0.2fnew. This effectively low-pass filters the fitness values using asimple IIR
filter, therebyeventually leading tofitness values to stabilise around the expected
value for each program. When crossover was performed, two parent individuals
were selected, and 9-point crossover was performed. The 9 points were not
constrained to fall within the 9 programs that form an individual. Crossover
returned one offspring after each application. The offspring was mutated using
point mutation with a mutation rate of 4% (so, on average eachprogram was
hit by two mutations) and then was evaluated. The offspring was then inserted
in the population, replacing an individual which was selected using a negative
tournament (with tournament size 10). Given the heavy computational nature
of the task we used populations of size 1,000 and 5,000 and we performed 50
generations in each run. To see what kind of results could be obtained with
smaller runs, we also performed runs with a population size of 50 run for 20
generations (for a total of 1,000 fitness evaluations).

The data used for our experiments were obtained as follows. We modified an
experiment originally designed by (Esterman et al., 2004).In the experiment
a composite stimulus is presented at a randomly chosen location (out of four
possible locations) on a display for a very short time (between 50 and 150ms
depending on conditions). The task of the subject is to identify whether the
stimulus represented a target or a non-target stimulus. To correctly perform the
task participants needed to identify and conjoin multiple features of the stimu-
lus and then they needed to click a button to signal their response. While the
participant performed the task they were connected to electroencephalographic
equipment so that the waves generated during the task in different areas of
the brain could be recorded. We used a BioSemi ActiveTwo system with 64
pre-amplified electrodes plus additional electrodes on theearlobes, the external
canthi and infra-orbital positions. Signals were acquiredat 2048 samples per
second, were then bandpass-filtered between 0.15 and 40 Hz and, finally, were
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down-sampled to 512 samples per second. We tested six students from the
University of Essex, all with normal or corrected-to-normal vision. Each ex-
periment lasted about one hour, and took about one further hour for preparation
and for practice.

Trials were classified according to whether the target was present or absent
and according to whether the response was ‘Correct’ or ‘Incorrect’. This re-
sulted in four conditions: true positives (target present,correct response), true
negatives (target absent, correct response), false positives (target absent, incor-
rect response) and false negatives (target present, incorrect response). For the
tests reported in this paper we focused on the largest class,the True Negatives,
which included a total of 2967 trials. We used epochs of approximately 1200ms
(614 samples). That is, each trial contained a vector of 614 signal amplitude
samples for each electrode. Each trial had an associated response/reaction time
which represents the time lapsed between the presentation of the stimulus and
the response provided by the user in the form of a mouse click.Following (Poli
et al., 2009), the 10% of the trials with the longest responsetimes were dis-
carded. This left 2670 trials. In order to evaluate the fitness of an individual in
the population, we needed to run the nine programs included in the individual
on each of the trials in the dataset, i.e., the GP interpreterwas invoked over
24,000 times before the fitness function could start executing.

With the fitness function defined in Section 4, the objective of evolution is to
identify three membership functions which allow one to divide up this dataset
into bins based on response times in such a way as to maximise the mutual
statistical significance of differences in the bins’ amplitude averages. Note that
evolution can choose to evolve functions that discard certain ranges of response
times if this is advantageous.

With 3 bins (i.e., 3 bin-vs-bin comparisons), 64 electrodesand 614 sam-
ples per epoch evaluating our fitness function would requirerunning 117,888
Kolmogorov-Smirnov tests per fitness evaluation. Since such tests are rather
computationally expensive, we decided to scale down the problem by con-
centrating on one particular electrode (‘Pz’) and by further sub-sampling the
amplitude data by a factor of 16. So, after performing the binning of the dataset,
we needed to run the Kolmogorov-Smirnov test3× 38 = 114 times per fitness
evaluation.

6. Results

We show the response-time distribution recorded in our experiments for the
True Negatives in Figure 1-2 (note that amplitudes have beennormalised so
that the curves are density functions; abscissas are in seconds). The bound-
aries of the 30%-quantile fixed-size bins produced with the method described
in (Poli et al., 2009) are shown as vertical lines in Figure 1-2. The medians
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Figure 1-2. Response time distributions for true negative trials recorded in our experiments.
Response times of 2000ms or longer have been grouped in the rightmost bin. The vertical lines
within each plot represent the boundaries of the bins produced by the standard binning method
described in (Poli et al., 2009). In each plot medians and standard deviations are also shown
both for the bins (top) and for the overall distribution (bottom).

and standard deviations, estimated using MAD, for the wholedistribution and
for the bins are also shown in Figure 1-2. As indicated above,the objective of
GP is to probabilistically divide up this distribution intobins using appropriate
membership functions in such a way to maximise the statistical significance of
bin averages.

The fitness value for the standard membership functions (rectangular bins)
is approximately 0.8297, which corresponds to a mean Kolmogorov-Smirnov
p-value of 0.1703. This implies that only for a fraction of thetime steps in
an epoch differences between bin averages are statistically significant at the
standard confidence levels of 0.10 and 0.05. We want GP to improve on this.

We performed 50 runs with populations of size 50 and 1,000, and 10 runs
with populations of size 5,000 on 182-core Linux cluster with Xeon CPUs. We
report the mean, standard deviation, min and max of best fitnesses as well as
the quartiles of the fitness distribution recorded in out experiments in Table 1-
2. As one can see in all conditions, the method is very reliable, all standard
deviations being very small. Even with the smallest population GP improved
over the standard binning techniquein all runs. This is particularly remarkable
given that such runs required only approximately 2 minutes of CPU time each.
Naturally, only runs with 1,000 and 5,000 individuals consistently achieved best
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fitnesses close to or exceeding 0.9, which corresponds to averagep values of 0.1
or less. This is a very significant improvement over thep value associated with
rectangular bins. Now, for a large proportion of the time in an epoch differences
between bin averages are statistically significant. CPU time was approximately
4 hours for runs of 1,000 individuals and approximately one day for runs of
5,000 individuals. Note that these long training times are not a problem in
the domain of ERP analysis, since setting up an experiment, trialling it, then
collecting the data with independent subjects, preparing the data for averaging
and finally interpreting them after averaging require many weeks of work.

In order to achieve this high level of performance and reliability in the ERP
binning problem, GP has discovered how to partition the databased on response
times in such a way as to optimally balance two needs: (a) the need to include
as many trials as possible in each bin so as to reduce noise in both variable-
latency and fixed-latency ERP components, and (b) the need tomake the bins
as narrow as possible so as to reduce the systematic errors associated with
averaging variable-latency components.

Table 1-2. Mean, standard deviation, min and max of best and quartiles of the fitness distribution
recorded in out experiments.

Population size 50, 20 generations
Statistic Best Qrtl 1 Qrtl 2 Qrlt 3 Qrtl 4

Mean 0.87750 0.86354 0.86020 0.85613 0.17514
StdDev 0.008868 0.006952 0.007123 0.008249 0.272409

Max 0.900335 0.877868 0.876486 0.872651 0.753881
Min 0.855929 0.845703 0.842577 0.837546 0.000000

Population size 1,000, 50 generations
Statistic Best Qrtl 1 Qrtl 2 Qrlt 3 Qrtl 4

Mean 0.89862 0.88161 0.88056 0.87910 0.00000
StdDev 0.00396 0.00293 0.00288 0.00307 0.00000

Max 0.91348 0.89096 0.88979 0.88922 0.00000
Min 0.89197 0.87720 0.87526 0.87346 0.00000

Population size 5,000, 50 generations
Statistic Best Qrtl 1 Qrtl 2 Qrlt 3 Qrtl 4

Mean 0.90431 0.88301 0.88214 0.88091 0.00000
StdDev 0.0060682 0.0039270 0.0038899 0.0040199 0.00000

Max 0.91763 0.89148 0.89053 0.88947 0.00000
Min 0.89914 0.88039 0.87956 0.87794 0.00000
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As an example, we plot the best evolved bin membership functions in the 50
runs with a population of 1,000 individuals in Figure 1-3. These correspond to
the following equations:

P1(r) =

(

pcos

(

r − 0.394

0.127

))0.375

(1.3)

P2(r) =

(

pcos

(

r − 0.633

0.129 − 0.5r

))0.4+0.5r

(1.4)

P3(r) =

(

pcos

(

r − 1.381

0.327

))0.688

(1.5)

Figure 1-3. Best membership functions evolved in 50 runs with a population of 1,000 individ-
uals.

These were obtained by analysing and then symbolically simplifying the
nine programs making up the best individual evolved in such runs. The listing
of the nine programs is shown in Table 1-3.



1
8

G
E

N
E

T
IC

P
R

O
G

R
A

M
M

IN
G

T
H

E
O

R
Y

A
N

D
P

R
A

C
T

IC
E

V
II

Table 1-3. The nine programs forming the best evolved solution to the ERP binning problem (NOP instructions have been edited out).
Bin 1 Bin 2 Bin 3

Centre Width Exponent Centre Width Exponent Centre Width Exponent

r1 <- 0
r1 <- -.5
r1 <- .1
r0 <- .5
r0 <- r0 + ri
r0 <- -1
r1 <- r0 + r1
r0 <- r0 + r1
r0 <- r0 * r1
r1 <- r1 * r1
r0 <- r0 + ri
r0 <- -.1
r1 <- 0
r1 <- r1 * r1
r0 <- r0 * r0
r1 <- -r1
r0 <- r0 + ri
rs <-> r1
r0 <- r0 * r0
r0 <- r0 * r1
r1 <- -.5
r1 <- .1
r1 <- -r1
r0 <- r0 * r0
r1 <- 0
r0 <- r0 + ri
r0 <- 0
r1 <- .1
r0 <- -r0
r0 <- r0 * r1
r0 <- -r0
r0 <- -.1
r1 <- -r1

rs <-> r1
r0 <- r0 + ri
rs <-> r1
r0 <- r0 + ri
r1 <- .1
r0 <- r0 * r0
r1 <- r0 + r1
r1 <- -.5
r0 <- .5
r0 <- 0
r1 <- r1 + ri
r1 <- -r1
r1 <- r1 * r1
r1 <- 0
r1 <- -r1
r0 <- r0 * r1
r0 <- -.1
rs <-> r1
r0 <- 0
r1 <- .1
r1 <- 1
r1 <- r1 + ri
r1 <- .1
r1 <- 1
r0 <- r0 * r0
r1 <- r1 + ri
r1 <- -r1
r0 <- r0 * r0
r0 <- r0 * r0
r0 <- 0
r1 <- 1
r0 <- -r0

r1 <- r1 + ri
r0 <- r0 + r1
r0 <- .5
rs <-> r0
r1 <- 0
rs <-> r0
r1 <- r1 + ri
r0 <- -r0
rs <-> r1
r1 <- r1 + ri
r0 <- r0 + ri
r0 <- -r0
r0 <- r0 + r1
r0 <- r0 * r1
r0 <- r0 + r1
r1 <- r1 * r1
r1 <- r1 * r1
r1 <- r0 + r1
rs <-> r0
r0 <- r0 * r0
r0 <- .5
r0 <- -r0
r1 <- r1 + ri
r0 <- r0 * r0
r1 <- -r1
r1 <- 1

r1 <- r1 + ri
rs <-> r0
r0 <- r0 * r1
rs <-> r0
r1 <- .1
r1 <- 1
r0 <- r0 + r1
r1 <- 0
r0 <- r0 * r0
r1 <- -r1
rs <-> r1
r0 <- -r0
r1 <- 1
r1 <- 0
r0 <- r0 + r1
r1 <- -r1
rs <-> r1
r0 <- -r0
r1 <- 1
r0 <- r0 + r1
r1 <- 1
rs <-> r1
r1 <- r1 + ri
r0 <- r0 * r1
r1 <- .1
r0 <- 0

r1 <- -.5
r0 <- -r0
r1 <- 0
r0 <- -r0
r0 <- r0 + r1
r0 <- -r0
r1 <- r1 + ri
r1 <- -.5
r0 <- r0 + r1
r1 <- r0 + r1
r0 <- r0 * r1
r1 <- -.5
r0 <- .5
r0 <- -.1
rs <-> r0
r1 <- -.5
r0 <- -.1
r0 <- r0 * r1
r1 <- r0 * r1
r0 <- r0 + ri
r1 <- 0
r1 <- r0 * r1
r1 <- r1 + ri
r1 <- r1 + ri
r0 <- -r0
r1 <- .1
r1 <- r0 * r1
r1 <- r1 * r1
r1 <- 0
r1 <- 1

r1 <- -.5
r1 <- r1 + ri
r0 <- r0 + ri
r1 <- -r1
rs <-> r1
r0 <- r0 * r0
r1 <- 0
r0 <- -.1
r1 <- .1
r0 <- .5
rs <-> r1
r0 <- r0 * r0
r1 <- 1
r0 <- -r0
rs <-> r0
r0 <- r0 * r0
r0 <- -1
r1 <- r0 + r1
r0 <- -.1
r1 <- -r1
r1 <- 0
r0 <- -.1
r0 <- -.1
r0 <- .5
r1 <- 0
r0 <- r0 + ri
r0 <- r0 + r1
r0 <- -1
r0 <- r0 * r0
r1 <- r0 * r1
r0 <- 0
r0 <- .5
r1 <- r1 + ri
r0 <- -.1
r0 <- r0 + ri
r1 <- 0
r1 <- -.5
r1 <- -r1

r0 <- -1
r0 <- r0 + r1
r1 <- .1
r0 <- 0
r0 <- r0 + r1
r0 <- 0
r1 <- -r1
r0 <- -r0
r1 <- r0 * r1
r1 <- r1 + ri
rs <-> r0
r0 <- r0 + ri
r0 <- 0
r0 <- -.1
r0 <- -r0
r1 <- -.5
r0 <- .5
r1 <- r0 + r1
r0 <- r0 + ri
r0 <- r0 + r1
r0 <- -1
r1 <- 1
r1 <- .1
rs <-> r0
r0 <- -r0
r1 <- .1
r0 <- r0 + ri
r0 <- r0 + r1
r0 <- .5
r1 <- r1 * r1
r1 <- r0 + r1
r1 <- r1 * r1

r1 <- 1
r1 <- r0 + r1
r1 <- -.5
r1 <- r1 + ri
r0 <- r0 * r1
r1 <- r0 + r1
r1 <- r0 + r1
r0 <- r0 * r0
r1 <- 1
r0 <- 0
r0 <- -1
r0 <- r0 * r0
r0 <- .5
r0 <- r0 + ri
r0 <- r0 * r0
r1 <- r1 + ri
r1 <- -r1
r0 <- -.1
r0 <- -.1
r1 <- r1 * r1
r0 <- r0 + ri
r0 <- 0
r1 <- 1
r1 <- 1
r0 <- r0 + r1
r0 <- 0
r0 <- -r0
r1 <- .1

r1 <- -r1
r0 <- -r0
r1 <- r1 * r1
r1 <- 0
r0 <- .5
r0 <- r0 * r1
r1 <- r0 + r1
r1 <- 1
r1 <- r1 * r1
r0 <- r0 * r1
r1 <- r1 + ri
r0 <- -r0
r1 <- r0 + r1
rs <-> r1
r0 <- -1
r1 <- -.5
r0 <- r0 + r1
r0 <- .5
r0 <- r0 * r0
r0 <- -1
r0 <- .5
r1 <- r1 * r1
r1 <- -r1
r1 <- r0 + r1
r0 <- r0 * r0
r0 <- -r0
r1 <- r0 + r1
rs <-> r1
rs <-> r0
rs <-> r1
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The ERP averages produced by this solution are shown in Figure 1-4. For
reference we show the averages obtained with traditional rectangular bins in
Figure 1-5. As one can see the ERP averages for the middle binsare almost
identical to the full average in both cases. This is because both the reference
bin and the GP-evolved bin capture the median response time and surrounding
samples, which are representative of the central tendency of the whole distri-
bution. However, when comparing the ERP averages for bins 1 and 3 with
the corresponding reference averages, we see that the membership functions
evolved by GP are more selective in their choice of trials. This produces bigger
(and hence more statistically significant) variations between groups. Particu-
larly interesting is the case of bin 3, which, with the standard binning method,
is adjacent to bin 2 and is very broad. This led to averaging ERP components
having an excessively wide distribution of latencies, leading to an ERP average
where late endogenous components, which are typically associated with the
preparation of the response, are hardly discernible. Instead, GP has produced a
much narrower bin 3 and a large gap between bins 2 and 3. As one can see from
Figure 1-4, this yields a much clearer representation of such late potentials.

7. Conclusions

In this paper we used a multi-program form of register-basedGP to dis-
cover probabilistic membership functions for the purpose of binning and then
averaging ERP trials based on response times. The objectivewas to evolve
membership functions which could significantly improve themutual statistical
significance of bin averages thereby capturing more accurately true brain waves
than when using simple rectangular bins.

Our results are very encouraging. GP can consistently evolve membership
functions that almost double the statistical significance of the ERP bin averages
with respect to the standard binning method.

In future work we will test the generality of evolved solution, by applying
the bins found by GP to newly acquired (unseen) data. We also intend to make
use of our new bin averaging technique in BCIs. Indeed, the work presented
in this paper originated from the need to understand in exactly what ways
stimulus features and task complexity, as well as cognitiveerrors, modulate
ERP components in BCI (Cinel et al., 2004; Citi et al., 2004; Citi et al., 2008).
Our long term objective is to formally link quantitative psychological models of
feature binding and perceptual errors (Humphreys et al., 2000; Cinel et al., 2002;
Cinel and Humphreys, 2006) with the presence of specific ERP components and
the modulation of their latency and amplitude. This knowledge could then be
used to design a new generation of BCIs where the behaviour and features of
human cognitive systems are best exploited.
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Figure 1-4. Averages obtained with the GP-evolved bin membership functions in Equations 1.3–
1.5 and shown in Figure 1-3.
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Figure 1-5. Averages obtained with traditional rectangular bins.
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