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Abstract
�

Cellular Automata (CAs) 
�

are discrete � dynamic systems composed o
�

f a large set o
�

f
simple units organised into � a regular one-, two- o

	
r multi-dimensional grid which u
 p-

date their state on the 
�

basis o
�

f their 
	

previous state � and the � state o� f a small number of
neighbouring 
 cells.  CAs have been traditionally used for image processing and � for h

�
y-

drodynamics,  
�

thermodynamics and � turbulence modelling.  
	

More recently CAs have
also � been used as mechanisms to study � emergent computation, the phenomenon i� n
which a�  large set of simple interacting elements with little information produce a�

complex � coordinated information processing behaviour.  In this paper, using the power�

of genetic algorithms, we � study the 
	

ability o� f CAs to perform two very 
	

important 
�

forms
�

of emergent computation: pattern association and associative memory.�

1. Introduction
A cellular automaton is a
�

 discrete system � which � evolves i� n discrete space 
�

and time [� 1, 2].  It consists�

o� f a large number of cells which are organised i� n the form 
�

of an n-dimensional lattice.  Each cell can
b
�
e seen as a single processor which communicates only � with the neighbouring � cells � and � updates its�

state � according to information received from them, as 
	

well a� s to its 
�

own � present state.  � The state-
update function is the same for all cells in the lattice.  Although this is usually a very simple � rule, on a
global scale it can produce a very complex and often unpredictable behav� iour.

Thanks to this complex behaviour CAs � are a� n attractive platform for studying and implementing e� ffi-
cient forms o� f emergent computation, the phenomenon i

	
n which a large set of simple interacting ele-

ments with little information produce a complex, coordinated information processing behaviour.  In-
teresting 
	

results with one-dimensional binary CAs have been obtained, for example, by Packard [3],
Mitchell et al.�  [4, 5] and Andre et al.�  [6], who used evolutionary algorithms t� o discover CA rules

�

which solve large-scale majority-classification and synchronisation problems.�

In the work presented i� n this paper w
	

e also use binary � CAs and � evolutionary � algorithms t� o discover
�

state-update rules, but w� e concentrate on a considerably hard problem: the emergence o� f pattern-
association � and � auto-association � behaviour.  In addition, differently from the 

	
previous work, w� e look

a� t a particular class of CAs, which we term feed-forward
�

 CAs.  Feed Forward CAs (FFCAs) are C� As
with a� n update rule which yields a�  directional 

�
flow of information by using a neighbourhood which

extends only in one direc� tion, like in Figure 1.1.
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Figure 1.1 An example neighbourhood for a feed forward CA.

Two-dimensional FFCAs can b� e easily transformed � into devices 
�

which perform global computation i� f
we consider the left-most column as � the input interface and the right-most � column as the output inter� -
face, like in Figure 1.2.
�

input
�

column�
output�

column�

Figure 1.2 An example architecture for a CA-based pattern associator.

In our work we consider the upper and lower edges of the lattice as 
	

joined together to form a
�

 cylinder,
s� o that information can pass � freely between the top 

	
and � bottom rows. 

�
The input and output columns,�

on the contrary, are not connected, so that information placed in � the input column remains unchanged
in the subsequent time steps, while information produced on � the 

	
output column is discarded from one

step to the next.�

With this kind o
�

f CAs i
�

t i s possible to map binary input 
 vectors � into corresponding output 
�

vectors,�

and, therefore, to implement pattern associators.  In this paper we will mainly concentrate on a � special
class o� f pattern � associators, namely the class o� f auto-associators � or associative memories, where the
CA 
�

is expected to retrieve incomplete binary vectors or rectify distorted ones, in a fashion similar t� o
the operation of a Hopfield neural network [7]
	

.

I
�
n the next section � we describe our approach to discovering CAs with emergent associative-memory�

properties, � and in Section 3 we report the results obtained.  
	

Section 4 
�

discusses these results, and S� ec-
tion 5 draws some conclusions and outlines some ideas for future research.
	

2. Evolving FFCAs
In 
�

order to make a CA perform a predefined global computation, i.e. to “program” it, 
�

one � has t
�

o spec-
ify 
�

its initial configuration 
�

and the � local rule 
�

that 
	

yields � the required 
	

global behaviour.  � However, s
�

o
far no method has 
�

been proposed to 
�

explain � how to 
�

map the 
 space o� f possible CA behaviours onto the
corresponding local rules.  � In the literature on emergent computation with one-dimensional CAs, the
rule table of binary CAs is usually encoded as a binary string and a genetic algorithm is  used to evolve�

tables with the desired properties.
	

I
�
n our work we used the same strategy, but i

	
n addition to the rule table we also encoded i� n the c

	
hro-

mosome 
 the initial state o
	

f the CA.  This may be 
 very important i
�

n CAs for 
�

pattern association, as b� y
modifying 
 the behaviour o

	
f each cell in the automaton we allow � the exploitation o

	
f local structure in

the 
	

input/output patterns.  A sample automaton and the � corresponding chromosome � are � shown i� n
Figure 
!

2.1.  The initial configuration of the input cells is not encoded, as these � are � always overwritten�

when an input is supplied.�
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1 An example CA encoded in a binary string.

I
�
n initial experiments aimed at tuning the GA and finding a�  good fitness � function, w

�
e trained CAs t

�
o

behave like hetero-associators, 
�

i.e. the input 
�

vectors were � distinct from the corresponding output 
�

vec-
tors. 
	

Some 
�

noise was applied to the input 
	

vectors, s� o that the 
	

CAs were 
�

trained t
	

o recognise distorted 

inputs.  
�

The input vectors i� n the training 
	

set were different enough from one � another s� o that the noise


could not make them indistinguishable.�

The GA used one-point crossover, with both offspring preserved.  � The mutation rate was exactly one�

bit per chromosome.  
�

Each individual in the population was evaluated b� y running the corresponding�

automaton on a�  training 
	

set o� f input vectors � and comparing the � results obtained with the expected�

output vectors.  � The fitness of an individual was proportional to � the number and 
	

severity o� f the errors
	

made in each test.  In the course o� f these experiments we found that the G
	

A worked best � with tourn� a-
ment selection and with the following fitness function:
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where � Vi
,  is the output vector obtained when � the 

	
i

-
-th input vector o� f the training 

	
set is applied to t� he

CA, |
�

Vi
,  - Vi

, t. | is the Hamming distance between 
�

the actual output 
	

vector � and the � desired output vector,
�

i.e. the error 
�

produced b� y the CA, 
	

d
/

max is the maximum possible e� rror, and di
,  is the severity o� f input

�

noise i
 n test i
-
 (measured as the Hamming distance between 

�
the input 

	
vector � and its � distorted version

�

fed 
�

into the input column o
�

f the CA).  With this function CAs were less penalised for 
�

errors i� f their
input was severely dis
�

torted.

Because the CAs 
	

were � trained with 
	

noisy inputs, we decided to explore 
�

the 
	

effect o� f the generation
	

gap, i.e. the percentage o� f population replaced by offspring at each generation, on the GA effectiv� e-
ness.  Experimentally we observed � that the 

	
best results 
�

are obtained with small generation gaps.  � In-
deed, the 
�

best 
�

generation gap � was � 30%.  
"

This can be explained as follows.  Nondeterministic inputs
0

introduce some amount o� f randomness and � inaccuracy in the fitness estimation, because every 
�

indi-
vidual � is tested with a different set of inputs.  It is likely that a

	
n individual’s fitness estimation will be

slightly different i� n each cycle of � the genetic algorithm.  
	

Therefore, if an individual is estimated posi-
tively many 
	

times, i
	

t is more likely that it i
	

s indeed a good � individual.  A big generation gap shortens
an individual’s life and reduces its chances of being retested � over many generations, thus reducing the�

g� eneration gap gives greater stability of evolution and consequently leads to better results.

3. CA-based associative memory
The preliminary experiments mentioned above were � quite promising 1 and � showed � that 

	
genetic a� lgo-

rithms are an effective tool for � producing FFCAs with � pattern association behaviour.  � As a first step�

towards a
	

 rigorous study of the properties o
	

f FFCAs we decided to concentrate on their 
	

capability t� o
act a� s associative memories.  In the 

	
following subsections we report on our work towards an estima-

tion of FFCA capacity to re
	

member patterns.
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.1 Simple neighbourhood CA

I
�
n a first series of experiments on FFCA associative memories we used the neighbourhood shown i

	
n

Figure 1.1
!

.  The task of rectifying a  pattern � may involve 
 extracting global information � that a 
	

single�

local rule using 4
�

 cells cannot extract. It was hoped � that the 
	

emergent � behaviour of the CA would�

provide some � means o
 f global communication across the lattice, s
	

o that the 
	

whole � pattern � could b� e
analysed.  � A helpful feature of FFCAs is that the input pattern 

	
placed i� n the input column stays c� on-

stant throughout the computation, providing a steady reference for the rest of the automaton.�

Two series of experiments were run, using

A. an 8×8 CA,
4

B. a 16×16 CA.

In each series the genetic algorithm was � run repeatedly with an increasing number of pattern pairs t� o
learn.  In each pattern pair the input and � output vectors were � the same, but 20% noise 

	
was applied t� o

the input vectors.  The GAs were run with the parame
	

ters shown in Table 3.1.

Parameter A B Input/Output
CA Width
�

8 16 0000000000000000
CA Height
�

8 16 1111111111111111
Minimum fitness
5

0 0 0101010101010101
Minimum generations 50 50 1010101010101010
Population size 400 400 0011001100110011
Chromosome length
�

72 256 1100110011001100
state encoding takes� 56 240 1111000011110000
rule table takes 16 16 0000111100001111

Input noise level 20% 20% 0000000011111111
Number of CA steps per test
0

until relaxation until relaxation 1111111100000000
Number of tests per pattern
0

100 100
Number of patterns
0

2 - 8 2 - 10

Table 3.
�

1  GA/CA parameters for the CA-capacity experiments.  For the 8×8 CA the input/output
4

patterns were truncated after 8 bits.�

Every individual was evaluated b� y feeding a distorted input vector � into the input column and � obser� v-
ing the CA’s behaviour until it � settled into a�  stable state. Individuals that did not 

	
settle within a�  given�

number of steps or fell into a periodic cycle were penalised by assuming the maximum error.

The GA ran for the minimum number o
	

f generations indicated in the table 
	

and then until no further�

progress was � achieved, i.e. both the average and the � best fitness i
�

n the population did not 
	

improve
from one generation to another.  For each experimental setting 3 independent runs of the GA were�

performed.�

Table 3.2 shows typical rule tables obtained in the experiments.
�

Number of pa
0

tterns
	

8
4

×8 CA
4

16×16 CA

2
�

0001001100111111 0010001101111111

3
"

0001111100000111 0010111101001111

4 0000111100001111 0011111100000011

5
6

0000111100001111 0000111100001111

6
7

0000111100001111 0000110011001111

7
8

0000111100001111 0000111100001111

8
4

0000111101011111 0000111100001111

9
9

xxxxxxxxxxxxxxxx 0000111100001111

10 xxxxxxxxxxxxxxxx 0000111100001111

Table 3.2 Rule tables obtained in the simple-neighbourhood associative memory experiment.
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It can b
�

e seen � that, as the number o
	

f patterns grows, i� n both series the C
	

A rule tables converge 
	

into
one particular form, namely “� 0000111100001111,” which is a simple copy � rule that  takes the state o

	
f

the cell on the left and copies it into the state of the current cell.
	

The emergence of the copy rule is what we should expect to happen if the number of patterns stored in
the C
	

A exceeds � its capacity, because 
�

the 
	

copy � rule is the rule with the minimum error correction abil-
ity.  This can be understood by considering the following equation

C p
C

p:p p;= ⋅ ⇒ = =
→∞ →∞

δ δlim lim 0 ,+

where � C is the total memory capacity o
 f the CA, 
	

p<  the number of stored patterns and � δ
=
 is the error

correction capability.  � The formula simply shows � that with a
	

 growing number o� f stored patterns the
expected � error correction � capability approaches 0� .  Therefore, we can � use � the performance o

	
f CAs

running a  copy � rule as the  reference for  measuring the CA error correction capability, i.e. w
 e can as� -
sume � that 

	
any CA having a�  higher 

�
fitness 

�
than a 

	
copy � rule has a  nonzero error correction capability.�

Furthermore, w
!

e can find the CA memory capacity b
 y looking at the point where the 
	

evolved C� A up-
date rules converge to the copy rule.
�

Since 
�

C = p< ⋅δ, +  the maximum number of patterns stored in the CA will depend on the error correction
requested from the CA,  or in other words, o� n the 

	
level o

�
f noise applied to the input 

	
vectors.  � In these

experiments, a� s well as the 
	

following ones, 
�

this 
	

level was set to 
�

20%, which means the CAs 
�

were r� e-
quired to recover one fifth of the distorted input pattern.1

The diagrams i
�

n Figure 3.1 show � the 
	

performance of the simple-neighbourhood CA, compared with
the perform
	

ance of the copy rule.

8x8 CA
>

50

60

70

80

90

100

2 3 4 5 6 7 8
Number of patterns

4 cell neighbourhood

Copy rule

16x16 CA

50

60

70
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2 3 4 5 6 7 8 9 10
Number of patterns

Figure 3.
!

1  Performance of simple-neighbourhood CA compared with performance of the copy rule.
The values denoted by diamonds correspond to averages of 3 runs of the GA.

�

From these results w
!

e can see � that with up t
	

o 3 patterns the CA performance is � above � the 
	

copy � rule. 

When the CA is required t
�

o store 4 patterns or more, the rules converge to � the 
	

copy � rule. This  seems�

to indicate that the memory capacity is 3.
	

A
�

n interesting fact is that the 1
	

6×16 CA performance seems generally worse than 8
	 ×8

4
 CA.  A poss� i-

ble explanation 
�

for this 
	

effect i� s that the 
	

update rule with a�  small neighbourhood (i.e. 3+1 cells) is too
simple � to deal with 16-bit long patterns. Three new bits o
 f information are � processed b� y each cell in a
single step, which is 37% o� f the total pattern length for 

�
the 8
	 ×8

4
 CA, but only � 19% for the 1

	
6×16 CA.

Therefore, i
�

t might b
 e relatively easy for a  GA to discover rules  that d
	

o better 
�

than the 
	

copy � rule i n a
8
4

×8 CA, as the cells already have fairly large-scale information.  On 
4

the contrary, the cells i� n a 16×16
CA really only have local 
�

information and 
�

therefore the G
	

A has t
�

o solve � the much harder task o
	

f dis-
covering how to communicate information across the CA.�
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.2 Increasing the CA capacity

The experiments 
�

described i
�

n the 
	

previous section were repeated � with a�  neighbourhood including 6
cells, as shown in Figure 3.2.�

Figure 3.
!

2  6-cell neighbourhood.

Since the rule tables for a 6-cell neighbourhood 
�

are quite large (they include 2
? 6 

@
= 64 bits) and � difficult

�

t
	
o understand, they 

	
are not � shown i� n the report.  However, from Figure 3.3 it can b� e seen � that the e

	
x-

perimental results � follow a similar pattern t� o the results in the previous section, i.e. up to a�  certain
number of patterns (in this case 4� ) both kinds of CA exhibit a positive � error correction � capability.�

After that point, the 
	

update rules converge to � the 
	

copy � rule, or never reach a performance comparable
with it.�
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Copy rule
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Figure 3.3 Performance of CAs with 6-cell neighbourhoods compared with the performance of the
simple copy rule.  The results are averages of 3 GA runs.�

Comparing these results with those i
�

n the previous section one � can � see a�  clear increase i� n perform-
ance/capacity when using a�  bigger update rule neighbourhood.  Both sizes of CA seem � to have bene-
fited from the bigger neighbourhood, although the 16

	 ×16 CA still does slightly worse 
�

than the 8
	 ×8

4

CA.
�

4. Discussion
It appears that increasing the 

	
size o� f CAs does not increase their memory capacity.  In our experi-

ments the capacity o� f the C
	

A memory depends more on the update-rule neighbourhood 
	

size than o
	

n
the size of the CA.  Also, as it was pointed out in Section 3.1, the maximum number of 
	

patterns stored�

in the memory also depends on the 
	

level of noise applied to the input patterns.  
	

For this reasons, as
well as because of the amount of time which � would be required to carry out a more exhaustive investi-
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gation � (e.g. to try different set of patterns, bigger neighbourhoods, different noise levels, etc.), i
�

t is
impossible to give 
�

here a
�

 precise estimation of CA memory capacity 
 in relation t o its architectural
parameters, as i� t was done b� y Hopfield in [7]  for neural 
 network-based associative memories.  
 How-
ever, the results o� f the above � experiments suggest � that 

	
CAs 

�
can indeed have properties o� f associative�

memory.


The reduced capability of the 16
�

×16 CAs to store patterns when using 4-cell neighbourhoods might b
 e
due t
�

o the fact 
�

that the 
	

proportion o� f the input pattern analysed b� y a single cell (19% of the total
length) is smaller 
�

than the 
	

amount o� f noise present in the input (20%).  
�

It could also b� e related to
more generic properties o
 f CAs that 

	
affect � their pattern matching 

	
capabilities. �  Some analysis of the

pattern matching properties o� f CA has 
�

been done b
�

y Jen [8] who showed � that there is a
	

 minimal ra-
dius o
�

f the update rule neighbourhood for which one-dimensional CA 
�

can � “recognise” an arbitrary
input string and retain it a
�

s invariant for 
�

the next time step.  
	

Although the processing done by feed
�

forward CAs is much 
�

more complex � than the 
	

processing o� f one-dimensional CAs, and the number o� f
patterns being recognised i� n our experiments is greater than 

	
one, Jen’s results can still b� e applied to

the 
	

self-association problem i� n the 
	

FFCAs, since a
!

t every � column o� f a FFCA a certain amount o� f pat-
tern recognition takes place.
	

5. Conclusions
I
�
n this paper we have introduced feed-forward cellular automata 

�
models and � presented a�  way o� f

“programming” them by means of a genetic algorithm to perform a computationally useful function,�

namely 
 pattern association.  � The investigation presented here showed � the applicability o
	

f genetic al-
gorithms to two-dimensional FFCA � programming and � indicated 

�
the potential of these CAs to act as

associative memories.�

In order to produce a full evaluation of CA associative memories and their practical � applications,�

more work is required.  These are some of the important issues that need to be addressed:

• The interdependence between the number of patterns stored in the memory and its error � correction�

capability.  � The experiments in section 3 � will have to be repeated with different noise levels to see
how they affect the CA memory performance.

• Our “until relaxation” 
$

terminating condition was � the simplest 
	

way � for deciding when the C
	

A
computations have finished.  � However, other kinds o� f CA responses might favour the 

	
emergence�

of well-performing individuals.�

• In the previous sections CAs were trained to remember very specific patterns, disregarding the fact
that their 

	
capacity � might increase by carefully selecting � the patterns being stored.  

	
Also, the proc

	
-

ess o� f adapting the CA t� o a particular set of patterns is very � lengthy, as the whole evolution proc� -
ess � has to be repeated for every � different set o

�
f memories.  An alternative approach would b� e to

look for CAs that 
	

remember well many patterns and � try t
	

o understand how they do that, s
	

o as to
find a more analytical approach to CA programming.  We could look � at the dynamic behaviour o

	
f

CAs 
�

and � pick up the individuals � that 
	

have a large number of broad basins of attraction.  This
would allow storing many patterns � (attractors) and � being able to rectify 

�
them from a

	
 wide � range of

distorted patterns (basins of attraction).
�
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