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Abstract. In this paper we relate information theory and Kolmogorov Complex-
ity (KC) to optimization in the black box scenario. We define the set of all possible
decisions an algorithm might make during a run, we associate a function with a
probability distribution over this set and define accordingly its entropy. We show
that the expected KC of the ser (rather than the function) is a better measure of
problem difficulty. We analyze the effect of the entropy on the expected KC. Fi-
nally, we show, for a restricted scenario, that any permutation closure of a single
function, the finest level of granularity for which a No Free Lunch Theorem can
hold [7]], can be associated with a particular value of entropy. This implies bounds
on the expected performance of an algorithm on members of that closure.

1 Introduction

General purpose algorithms (also known as metaheuristics, black-box algorithms or
randomized search heuristics [9]]) are often used when either the problem is not well
defined or when there is insufficient knowledge (or resources) to construct specific al-
gorithms [9]. In the most general case, a randomized search heuristic can be represented
as a mapping from a multi-set of previously visited points to a new (not necessarily
unvisited) point in the search space. Wolpert and Macready [10], Vose [8] as well as
Droste, Jansen and Wegener [3l9] suggested accordingly a formal model for black-box
algorithms which generalizes most, if not all, existing randomized search heuristics.

There are various theoretical approaches to analyze the expected performance of
metaheuristics. Wolpert and Macready [10], using their model, proved that over all
possible problems, all algorithms have the same performance. It was later shown that
the same result holds even for a smaller set: the sharpened No Free Lunch Theorem
(NFLT) [7]] proves that a NFL result holds for any set of functions which is closed
under permutation.

Rather than focusing on a set of functions, compressibility or Kolmogorov com-
plexity is associated with a particular object. It is defined as the length of the shortest
program that can generate a string and halts. When the string represents a problem, it
is argued that compressible strings are associated with easy problems whereas random,
incompressible strings, with difficult ones [6].

In [2], based on the information landscape framework, we derived a new way to
measure the KC of a fitness function and showed the connection to the NFLTs. However,
this framework was based, mainly, on a first order approximation. This paper removes
this restriction. In section2] we introduce the notion of Kolmogorov complexity — a way
to measure the complexity of a fitness function f. Section [3] defines the information
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content of f. Then, we define a way to measure its entropy, or as we put it, to quantify
the amount of information a function contains. The connection between the expected
difficulty of the function and its amount of information is explored in section [l The
implication of this on the sharpened NFLTs is given in section[3

2 Kolmogorov Complexity

The Kolmogorov complexity [6] K : {0,1}* — N is a function from finite binary
strings of arbitrary length to the natural numbers N. It is defined on *objects’ represented
by binary strings but can be extended to other types like functions.

The KC of an object, z, is defined as the length of the shortest program that prints
2 and halts. The program can be implemented by any universal programming language
(e.g., C++, Java), in which a universal Turing Machine can be implemented. The choice
of universal computer (programming language) may change the KC of = only by a fixed
additive constant (which depends on the length of code required to simulate a universal
computer by another). For this reason, we fix our programming language to an arbitrary
language (e.g., C) and define KC w.r.t. that language. The KC of a string z is defined
as: K(x) := miny, I(p), where p is a program that prints = and halts and [(p) denotes
the length of program p. This definition suffices for the purpose of this paper — a more
accurate definition is given in [65]].

A simple or regular object x has a low KC. For example, a string representing a
sequence consisting of n 1s (i.e., “111...17) can be represented by K (z) = O(logn)
bits. The size of the program depends on the number of bits needed to encode the
number n. A random object, on the other hand, with very high probability, can only
be represented by K (z) = n + O(logn). That is, the shortest program to print = will
be: ”print x”. The KC of an object can only be used as a conceptual measure of its
complexity, it cannot be computed. That is, it is possible to analyze the properties of a
random object, or even to prove that the majority of objects are random but, given an
object z, it is not possible to prove that it is random.

The notion of KC can be extended to account for functions as well. Let f : X — Y
be a mapping between two finite spaces X and Y, then:

K(f) =min, co13-1l(py) : Vo € X py(z) = f(2)}

where py is a program that given an input x returns the value f(z). Any function, in
the worst case, can be represented by explicitly listing the co-domain value for each
domain (e.g.,if (x=“0000000000") return 1230 else...). If the function is random, this
is the only way to represent it. Other functions, like flat functions, can be represented in
code with a constant length, e.g., "return 0.

The KC of a function is sometimes used as an indicator for the expected difficulty of
the function for optimization algorithms. A random function contains no regularities.
For this reason, no algorithm, regardless of the search strategy, is expected to optimize
it efficiently. A function with a low KC, on the other hand, contains regularities, that,
in some scenarios, can be exploited by a search algorithm to find an optimal solution
quickly.
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Some limitation of using KC to asses problem difficulty were studied in [1]. It was
concluded that KC measures how different (either better or worse) the expected perfor-
mance (over a function) is likely to be from a random search. Moreover, some exam-
ples of difficult functions which have low KC were given. Nearly constant functions,
like the needle-in-a-haystack, have minimal KC. Nevertheless, they are very difficult to
optimize. This paper addresses particularly the last limitation. In this paper we make
the following assumptions: Firstly, we focus, on functions which contain only a small
number of optima. More precisely, by small, we will mean logarithmic in the size of
the search space. Secondly, we assume that the algorithm has no a priori bias towards
specific regions of the search space. We do not exclude deterministic decisions making
— we assume, however, that the initial starting points are random. In the following sec-
tion, we will define the information content of a function, and we will use this in section
Ml to suggest a new way to calculate the KC.

3 Information Content of a Function

Let f : X — Y, where X denotes a finite search space and Y is finite. Let F" denote all
possible fitness functions. Using Vose’s notation [8]], random search heuristics can be
thought of as an initial collection of elements ¥}, € ¥ chosen from some search space
X together with a transition rule 7 which produces from the collection ¥;, another
collection ¥;. The search is a sequence of iterations of 7: Wy, I g, L ... A collection
of elements is a multiset of X. We use the term search-state to denote a particular
collection. The set of all possible such collections, the state-space, is denoted by V.
Without loss of generality, we assume a notion of order in ¥. Note that we do not
consider the dynamics of the algorithm and hence adjacent states do not correspond to
adjacent time steps.

We restrict our attention to search algorithms for which 7 depends completely on the
current state, that is: 7 : ¥ x F' — W. Heuristics such as particle swarm optimization
include other parameters such as, for example, velocity vectors. We do not consider, at
this stage, such algorithms.

In reality, the transition rule 7(;, f) if often a composition 7 = x o £(¥;, f) where
&(W;, f) denotes a selection operator, and x can be thought of as the exploration op-
erator. The selection phase identifies solutions with high fitness value, the exploration
operator samples accordingly new solutions from X . This section focuses solely on the
selection phase of the search.

In order to make a clear distinction between the two operators (stages) it is useful to
think of an output of the selection operator, a multiset, d, which represents a possible
way to choose (or select) solutions from ¥;. For example, in GAs, given a particular
population, ¥;, d includes a possible mating pool. For a (1+1) evolutionary strategy,
d can be either the parent or the offspring). Given a state ¥;, we denote by S° all
possible ways of selection points. That is, S’ is a set of multisets, each multiset, d € S?,
corresponds to one possible way of selecting points.

! The notion of a state, in that case, is not natural but, nevertheless, correct. Each state, in our
notation, contains two solutions, then selection is applied to select one of them, and a mutation
is applied in order to achieve the next state.
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The dependency of the performance of a search algorithm on f is reflected by a
probability distribution, P%, that the selection mechanism defines for each state over
S%. The particular multiset of solutions, d, that the algorithm selects, being the only
argument for the exploration operator, defines the next state of the search. We define the
information content of f as the set of all such distributions.

Definition 1. The information content of the function f is the set Py =
{PJ}, PJ?7 e PJP} which gives for each state, ¥; the probability distribution P} used
in the selection phase.

Usually, the algorithm does not define explicitly a probability distribution over S?,
rather, a distribution over single solutions from ¥;. For example, binary tournament
selection defines the probability of selecting one of two possible solutions as follows:

Pr {o|{z,y}} = 6(f(x) > f(y)) +0.56(f(x) = f(y)) (D

trnmnt

where the function 6 (expr) returns 1 if expr is true, and 0 otherwise. This is used for a
state (population) bigger than two points, by selecting, iteratively, uniformly at random,
two points from ¥; and applying equation [Tk

Pr(z | ¥;, f) = Pr{z,z} + Z Pr{z,y} - trfnfm{m | {z,y}} )
TFY

Finally, P}, the probability of selecting a particular multiset, d, is obtained as follows:

Pi(d |, )= [] Pr(d; | @.f). 3)

J<|d|

Rather than calculating the probability of selecting a particular multiset on a partic-
ular state (P}(d)), we can measure the probability of obtaining particular sequence of
decisions — this gives a full account (when, to reiterate, all the other parameters of the
algorithm are fixed) for the expected performance. Let D = S° x S! x ... x S™, and
D € D a particular decision set. Let R be a random variable taking values from ID. The
probability Py that the algorithm is consistent with D is:

Pr(R=D) =[] Pid)

deD

In order to understand the meaning of the distribution Py, it is important to explain
the connection between a deterministic selection mechanism, decision set and fitness
functions. For deterministic selection mechanism, f and D are synonymous: there is
only one decision set which corresponds to a particular fitness function. The set of all
possible fitness functions (/") corresponds therefore to a set of possible decision sets
D C D. For stochastic selection mechanisms, a uniform Py corresponds to choosing
at each state, ¥;, d € S° uniformly, at random, this can be thought of as running a de-
terministic search algorithm BUT choosing f € F' uniformly, at random i The NFLTs

2 Assuming that the algorithm is consistent, i.e., given the same state, it always makes the same
decision.
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Fitness ::> Information Content ::> Possible Decision Matrix
Function
111 X

X (x) X | 000 001 010 011 100 101 110 000 o001 o010 o011 100 101 110 111
000 6 000 1 1 1 1 1 1 [} 000 L L [k L L

001 5 001 0 1 1 1 0 001 u L

010 5 o010 | o . 1 1 1 0 010

011 3 011 o [ o 1 1 1 (1] o011

100 2 00| o0 0 0 0 05 05 0 100

101 2 101 o [ o 0 0.5 0 101

110 2 10| o0 0 0 0 0.5 0 110

11 7 11 1 1 1 1 1 1 1 11

Fig. 1. Matrix representation of the information content of a function and a possible decision set

[7] imply that the expected performance, in such case, is that of a random search. The
distribution Py corresponds therefore to the level of randomness in the decision making
of the algorithm. We define the entropy of f, in order to measure thid}:

Definition 2. Let ¥ denote the state-space of the algorithm. The entropy H(f) of f
corresponds to the entropy of Py as defined by the algorithm.

H(f)= > Ps(D)log1/Ps(D)
DeD

While K (f) measures how regular a function is, and thus implies how difficult it is
to optimize the function, H(f) measures the hardness of the search from a different
perspective. It explicitly measures the randomness induced by the way an algorithm is
using the function. The higher the rate of random decisions the algorithm is expected to
make, the closer the performance will be to a random search.

3.1 Making It Concrete

The size of || and |&;| for realistic search algorithms is usually bounded. Genetic
algorithms usually use a population of fixed size, the size of a tabu-list is bounded
and local-searchers often consider only two solutions at any given time. In order to
have a more concrete formulation we will restrict our attention to algorithms that use a
comparison of pairs of solutions in the search space.

Each state ¥; corresponds, therefore, to a pair of solutions (e.g., {z;, z; }) from which
the algorithm chooses one. It follows that the number of all possible states |¥| = | X |?,
and that for each state there are |S;| = 2 possible choices. In this case, if we consider
various local searchers, equations [l and2] coincide, and therefore:

Pi{} | {z.u}) = Pr {o| {z.0}} @

% In order to have a complete understanding one has to consider the probability of obtaining a
particular state during a run and calculate the expected entropy accordingly. At this stage, we
assume that the uniform distribution gives a good indication to that.
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Figure [ illustrates this notion for a search space of size 8. It represents a fitness
function f, the information content of the function and a possible decision set. The
information content of the function is represented in the form of a matrix, in which
the area above the diagonal corresponds to the search-states ¥. Each entry in the ma-
trix corresponds to the probability P}, defined by equation ] of choosing either of the
|S?| = 2 possible solutions. The decision set is defined as a possible realization of the
distributions given in the information-content matrix. We used the abbreviation *U’ and
L’ to denote up and left, respectively, that is, to point the particular solutions in the
matrix, which were selected.

This scenario corresponds directly to various kinds of local search algorithms. How-
ever, it can also approximate some population-based search algorithms, as long as they
use a binary selection operator. For example, a GA with binary tournament selection,
or even Memetic algorithms. In any case, from this point on, we will consider only this
restricted scenario. Whenever ¥ is implied we assume the comparison of pairs of so-
lutions. P} is defined as in equation @l Under this assumptions we can calculate the
entropy of an algorithm.

Theorem 1. Ler X, V¥, f, P} defined as before. Define r(f) =, 6(PJ§ = 0.5). Then,
H(f) =r(f)

Proof. Since for Pif = 0.5 the algorithm chooses with equal probability one of the
two solutions, Pr(D) = [[,cp P;(d) is uniformly distributed. Also, the number of

possible decision sets is exponential with the number of entries Pz-f = 0.5. It fol-
lows, therefore, that Vp Pp(D) = 1/2") which gives, H(f) = Y. pcp1/270)
log 271 = r(f) O

The entropy of the landscape corresponds to the number of states in which the algorithm
is forced to take a random decision. The entropy will be maximal (i.e., equals |¥|) for a
flat landscape (in which ViP} = 0.5). In this case, the search will be random. Note that
while low entropy indicates non-random search, this does not necessarily correspond
to efficient search — it simply implies that the algorithm searches according to a certain
bias. The efficiency of the search depends on the matching between this bias and the
problem at hand.

4 Information and Problem Hardness

In section 2] we defined the KC of f and argued that high KC implies hardness. Section
Bl on the other hand, focused on the entropy of f for stochastic search algorithms. It
seems that the two notions define hardness from two different perspectives: the first,
K (f), relates to some intrinsic property of f which measures how regular the function
is. The second, H(f), measures the level of randomness as reflected by the way an
algorithm uses f. In this section we show that the KC of the expected decision set of
the algorithm, integrates these two measures.

As a first step, note that given the fitness function f, we can use a fixed size program
to generate the information content of f (i.e., equation H)). This, in turn, can be used to
generate all the elements of the decision set which correspond to entries with a value
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different from 0.5. The KC of the decision vector is equivalent therefore to that of f
plus the complexity which corresponds to the random decisions the algorithm makes.

The problem arises as to how to measure the part corresponding to the random deci-
sions. It seems that it can be better described by H (f) (which relates to the distribution)
rather than the Kolmogorov complexity which measures the complexity of a single ob-
ject. The two measurements of information, however, are closely related. The following
result is taken from [6]:

Lemma 1. Let x = x1x2... where the individual x; are realizations of some random
variable X;, distributed according to some distribution P. If all outcomes X1, Xo, ...
are independently identically distributed (i.i.d.) with for all i, P(X; = 1) = p for some
p € [0, 1], the expected Kolmogorov complexity of x is:

where H(p) = —plogp — (1 — p)log(1l — p) is the binary entropy such that 0 <
H(p) <L

Lemma [I] makes the connection clear. Since the elements in the decision set which
correspond to the random decision the algorithm makes are i.i.d., equation [3] gives us
the expected KC for such a string. The following is a simple corollary of that.

Corollary 1. Let X, ¥, f, P} defined as before. Let D denote the expected decision set.
K(D) >r(f)

Proof. The decision set D can be decomposed into two subsets: let D' = {d|P}
(d) # 0.5} and D*® = {d|P}(d) = 0.5}. Clearly, K(D|f) = K(D°®) + O(1)
(equation M and a simple loop can generate, given f the subset D'). But, following
lemmal[ll K(D%%) = |D%5|- H(0.5) + o(|D%?|) = r(f) - 1 + o(r(f)). Which gives:
K(D) =z K(D|f) > r(f) 0

In order to understand the implication of this lemma, consider the expected hardness
of a needle-in-a-haystack (NIAH). The NIAH describes a landscape in which all the
points in the search space have the same fitness except the global optimum which has a
higher one. It is known to be a very difficult problem.

For a search space of size n let fyccqie denote the NIAH and Py the corresponding
information content. The average description length of fyccqie (and therefore of Py as
well) is O(logn). The high compressibility of the function in contrast to its known
hardness is usually given as a counterexample to the use of Kolmogorov complexity as
a measure of problem difficulty [1]].

This apparent contradiction can be resolved by considering the algorithm perspective
of the NIAH landscape. The algorithm does not see a flat landscape. At each time step
it has to make a concrete decision, namely to decide which solution to sample next.
It therefore has to “interpret” the flat landscape to a landscape which contains concrete
information. In other words, it selects uniformly, at random D € ID and selects solutions
accordingly.

Following the previous lemma consider the Kolmogorov complexity of the expected
decision set vs. the fitness function:

K(Dneedle) > r(fneedle) = 2((”_1).(71_2))/2 > logn
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This illustrates the magnitude of difference between the current approach to calculate
the Kolmogorov complexity of a landscapes and the one suggested in this paper. The
NIAH, however, is an extreme example. Generally, moving from low entropy (H (f) =
0) to maximum entropy (H (f) = |¥|) we should obtain many intermediate values.

5 Information and the Sharpened NFLT

In the previous section we showed that K (Dy) > H(f), where Dy is the expected de-
cision set, given the function f. Interestingly, H (f) depends on the fitness distribution
of f alone. This allows us to make an important observation regarding the sharpened
NFLT [7]]. In the following we give a brief summary of the sharpened NFLT and then
show how it is connected with our results.

Let f : X — Y be a function and ¢ : X — X be a permutation (i.e., o is one-
to-one and onto). The permutation o f of f is the function of : X — Y defined by
of(x) = flo™ (z)).

Define a set F' of functions to be closed under permutation if for every f € F,
every permutation of f is also in F'. Schumacher, Vose and Whitley [7] proved that the
permutation closure of a single function is the finest level of granularity at which a NFL
result can hold.

English [4]] named each set F', a block. A distribution which is uniform within each
block is called block uniform. The space of all possible problems can be divided into
blocks. A block uniform distribution is necessary and sufficient for NFLT in search.

Each block (i.e., a set F') can be associated with a particular value of entropy. For
each f € ', H(f) is:

H(f) = Ei(y N Z) (©)

Equation [6] counts all possible pairs of solutions which have the same fitness. It
follows that the entropy depends solely on the fitness distribution of f. Since the per-
mutation operator does not affect the fitness distribution of a function, all the functions
which belong to F' have the same fitness distribution and, therefore, the same entropy,
this proves the following result:

Theorem 2. Let F' be a set of functions which is c.u.p. Vi ger H(f) = H(g). We
denote the entropy of F, H(F) = H(f | f € F)

5.1 A Qualitative Plot of the Expected Hardness of a Problem

Let F' be c.u.p. defined over the metric space (X, d). In this section we would like to an-
alyze how the variance of expected performances changes for different values of H (F).
Let us start with H(F) ~ |¥/|. It follows from corollary[[that Ve p K (D) > |¥|, this
corresponds to a random function and hence, all the functions in the set are expected
to be very difficult to optimize. The variance, however, is expected to be very low —
irrespectively of the algorithm, the expected performance on any function is expected
to be the same, that of a random search.
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Fig. 2. The variance of expected performance as a function of the entropy. Each rectangle rep-
resents a block uniform on which a NFL result holds. The space of all possible problems is the
union of all blocks. Each block is associated with a particular entropy. (A) represents a block
with minimal entropy and maximum variance, (C) maximum entropy and no variance (B) is in
between.

On the other hand, for H(F') ~ 0 we do not have any bound on the performance.
We can choose, for example, a function f; such that K (Dy, ) is minimal. The low KC
suggests that there exists an algorithm, a, which is the best possible algorithm to solve
f. This implies that f is expected to be very easy to a, the question arises, though, as
to how well the same algorithm performs on other functions from F'. It is important to
remember that KC gives an indication to the best performance that a realistic algorithm
can have over one, specific function. It does not tell us how well the same algorithm
may perform on other functions. From the sharpened NFLTs on the other hand, we
know that for each problem (e.g., f1) on which an algorithm (e.g., a) performs better
than random search there exists another problem (e.g., f2), in the same set, on which
it performs as badly. It is easy to construct two functions f1, fo € F5 such that one is
expected to be very easy and the other very hard. For example, let:

filz) ==
f(x)_{n—kl if z =0,
2 (z) =

T otherwise

We showed that for H(F') = |¥| the variance of possible performance values is
small, and, on the other hand, for H(F') = 0 the variance is high. More generally,
moving from H(F) = 0to H(F) = |¥| the variance becomes smaller and smaller.
The reason for that is derived directly from the NFLTs. An algorithm is expected to
perform well on a problem (better than random search) only if it is aligned with the
problem. The same algorithm, in that case, is misaligned with another problem and,
therefore, is expected to perform badly (i.e., worse than a random search), to the same
extent. The entropy H (f) can be thought of as measuring how unbiased an algorithm
is. The higher H (f) the more random decisions the algorithm makes, the less bias it
will be.
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To summarize, corollary [[lshows that K (D) > H(f): the entropy of a function is
a lower bound to its expected KC. Theorem]associates each group of functions which
is c.u.p with a particular entropy. Thus, each group of functions for which the NFLTs
hold, are associated with a certain value of entropy which gives a bound on the expected
performance of any algorithm when solving members of that group.

So, on one hand, given the entropy we have a qualitative boundary on the perfor-
mance of the most efficient algorithm on the easiest landscape. On the other hand, from
the sharpened NFLT we know that if the algorithm performs well on one problem there
exists another problem on which it performs as badly. Combining these two aspects we
can give a qualitative plot of the expected performance of the best algorithm over all
possible problems w.r.t. their entropy. This is illustrated in figure 2l

6 Conclusion

This paper has provided a connection between information theory, Kolmogorov com-
plexity and the study of optimization algorithms. The information content of a fitness
function was defined, its expected effect on performance was analyzed and a novel way
to compute the KC of a fitness function was introduced. This has led to new obser-
vations regarding the sharpened NFLTs: we proved that each closure can be associated
with a particular entropy which implies bounds on its Kolmogorov complexity and con-
sequently, expected difficulty. In order to make some of these connections we had to
limit our attention to particular kind of algorithms (section[3.1). In future research, we
plan to generalize our results.
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