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Abstract This paper introduces a Grammar-based Genetic
Programming Hyper-Heuristic framework (GPHH) for
evolving constructive heuristics for timetabling. In this application GP is used as an online learning method which evolves
heuristics while solving the problem. In other words, the
system keeps on evolving heuristics for a problem instance
until a good solution is found. The framework is tested on
some of the most widely used benchmarks in the field of
exam timetabling and compared with the best state-of-the-art
approaches. Results show that the framework is very competitive with other constructive techniques, and did outperform
other hyper-heuristic frameworks on many occasions.
Keywords Timetabling · Genetic programming ·
Hyper-heuristics · Heuristics

1 Introduction
Several of the most successful heuristic and metaheuristic approaches for hard real-world combinatorial problems
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rely upon the appropriate coordination of low-level heuristics that incorporate domain specific knowledge (e.g., local
search operators, constructive methods, genetic operators,
etc.) to produce solutions for a specific problem instance.
Although these metaheuristics (and hybrids) have demonstrated considerable success in a range of areas they have, on
the whole, been manually tailor made for the specific problem in hand.
There are flexible tools, such as iOpt [54], EasyLocall++
[26] and some other theoretical tools [32], which allow
the user to discover metaheuristics manually more easily.
However, the development effort and cost for new heuristics remains considerable and often results are not directly
re-usable for other problems. Also, while these methods are
a great asset for practical problem solving, the performance
of heuristics and meta-heuristics may vary significantly from
one problem instance to another. Furthermore, it is hard to
ascertain which heuristic is going to be the most efficient in
solving a given set of problems, or a certain problem instance.
This degree of unreliability and the requirement for human
intervention in the use of heuristics are really the main motivations behind Hyper-Heuristics.
Hyper-heuristics (HH) attempt to raise the level of generality at which optimisation methods operate. They can
be thought of as heuristics to choose heuristics [18] or as
search algorithms that explore the space of problem solvers.
We briefly survey hyper-heuristics in the next section, we
highlight the commonalities between hyper-heuristics and
memetic algorithms in Sect. 1.2, and we look at theoretical
issues in relation to hyper-heuristics in Sect. 1.3.
1.1 Hyper-heuristics
In the last few years there has been a dramatic increase
in the amount of research done either specifically on
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hyper-heuristics, or on topics related to hyper-heuristics. In
general, the input to any HH framework is a set of heuristics
(in most cases these are handcrafted heuristics). The output
produced may vary from one framework to another depending on how the framework deals with low-level heuristics.
Different techniques can be classified into three main classes [5] which we briefly review in the following sub-sections.
1.1.1 Heuristic selection frameworks
In this class of hyper-heuristics, the system is provided with
a set of preexisting heuristics for solving a certain problem, and it tries to discover the best sequence of application for these heuristics in order to find a solution. In other
words, the hyper-heuristic system determines which heuristics to use at different stages in the search process. Many
HH techniques fall in this class. Techniques used to build
HH frameworks of this type include tabu search [14], casebased reasoning [17], genetic algorithms [25], ant-colony
systems [13], and even algorithms inspired to marriage in
honey-bees [1].
1.1.2 Heuristic-generating frameworks
Instead of trying to find a good order in which to use the
handcrafted input heuristics, the aim here is to discover new
heuristics based on the characteristics, behaviours and other
attributes of the input heuristics. We will use this approach in
this paper to evolve exam timetabling heuristics via genetic
programming [34,45]. This approach has previously been
used to evolve Boolean satisfiability heuristics [5,30] and
specialised one-dimensional bin packing heuristics [11,12].
Also, in [43] a grammar-based genetic programming system
was used to evolve multi-objective induction rules, which
could be used in the classification of any data sets.
1.1.3 Template-based HH frameworks
In this form of hyper-heuristic the system produces
(meta)heuristics by specialising a generic template. The specialisation can take the form of one or more evolved components, which can modify the behaviour of the metaheuristic or
heuristic. An example on this approach is the work by [46],
where novel algorithms for the one-dimension offline bin
packing problem (where the objects to pack are known in
advance) were evolved via GP.
1.2 Memetic algorithms and hyper-heuristics
Memetic Algorithms (MAs) are evolutionary populationbased algorithms firstly introduced in [39] that combine local
search heuristics with genetic operators (crossover, muta-
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tion, etc.). MAs have been shown to be orders of magnitude
faster than traditional genetic algorithms for some problem
domains.
It is particularly important in relation to this paper to
mention the work by Krasnogor [35,36] who introduced
the concept of self-generation in memetic algorithms. In
a self-generation MA the evolutionary algorithm evolves
concurrently both solutions and the low-level local search
moves needed to solve the problem of interest. In tests with
the NK-Landscape and the Maximum Contact Map Overlap problem, this combination of local search strategies and
solutions allowed a memetic algorithm to outperform genetic
algorithms and MAs with human-designed local searchers [36].
There are strong links between HHs and MAs. A HH could
be seen as a version of an adaptive memetic algorithms [42]
where the memes are considered as low-level heuristics and
the HH as the strategy that manages the choice of these
memes at any given time, depending on the characteristics
of the memes and the search space. In [40] MAs were categorised into three generations, placing standard HH frameworks in the second generation. The framework presented
in this paper can be placed in the third generation, alongside co-evolutionary [51] and self-generating [36] memetic
methods.

1.3 Hyper-heuristics and no-free lunch
An important question one needs to ask when using search
algorithms to explore the space of heuristics, problem solvers and other search algorithms is whether this meta search
will be subjected by the same constraints as ordinary search.
In particular, the question is whether there is hope to be successful at automatising the process of heuristic production
via hyper-heuristics in the light of the No-Free Lunch (NFL)
theory for search [58].
In very simple terms, the original version of NFL states
that, if one evaluates algorithms on all possible problems, the
average performance of all search algorithms is the same.
Note that random search is one such algorithm. So, effectively no algorithm can beat random search on all the possible problems. More recent research [50] has shown that NFL
is valid “if and only if” the set of the fitness functions one is
interested in optimising is closed under permutation (a reordering of the fitness values associated to the elements of the
search space).
An interesting recent development [44] indicates that
automatising the process of heuristic production with hyperheuristics may actually be possible. In particular, [44] showed
is that in the case of hyper-heuristics, in many practical situations, the set of fitness functions is not closed under permutation and so NFL may not apply. In other words, the search

Memetic Comp. (2009) 1:205–219

for superior hyper-heuristics is not necessarily doomed to
fail.

2 The exam timetabling problem
The exam timetabling problem is a common combinatorial
optimisation problem which all educational institutions need
to face. Although the problem’s details tend to vary from one
institution to another, the core of the problem is the same:
there is a set of exams (tasks), which have to be assigned to
a predefined set of slots and rooms (resources).
2.1 Formal statement of the problem
We use the following formulation for the exam timetabling
problem. The problem consists of a set of n exams E =
{e1 , . . . en }, a set of m students S = {s1 , . . . sm }, a set of q
time slots P = { p1 , p2 , . . . pq } and a registration function
R : S → E, indicating which student is attending which
exam. Seen as a set, R = {(si , e j ) : 1 ≤ i ≤ m, 1 ≤ j ≤ n},
where student si is attending exam e j . A scheduling algorithm assigns each exam to a certain slot. A solution then has
the form O : E → P or, as a set, O = {(ek , pl ) : 1 ≤ k ≤
n, 1 ≤ l ≤ q}.
The problem is similar to the graph colouring problem but
it includes extra constraints, as shown in [55] (more on this
later).
2.2 Timetabling constraints
Constraints are categorised into two main types:
Hard constraints: Violating any of these constraints is not
permitted since it would lead to an unfeasible solution.
Soft constraints: These are desirable but not crucial requirements. Violating any of the soft constraints will only affect
the solution’s quality.
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Exam capacity: some institutions set a maximum number of
exams that can take place in the same slot.
Exam availability: some exams may need to be set in certain
slots.
Room availability: this may limit the use of some rooms in
certain sessions.
Pairwise exam constraints: some exams may need to satisfy
pairwise scheduling constraints.
Exam/room compatibility: some exams may require rooms
with special resources.
There is no clear-cut distinction between soft and hard
constraints: a constraint that is soft for one institution could
be considered hard by another. For example, the constraint
that students cannot attend two exams in the same slot is hard
for most institutions. However, some other institutions may
accept violations of this if only few students are affected,
because a special exam session can be set up for those students. Also, an institution with a large number of rooms and
a large number of staff relative to the number of students
may not care much about the number of exam that could take
place in parallel at the same time. On the other hand, a small
institution with a limited number of rooms or staff in relation
to the student population may give this constraint a much
greater importance.
2.3 Cost functions
Usually a cost function is used to calculate the degree of
undesirability of violating each of the soft constraints. This
is particularly convenient because, in most cases, changing
soft constraint combinations and the importance (weight) of
constraints does not require modifications in the timetabling
algorithm itself. Only updating the cost function that evaluates the quality of solutions is required.
The following simple function was used in [20] to evaluate
the cost of constraint violations:
C(t) =

N −1 N
1  
[w(| pi − p j |)ai j ]
S

(1)

i=1 j=i+1

All hard constraints are equally important, while the
importance of soft constraints can vary.
Most constraints relate to the main entities of the problem: students, exams, rooms and slots. The most common
constraints used in timetabling are the following:
Clashing: no students are to be scheduled to take exams in
the same time slot.
Capacity: the number of students in an exam should not
exceed the room’s capacity.
Total capacity: this limits the total number of students in all
rooms that can take exams in one slot.

where N is the total number of exams in the problem, S the
total number of students, ai j is the number of students attending both exams i and j, pi is the time slot where exam i is
scheduled, w(| pi − p j |) returns 25−| pi − p j | if | pi − p j | ≤ 5,
and 0 otherwise.1 We will adopt this cost function in this
work. Of course, solutions with a lower cost are more desirable.
1

This means that in the most undesirable situation, i.e., when a student has two exams scheduled one after the other, i will increase the
cost function by a large value, namely 25−1 = 16. This factor rapidly
decreases (following a negative exponential profile) as the size of the
gap between exams increases.
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3 Related work
Many different techniques have been used to tackle the
timetabling problem. These include: constraint-based methods, graph-based methods, population-based methods, hyperheuristics, multi-criteria optimisation and techniques based
on local search. For space limitations in this section we will
review the three classes of timetabling techniques which
are most tightly related to our work: graph-based methods,
hyper-heuristics and evolutionary techniques.
3.1 Graph-based methods
As mentioned in the previous section, the timetabling problem could be viewed as a graph-colouring problem, but with
constraints [55]. As illustrated in Fig. 1a, each exam can be
seen as a node in a graph and clashes between pairs of exams
can be seen as edges connecting corresponding nodes. Time
slots can then be seen as colours we want to use to label the
nodes. Figures 1b–1d illustrate three possible solutions to the
problem in Fig. 1a.
The similarity between timetabling and graph-colouring
allows the use of graph-colouring heuristics in solving timetabling problems. Graph colouring heuristics are constructive
heuristics. The corresponding timetabling heuristics work
by first ranking exams in terms of how difficult to schedule they are. Then they simply assign exams to slots one
after another starting with most difficult exams. Most ranking
strategies are inspired by graph colouring heuristics. These
include: Largest Degree [8], Largest Enrolment [59], Saturation Degree [7], Colour Degree [20] and Largest Weighted
Degree [20]. These heuristics will be discussed in more

(a) Graph model

(b) Candidate solution S1

(c) Candidate solution S2

(d) Candidate solution S3

Fig. 1 A graph model for a sample exam timetabling problem (a),
along with three candidate solutions for it (b–d). Solutions in (c) and
(d) will typically be considered superior since they require the use of
only three time slots (colours), while (b) requires four
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detail in Sect. 5.1. [20] provides a performance comparison
between the above heuristic on a number of different graph
colouring and exam timetabling problems and a comparison
between heuristics with and without backtracking.
In [23] a neural network framework for timetabling was
presented. The system dynamically changes the ordering criteria as the solution is constructed through the use of a neural
network which updates the difficulty ranking of each of the
remaining exams based on the current state of the solution.
The neural network’s training set was constructed by storing
the intermediate timetables obtained during the application
of three graph-based heuristics.
Fuzzy techniques were used in [4] to blend different graph
based heuristics. In each experiment two out of three graphbased heuristics were combined using a fuzzy system as follows. The ranking of each exam was calculated first using
each of the two heuristics. These values were then fuzzified
using three fuzzy membership functions (small, medium,
high). By using fuzzy rules and defuzzification, a new rank
was calculated for each exam. Different shapes for the membership function were tested and compared. Tuning the fuzzy
membership functions was required on each test case in order
to get competitive results.
3.2 Evolutionary methods
The genetic algorithm (GA) is one of the most frequently
used and successful evolutionary algorithms in the area of
timetabling. In general, there are two ways of using GAs
for timetabling. In the first approach, the GA works directly
in the solution space, i.e., each chromosome represents a
timetable. One important issue in this approach is how to
represent a timetable. Different techniques have been investigated through the years: a recent survey can be found in [49]
(which an updated version of [22]). In the second approach,
the GA works as a hyper-heuristic framework, i.e., the chromosome represents a sequence of heuristics to be applied
for finding solutions rather than simply representing a solution. In most cases the length of the chromosome string is
equal to the number of events to be scheduled and each heuristic in the string indicates how the corresponding event
should be scheduled. This approach could also be seen as
a memetic algorithm. In the remainder of this section we
will survey techniques based on the first approach, while the
second approach will be further discussed in the next section,
alongside other hyper-heuristic techniques.
An investigation on the use of GAs in timetabling was
presented in [47], where the differences in the performance
of different algorithms around phase-transition regions were
studied. The work showed that some simple evolutionary
algorithms could outperform hill-climbing-based algorithms
in regions associated with certain phase transitions, but not
others. A continuation of this study was presented in [48].
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This showed that using a direct mapping in a GA for timetabling is not a very good approach. The study highlighted
the failure of a number of algorithms, including GAs, in
solving some moderately constrained instances, while GAs
were able to solve all the lightly and heavily constrained
instances.
In [28], a GA representation based on the grouping character of the graph colouring problem was presented. The fitness
function used to guide this Grouping GA was defined on the
set of partitions of vertices. The algorithm was applied to
a set of hard-to-colour graph examples and some real-world
timetabling problems. Results were not very competitive with
state of the art heuristics. However, the algorithm required
much less computation power than other similar methods.
A GA was used in [53]. This was based on a new encoding
system, called Linear Linkage Encoding (LLE) [27], which
differs from the traditional Number Encoding system for
graphs. The authors developed special operators to suit the
new LLE encoding. Results showed that LLE is promising
for grouping problems such as graph colouring and timetabling.
A hybrid multi-objective evolutionary algorithm was
presented in [24]. The framework was used to tackle the
uncapacitated exam proximity problem. Traditional genetic
operators were replaced by local-search ones, based on a
simplified variable neighbourhood descent metaheuristic.
A repair operator was introduced to deal with unfeasible
timetables. The framework did not require tuning across a
number of test cases.
3.3 Hyper-heuristics methods
Tabu Search hyper-heuristics for timetabling were used
in [15,31,33]. The main idea behind Tabu Search is to avoid
repeating the evaluation of recently visited solutions. This is
done by using a short-term memory structure that stores such
solutions.
In [33] the authors employed Tabu Search as a high-level
metaheuristic to search through a space of heuristics for university course timetabling and nurse rostering problems. The
heuristics used in the study were improving heuristics that
work on a previously constructed solution. In [15], instead,
the low-level heuristics used were constructive heuristics
(graph colouring heuristics). A Tabu Search approach was
employed to search for permutations of graph heuristics,
which were used for constructing timetables in exam and
course timetabling problems.
The representation of the solutions in these approaches
as a string of heuristics is similar to the representation used
in [52] where a GA was used to find combinations of heuristics that perform well on certain problems. In that work each
individual was represented using multiple strings. Strings
had the same length as the number of exams in the prob-
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lem instance. Each entry in the first string represented a code
indicating which exam selection heuristic to use. The main
difference between the two approaches is in how they move
in the search space. In the Tabu Search based methods mentioned above a number of local search heuristics were used
beside random moves, while in the GA algorithm proposed
in [52], crossover and mutation were used.
Case Based Reasoning (CBR) was used in [17] in order to
construct timetabling solutions. Heuristics that worked well
in previous similar situations were memorised in a case base
and were retrieved for solving the problem at hand. Knowledge discovery techniques were employed in two distinct
scenarios. Firstly they were used to model problem solving situations along with specific heuristics for the targeted
problems. Secondly they were used to refine the case base
and discard cases which proved not to be useful.
A comparison between different hybridisation techniques
for graph-based timetabling heuristics was presented in [10].
An empirical study analysing seven heuristic selection
approaches, combined with five acceptance criteria was presented in [6]. The study reported that different combinations
of selection and acceptance heuristics worked well on the
tested instances.
A combination of hill-climbing and memetic algorithms
transplanted into a hyper-heuristic framework was presented
in [29]. A comparison between the proposed techniques and
a self-adaptive hyper-heuristic with different selection and
acceptance heuristics was provided. The study showed that
a memetic algorithm hyper-heuristic which used a single hill
climber at a time performed the best among the other tested
techniques.
The authors in [3] used a perturbation-based algorithm
for hybridisation among a number of parametrised heuristics. The approach was tested on a set of highly constrained
exam timetabling problems.

4 A genetic programming hyper-heuristic framework
In this paper we will use a grammar-based Genetic Programming Hyper-heuristic framework (GPHH) for evolving constructive heuristics for timetabling, focusing in particular on
exam timetabling. The system is based on a grammar derived
from a collection of graph colouring heuristics that have previously been shown to be effective in constructing timetables.
Also, the grammar contains slot allocation heuristics as we
will describe in detail in the next section.
The main advantage of GPHH method over other HH
methods is that GP allows us to make use of conditional
branching, looping and other components. So, not only it can
find different combinations of heuristics that perform well on
a problem, it can also discover new kinds of heuristics with
no human interaction.
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Naturally these heuristics differ from one another performance-wise. In GPHH we consider heuristics with different
performance levels, including some that are outperformed by
other heuristics in many scenarios. The reason is that these
heuristics are not used in GPHH as they are. Instead, they are
decomposed and their components are used, as explained in
the following sections. By not limiting ourselves to a small
set of high-performance heuristics we provide the system
with a richer variety of components. This diversity plays an
important role in discovering and evolving new heuristics.
For example, in some cases one or more components from
a low-performance heuristic, when combined with one or
more components from a high-performance heuristic, may
result in a heuristic that outperforms both heuristics [41].
Indeed, various recently developed hand-crafted heuristics
are hybridisations, compositions or combinations of previous heuristics.
4.2 Decomposition and grammar

Fig. 2 The structure of a typical HH framework (a) and of GPHH (b)

Figure 2 shows a comparison between the GPHH structure and standard HH frameworks, where in standard HHs
the target is to find a good sequence of application of different input heuristics. The application of GPHH requires the
following steps:
Heuristic selection: a number of hand-crafted heuristics are
selected.
Decomposition and grammar: the selected heuristics are
decomposed into basic components. A grammar showing
how these components could be combined together is then
constructed.
Evolution: GP is used to evolve heuristics using the grammar.
We discuss these steps in more detail in the following
sub-sections.
4.1 Heuristic selection
In the last decades heuristics have been widely used and
have successfully contributed to the solution of a number of
combinatorial optimization problems. As a result, for almost
every such problem, scientists have designed and tested a
large number of specific heuristics. In GPHH we simply start
by selecting a suitable set of hand-crafted heuristics, which
have previously been presented in the literature as solvers for
the targeted problem.
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In GPHH, after selecting a number of suitable hand-crafted
heuristics, instead of directly feeding these heuristics into the
hyper-heuristic system, the heuristics are first decomposed
into their basic components. During the decomposition process, it is important not to lose information on how these
components were connected with each other. We capture this
information using a grammar which allows GPHH to create
valid combinations of the components of heuristics.
To illustrate how the idea of decomposing heuristics into
smaller components would work, let us consider a slightly
simpler problem: the task of trying to pack a number of differently sized boxes into a truck. It is difficult to find the best
way of packing, yet people have invented heuristics which
allow them to do a reasonable job most of the time. These
include the “Largest First” heuristic which suggests to load
the large boxes first and then try to fit the smaller ones in the
remaining gaps. Another heuristic might select the “Largest First” strategy with probability p, while it might use a
“Smallest First” strategy or would select a random box with
probability 1 − p. One can see that these different heuristics can be decomposed into more basic components, such
as selection, conditional branching, conditions, etc.
GPHH is a generic tool, in the sense that given a
grammar for heuristics and an appropriate fitness function it can evolve solutions to a variety of problems.
However, in general it is not possible to formalise the
heuristic decomposition process leading to the grammar
required by GPHH, since this varies from one problem to
another and from one set of heuristics to another. However, it is possible to highlight some of the important
points that one should keep in mind while constructing a
grammar for GPHH. First of all, a good understanding of
the problem is essential. Full awareness of the heuristics
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behaviour and their characteristics is also crucial. Another
important point is to keep a balance between the flexibility of the grammar and the search space size: the more
detailed the grammar is, the freer GPHH to evolve radically new heuristics. On the other hand, adding more
details, options, and flexibility into the grammar may correspondingly increase the size of the search space that
GPHH needs to explore, with a corresponding demand
for computational resources and time to find good new
heuristics.
4.3 Evolution
GPHH uses a form of genetic programming [34,45] to evolve
new heuristics. Pseudo-code describing the evolution process
in GPHH is shown in Algorithm 1.
We should note that the ordinary initialization, crossover and mutation operations used in GP can easily generate
invalid (ungrammatical) individuals. There are multiple ways
of solving this problem. Firstly, one can use a function
that repairs invalid individuals. However, this is not easy
to achieve in complex GP representations. Moreover, this
is known to cause biases in the search. An alternative is
enforcing constraints on the GP individuals through the use
of a type system as was done in strongly typed GP [38].
However, strongly typed GP is not always effective in modelling complex constraints that are not naturally based on
types [45]. Another way to model constraints is through a
grammar which is capable of presenting both type and syntactic constraints efficiently. For example, in the work presented
in [56,57] the grammar was integrated within GP through the
use of derivation trees as members of the population.

Algorithm 1 Evolutionary process in GPHH
Randomly initialize the population G using the Grammar.
for i = 1 to noGenerations do
for j = 1 to noIndividuals do
for k = 1 to noProblemsInTrainingSet do
apply individual( j) from G on instance(k)
end for
calculate fitness for individual( j)
end for
create new empty generation G 
for m = 1 to crossoverRatio*100/2 do
select two individual from G based on fitness {parents}
crossover the individuals creating two new individuals {children}
insert new individuals in G 
end for
for m = 1 to mutationRatio*100 do
select one individual from G based on fitness
mutate the individual
insert new individual in G 
end for
G = G
end for

To illustrate this representation, let us consider the following example grammar for generating simple if statements:
<s>
<con>
<exp>
<op>
<var>

::=
::=
::=
::=
::=

if (<con>) then <exp> [else <exp>]
<exp> ≤ <exp> | <exp> ≥ <exp>
<var> | <exp> <op> <exp>
+ | − | × | ÷
x | y |
z

An example of a GP derivation tree, using the abovementioned grammar, is shown in Fig. 3. The evolved sentence
(program) is represented by the leaves of the trees (read from
left to right), while the internal nodes represent how these
leaves are derived. The benefits of derivation trees are that

Fig. 3 A derivation tree
representing the program if
(z < x) then y else z

s

con

if

then

exp

else

exp

exp

exp

var

var

var

var

y

z

z

x
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Fig. 4 The individual in Fig. 3,
but represented as a normal GP
tree

5 GPHH for exam timetabling

if

y

z

z

x

they are easy to initialise and that performing genetic operations is straightforward. For example, within crossover all
one needs to ensure is that only sub-trees rooted at identical internal nodes are swapped. On the other hand, because
information concerning how each leaf is generated is kept in
the tree, this causes the tree size to be relatively large when
compared to a standard GP representation of the same individual. This is illustrated in Fig. 4 which shows the same
program as in Fig. 3 but represented in the normal GP style.
Moreover, executing a derivation tree is more complex than
executing an ordinary GP: first the evolved sentence needs
to be gathered from the leaves, then it is transformed into a
tree, and finally it is executed.
For these reasons, in GPHH a new, hybrid way of using
grammars in GP was introduced. The representation used is
the same as ordinary GP (see example in Fig. 4). However, a
special initialization process that directly generates GP trees
from the given grammar ensures all initial individuals are
valid.
Because in standard GP trees information about how the
nodes are generated from the grammar is not available, we
also use a new specialised crossover operator which, after
selecting a crossover point, uses the grammar (in a reverse
way) to generate the derivation sequence for that crossover
point “on the fly”. This makes it possible to then efficiently
check the compatibility between crossover points. A similar approach is used in mutation. The implementation details
of these operators are not discussed here because of their
complexity.
The main benefits of GPHH’s way of using grammars over
standard derivation trees are the following:

– GPHH requires much smaller trees to represent programs.
This is particularly beneficial when using GP for evolving complex programs, since their derivations trees are
potentially very large.
– GPHH trees are much easier and faster to execute since
they are already in the appropriate form for recursive
interpretation. Saving computation time is very important aspect in GP, particularly when it is used as a HH
since the evaluation of evolved heuristics is very timeconsuming.

123

In this section we customise GPHH to the exam timetabling
problem. More specifically we describe the choice of heuristics we made (Sects. 5.1, 5.2), we provide the grammar
used for this problem class (Sect. 5.3), we describe the constraints and fitness function we used (Sect. 5.4) and, finally,
we provide details of the GP set up adopted for our evolutionary runs (Sect. 5.5).
5.1 Exam selection heuristics
The heuristics used within GPHH in this paper are the
constructive graph-colouring heuristics proposed by Carter
et al. in [20], namely: Largest Degree-based selection
(LD), Largest Enrolment-based selection (LE), Least
Saturation-degree-based selection (SD), Largest Weighteddegree-based selection (LWD), and Random Selection (RS).
These heuristics have been very successfully used in constructing timetables directly [20] and also withing other
hyper-heuristics [4,15] and other frameworks for constructing timetables.
Two exams are considered to be in conflict with each
other if they cannot be scheduled in the same slot. Two
exams are conflicting if there are students registered for both.
In the largest degree heuristic, LD, exams with the most
conflicts are selected first. The largest enrolment heuristic,
LE, selects first the exams with the largest number of students. The saturation degree heuristic, SD, selects exams
with the least number of available slots first. This is the
only heuristic that involves updating. That is, assigning an
exam to a slot will make this slot unavailable for all other
exams in conflict with this exam and, so, the count of available slots for them needs to be decreased by one. Largest
weighted degree, LWD, is the same as the LD heuristic,
but if there is more than one exam with the same number of conflicts, the tie is broken in favour of the exam
with most students. Random Selection, RS, is the simplest
heuristic in this group: it selects a random exam from the
list of unscheduled exams. This heuristic brings a degree
randomness into the scheduling process, which, in some
cases, helps produce better results. On the other hand, randomness may cause the system not to produce the same
results when running the same group of heuristics multiple
times. To overcome this problem typically users run the same
heuristics combination more than once in order to ensure
robustness.
Figure 5 shows a fragment of the grammar used in
GPHH listing our exam selection heuristics. The grammar
is designed so that different combinations of heuristics
can be nested together. So, we have implemented some
selection heuristics in such a way that, rather than returning a single element from an input list of exams (an
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<exm>

::=

<eList>

::=

random <eList> |
first <eList>
max-conflict <eList> |
least-slot <eList> |
max-students <eList> |
all-exams

Fig. 5 Fragment of the GPHH grammar listing the set of heuristics
used for selecting exams

eList), they may return a list of exams. The LD, LE
and SD heuristics, which are represented in the grammar
as max-conflict, max-student and least-slot,
respectively, do this. The primitive all-exams returns a list
of all exams not scheduled yet. The primitive random implements the SD heuristic. The LWD heuristic has no direct
representation in the grammar as it can simply be obtained
by nesting other heuristics as follows: random( max-student( max-conflict(all-exams))). In this statement,
all-exams returns a list of all exams not scheduled yet
to max-conflict. If there is more than one exam with
the highest number of conflicts, this primitive returns a list
including multiple elements. The tie is then resolved by
max-student in favour of the exam(s) with the highest
number of students. If there is still a tie, this is resolved randomly (by random).
The ability of recursively composing heuristics provided
by our grammar gives GPHH the flexibility to evolve fairly
sophisticated heuristics, such as the LWD exemplified above.
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<slt>

::=

<sList>

::=

Fig. 6 Part of the GPHH grammar which is responsible for selecting
slots

S

::=

assign <exm> <slt>

<exm>

::=

random <eList> |
first <eList>

<eList>

::=

max-conflict <eList> |
least-slot <eList> |
max-students <eList> |
all-exams |
if <cond><eList><eList>

<slt>

::=

random <sList> |
first <sList>

<sList>

::=

least-cost <sList> |
least-busy <sList> |
most-busy <sList> |
least-blocking <sList> |
all-slots |
if <cond><sList><sList>

<cond>

::=

<prob> | <size>

<size>

::=

vSmall | small |
mid | large

<prob>

::=

20 | 40 | 50 |
70 | 90

5.2 Slot selection heuristics
The slot selection heuristics assign one of the available slots
to a previously selected exam. The following heuristics are
used in GPHH for this: Least-Cost-based selection (LC),
Least Blocking-based selection (LB), Busiest-based selection (BU), Least-busy-based Selection (LU), and Random
Selection (RS).
The LC heuristic selects the slot that causes the least
increase in the solution’s cost. The LB heuristic selects the
slot which causes the least decrease in total number of available slots for all other unscheduled conflicting exams. The
idea behind the BU heuristic is to select the slot which is
the busiest in terms of other exams, in order to keep as much
space as possible available for the remaining exams. This can
be particularly effective in breaking ties between slots that
have the same cost. The LU heuristic is the opposite of BU: it
selects the slot which is the least occupied with other exams.
The RS heuristic simply selects a random slot.
The part of the GPHH grammar representing these slotselection heuristics is shown in Fig. 6. The grammar allows
these heuristics to be nested, like the exam selection heuristics, via the use of slot-lists.

random <sList> |
first <sList>
least-cost <sList> |
least-busy <sList> |
most-busy <sList> |
least-blocking <sList> |
all-slots

Fig. 7 The complete GPHH grammar for the evolution of exam timetabling heuristics

5.3 GPHH full grammar
The full GPHH grammar developed for exam timetabling
is shown in Fig. 7. In addition to the features previously described, the grammar contains two types of conditional branching instructions. The first type is probabilistic
branching, based on various fixed probability (namely 20, 40,
50, 70 and 90%). The second is based on how far the evolved
heuristic has proceeded in the construction of a timetable.
This is achieved through the use of the following specialised
terminals: vSmall, which returns true if less than 25% of
the exams are scheduled, small which is true from 25 to
50%, mid from 50 to 75% and large when more than 75%
of the exams are scheduled.
We added this second form of branching because the
performance of fixed heuristics varies throughout the
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construction of a solution. Some may be efficient in the early
stages, while others are more effective at refining nearly complete timetables. For example, the SD exam selection heuristic, which selects the exam with the least number of available
slots, may not be efficient at the beginning of the timetable
construction, when most or all of the slots are still empty
and available for exams. At this stage, a heuristic such as the
LD exam selection heuristic may be more effective because
it selects exams based on the number of conflicts with other
exams. On the other hand, SD may be more effective at later
stages where many slots are blocked with other exams, and
there are some exams with very few slots available. Consequently, at that stage is reasonable to attempt to schedule
these exams first.
Using a form of branching that considers how far the
evolved heuristic have proceeded in constructing a timetable allows GPHH to decide when and how to use different
heuristics, thereby providing extra flexibility over systems
(such as those based on Tabu search or on GAs), where heuristics are used sequentially in the fixed order prescribed by
the representation.

5.4 Constraints and fitness
In the application of GPHH to the exam timetabling problem
we adopted the most common hard and soft constraints in
the literature in order to be able to compare our results with
the largest number of previously published results.
The hard constraints we consider in this paper are represented by the “conflicts” of scheduling two exams with common students into the same time slot. The soft constraints are
concerned with spreading out each student’s exams over the
timetable so that students will not have to sit exams that are
too close to each other. The objective is to schedule all of the
exams into the time slots, while minimising the cost on the
violations of the soft constraints.
In this work the cost of constraint violation was calculated
using Carter’s cost function in Eq. 1.
The fitness function we used is the following modification
of Eq. (1):
⎤
⎡
M−1
M
 
1
w(| pi − p j |)ai j ⎦ + α(N − M)
(2)
f =⎣
S
i=1 j=i+1

where, again, N is the total number of exams in the problem
and S is the total number of students, M is the total number of exams that have successfully been scheduled, and α is
constant. The objective is to minimise f (i.e., the lower the
fitness value the better the individual).
The first part of the Eq. (2) is almost the same as the cost
function in Eq. (1). The second part adds an extra penalty
for each exam the heuristic (individual) has not been able
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to schedule (note that N − M is the number of unscheduled exams). Even though solutions with unscheduled exams
are considered to be invalid solutions, this extra penalty for
unscheduled exams is introduced to give GP a better ability
to differentiate between individuals based on how close they
are to outputting a complete timetable.

5.5 Genetic programming setup
The GP system initialises the population by randomly drawing nodes from the function and terminal sets. As one
can easily infer from the grammar in Fig. 7, our function set includes the primitives assign, random, first,
max-conflict, least-slot, max-students, if,
least-cost, least-busy, most-busy and leastblocking. The GP terminal set, instead, includes the primitives all-exams, all-slots, vSmall, small, mid,
large, 20, 40, 50, 70 and 90. Initialisation is performed
by a specialised version of the GROW method [34,45] which
takes the grammar into account. For example, the root of the
tree must be the function assign and this is not allowed
anywhere else.
After initialisation, the population is manipulated by
selection, reproduction, crossover and mutation operators.
More specifically, GPHH uses tournament selection, with
tournament size of 5 (reselection is permitted). We use reproduction (cloning) with a rate of 0.1. The crossover rate is 0.8.
Crossover is a specialised form of sub-tree crossover which
works as follows. A random crossover point is selected in the
first parent, then the grammar is used to select the crossover
point from the second parent. This is randomly selected from
all valid crossover points. If no point is available, the process
is repeated again from the beginning until crossover is successful. Mutation is applied with a rate of 0.1. This operates
by selecting a random node from the parent (including the
root of the tree), deleting the sub-tree rooted there, and then
regenerating it randomly, based on the grammar, as in the
initialisation phase.
In our experiments we used population of size 50 evolved
for 50 generations. Each individual was executed once. However, to reduce stochastic effects on runs, the best performing
individuals were run for an extra two times. Individuals that
had not been affected by any genetic operation were not evaluated again to reduce the computation cost. For each problem
instance we performed 10 independent runs.
In other experiments we used larger populations, with
sizes ranging between 500 and 1,000 individuals. Each individual was executed three times to reduce stochastic effects
on its output. Again the best performing individuals were run
for an extra two times. Naturally these runs where substantially more computationally expensive and, so, we were only
able to do between 1 and 5 runs for each problem instance.
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6 Test problems and results

We tested GPHH by applying it to one of the most widely
used benchmarks in exam timetabling, against which many
state-of-the-art algorithms have been compared in the past.
The benchmark was first presented in [20]. Its characteristics
are shown in Table 1. The size of the problems varies from
81 to 682 exams and from 611 to 18,419 students. Table 1
reports also the density of the conflict matrix (ai j ). This is
given by the ratio of the number of conflicting exams over
the total number of possible exam pair combinations.
Table 2 shows the performance of the GPHH approach
against other state-of-the-art algorithms. The table shows the
cost of the best solution found by each algorithm for each
problem instance in the benchmark set. The cost is calculated using Eq. (1). In the case of GPHH, we report results

For a HH framework to be practical and useful, the framework should ideally find reasonably good heuristics, reasonably cheaply and reasonably quickly. Reasonably good
means that the evolved heuristics should perform well on the
problem instance(s) it was evolved for. Relatively cheaply
means that the evolved heuristics should not be more expensive in terms of effort, time, or cost than manually finding and
tuning a good heuristics for the problem instance. Reasonably fast refers to the requirement that the heuristic should
be evolved within a few hours, or at most a day. As we will
illustrate in this section, GPHH achieves all this in relation
to the exam timetabling problem.

Table 1 Characteristics of the
benchmark exam timetabling
problems that were used in our
experiments

Each row shows the total
number of exams, the number of
students registered in at least
one exam, the maximum
number of slots available, the
maximum number of students
registered in one exams, and the
conflict’s matrix density for the
problem instance (see text)

Instance
name

Exams

Students

Slots

Max.
reg.

Matrix
density

car91

682

16,925

35

1,835

0.13

car92

543

18,419

32

1,566

0.14

ear83

190

1,125

24

232

0.27

hec92

81

2,823

18

634

0.42

kfu93

461

5,349

20

1,280

0.60

lse91

381

2,726

18

382

0.60

sta83

193

611

13

237

0.14

tre92

261

4,360

23

407

0.18

uta93

184

2,750

10

1,314

0.80

york83

181

941

21

175

0.29

Table 2 The best results obtained by GPHH on benchmark exam timetabling problems against the best results reported in the literature
car91

car92

ear83

hec92

kfu93

lse91

sta83

tre92

uta93

york83

GPHH (small population)

5.12

4.46

37.10

11.78

14.72

11.11

158.70

8.62

3.47

40.56

Constructive
GPHH (large population)

5.19

4.15

37.20

11.96

14.54

11.17

158.63

8.63

3.43

40.05

Tabu [15]

5.36

4.53

37.92

12.25

15.2

11.33

158.19

8.92

3.88

41.37

Fuzzy [4]

5.20

4.52

37.02

11.78

15.81

12.09

160.42

8.67

3.57

40.66

Carter et al. [20]

7.1

6.2

36.4

10.8

14.0

10.5

161.5

9.6

3.5

41.7

Tabu-Multi-stage [15]

5.4

4.74

38.84

13.11

15.99

12.43

159.9

9.02

3.04

43.51

Improvement methods
Abdullah et al. [2]

5.21

4.36

34.87

10.28

13.46

10.24

150.28

8.13

3.63

36.11

Burke and Newall 2002 [16]

4.6

4.0

37.05

11.54

13.9

10.82

168.73

8.35

3.2

36.8

Burke et al. [9]

4.2

4.8

35.4

10.8

13.7

10.4

159.1

8.3

3.4

36.7

Caramia et al. [19]

6.6

6.0

29.3

9.2

13.8

9.6

158.2

9.4

3.5

36.2

Casey and Thompson [21]

5.4

4.4

34.8

10.8

14.1

14.7

134.7

8.7

na

37.5

Di Gapero and Schaerf [31]

6.2

5.2

45.7

12.4

18.0

15.5

160.8

10.0

4.2

41.0

Merlot et al. [37]

5.1

4.3

35.1

10.6

13.5

10.5

157.3

8.4

3.5

37.4

Figures represent the cost (computed with Eq. 1) associated to the best evolved timetable. The upper part of the table represent systems based on
constructive heuristics only. The lower part of the table represents algorithms which use constructive heuristics followed by improvement heuristics.
Figures in bold face represent the best result in each part (on a per-column basis)
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Table 3 Performance statistics
for GPHH with small
populations
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car91

car92

ear83

hec92

kfu93

lse91

sta83

tre92

uta93

york83

Mean cost of timetable

5.15

4.48

37.62

12.04

14.82

11.28

159.03

8.69

3.48

41.09

Standard deviation

0.03

0.02

0.47

0.19

0.04

0.10

0.37

0.05

0.01

0.30

Best cost across runs

5.12

4.46

37.10

11.78

14.72

11.11

158.70

8.62

3.47

40.56

Worst cost across runs

5.18

4.51

38.50

12.48

14.85

11.50

159.77

8.78

3.50

41.50

for both small populations (50 individuals run for 50 generations) and large populations (either 500 or 1,000 individuals,
run for between 50 and 100 generations). For GPHH with
small populations figures represent the best results obtained
within 10 independent runs (further statistical information
about our runs will be provided below), while for the large
populations they represent the best result obtained in between
1 and 5 independent runs.
The table is divided into two parts. The upper part contains GPHH and other algorithms that only use construction
heuristics (the first two methods, other than GPHH, in this
group use constructions heuristics only; the other two use
construction with backtracking). The bottom part of Table 2
shows a group of algorithms that use constructive heuristics
followed by improvement heuristics. Note that GPHH uses
constructive methods only. So, clearly, it is unfair to compare GPHH with this second group of systems. However, we
show the comparison here so that readers can see how close
GPHH can get to the performance of improvement-based
algorithms.
If we first focus on GPHH with small populations, we see
that it outperforms the four algorithms (other than GPHH)
in the first group on 40% of the instances (car91, car92,
tre92 and york83) and it is second best in 50%. In other
words, when compared with algorithms using the same elementary heuristics, GPHH with small populations resulted
best or second best in 90% of the test instances, thus showing
a remarkable robustness. The situation is similar for GPHH
with large populations.
GPHH has been able to outperform many of the algorithms
in the second group too, despite it not using improvement
heuristics. For example, on car92 GPHH with large populations is the second best across all algorithms, while on
uta93 it is the fourth best overall.2 Amazingly, GPHH with
small populations is second best overall on car91.
While the results in Table 2 are very encouraging, since
we report best results over multiple runs, one might wonder
what sort of level of performance we could expect to obtain
from GPHH in typical runs. In Table 3 we report statistics
2

We should note that for many of the results in Table 2, cost values were
published with only one decimal figure. If we assume that such values
were obtained via rounding, and we round all values in the table to one
decimal place, we find that on uta93 GPHH with large populations is
actually third best overall.
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for the cost associated to the best-of-run timetables evolved
by GPHH with small populations across the problems in
our benchmark set. As one can see standard deviations are
extremely small, indicating that one can get excellent timetables with GPHH even if the system is run only once or very
few times on a problem.
We should note that certain problems in our benchmark set
are hard, in the sense that only relatively high-cost solutions
can be found, by all algorithms. For example, on sta83,
york83 and ear83 all algorithms find solutions with costs
which are on average one or more orders of magnitude bigger
than for other problems. To understand why this is the case
one needs to take a closer look at the characteristics of the
problems in the benchmark set. Table 4 shows histograms
of the number of students registered for 1, 2, etc. exams as
well as the average number of exams per student in each
problem instance. Noting how widely the number of exams
per student varies from instance to instance one can easily
understand why sta83 is so difficult. It this problem, with
only one exception, all students attend a very large number
of exams. So, the problem is badly over-constrained and all
heuristics exhibit relatively poor results. Note that york83
and ear83 have the second (7.21) and third (5.95) highest mean number of exams per student across all problems,
respectively. It is then not surprising that no solver can find
low-cost solutions for these instances.
It is interesting to study how the performance of GPHH
varies in relation to other solvers as the difficulty of the problem changes. Figure 8 shows a plot of the rank of GPHH with
small populations in relation to the other exam timetabling
algorithms listed in Table 2 versus the mean number of exams
per student across all problem instances in our benchmark
set. In this figure lower ordinate values are better. For example, the data point at coordinates (3.36, 3) means that GPHH
was third best overall on a problem characterised by a mean
number of exams per student of 3.36.
As one can see from the figure, GPHH performs particularly well on problems with a relatively low number of exams
per student. This is not surprising since the algorithm does not
use timetable refinement procedures, which are particularly
beneficial in the more heavily constrained problems. This
suggests that in future extensions of this work we could obtain
further significant performance improvements by extending
the GPHH’s grammar to include refinement heuristics.
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Table 4 The number of students attending 1, 2, 3, . . . exams for each exam timetabling instance in our benchmark set
Number of exams

car91

car92

ear83

hec92

kfu93

lse91

sta83

tre92

uta93

1

3,409

3,969

1

321

276

99

0

667

6,180

1

2

2,145

3,330

1

315

234

80

0

524

3,866

20

3

2,107

3,436

1

351

277

302

0

744

3,717

93

4

4,098

4,168

20

659

765

1,638

0

1,191

4,026

4

5

4,569

3,212

72

1,071

2,515

474

1

1,214

3,073

44

6

565

275

201

105

1,082

103

0

20

381

174

7

27

29

302

1

189

27

0

0

23

372

8

4

0

409

0

11

3

162

0

0

0

9

1

0

109

0

0

0

239

0

0

0

10

0

0

9

0

0

0

0

0

0

0

11

0

0

0

0

0

0

209

0

0

0

12

0

0

0

0

0

0

0

0

0

0

13

0

0

0

0

0

0

0

0

0

0

14

0

0

0

0

0

0

0

0

0

1

3.36

3.01

7.21

3.77

4.69

4.00

9.41

3.42

2.77

5.95

Mean number of exams
per student

around 4 h each. Other problems had run times in between
these two extremes.3
If we look at these timing results together with the high
performance levels obtained by GPHH with small populations and the reproducibility of the quality of its results
across runs, we can see that the approach is entirely viable as
GPHH is able to find reasonably good heuristics, reasonably
cheaply and reasonably quickly. There is, therefore, hope
that a future parallelisation of GPHH (e.g., through the use
of GPUs) together with the use of a more extensive grammar
should produce an even more effective system.

Overall Rank of GPHH

8

7

6

5

4
Actual Data
Quadratic Interpolation

3

3

4

5

6

7

8

york83

9

Mean Number of Exams per Student

Fig. 8 Plot of the rank of GPHH with small populations in relation to
the other exam timetabling algorithms listed in Table 2 versus the mean
number of exams per student across all problem instances in our benchmark set. The solid line represents a quadratic polynomial interpolating
the raw data

While the intrinsic difficulty of finding good (low-cost)
timetable is by and large determined by the nature and
number of the constraints imposed on the solutions, the computational load of fitness evaluations is effectively determined by the number of students and exams to be taken
by each. So, relatively weakly constrained problems such
as car91 and car92 are, in fact, one or more orders of
magnitude computationally more demanding than problems
such as sta83 or york83. On the latter two problems runs
of GPHH with small populations lasted less than 10 min each
on an ordinary PC, while runs of car91 and car92 took

7 Conclusion
In this paper we have introduced a Grammar-based Genetic
Programming Hyper-heuristic framework for evolving constructive heuristics for timetabling. The framework was
tested on one of the most widely used benchmarks in the field
of exam timetabling and compared with the best state-ofthe-art approaches. Results show that the framework is very
competitive with other constructive techniques, effectively
outperforming other HH frameworks based on constructive
heuristics and also some more sophisticated frameworks
where constructive heuristics are combined with refinement ones. In future work, we will look at extending the
grammar used in GPHH with further heuristics (e.g., to
allow the evolution of heuristics that can refine as well
3

Runs of GPHH with large populations took approximately 1 to 1.5
orders of magnitude longer.
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as construct timetables) and to the possibility of reusing
some of the heuristics evolved in this study as building
blocks.
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