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linearization, Constrained-state feedback control also proposed a tracking control methodology via time-iveyy
state feedback based on the backstepping technique for a mo-
Abstract bile robot. Oriolo et al. [9] reported their works on the nowti

Trajectory tracking is an important behaviour for mobilbaots. control problem of wheeled mobile robots (WMRS) in environ-
This paper addresses the nonlinear trajectory trackingralon ments without obstacles.

problem for a nonholonomic car-like mobile robot with dn this contribution, the trajectory tracking control ptein is
constrained state. Compared with the existing works on thddressed for a car-like mobile robot with a constrainetésta
nonholonomic car-like mobile robots, the state constr&@nt A design methodology which fully incorporates the state-con
emphasized in this work. The controllability of the systerstraint into the system is presented by using the change-of co
under the state constraint is checked firstly from the sefiseoodinates. For the transformed system, the dynamic feé&dbac
nonlinear geometric control. A nonlinear tracking corgol linearization technique is used to design the traject@gking

is then achieved by taking advantage of thaamic feedback control law.

linearization technique. Moreover, the obtained controllefhe remainder of this paper is organized as follows. Section
can be exploited to simultaneously solve both the trackigformulates the control problem. In Section 3, the dynamic
and regulation problems of the car-like mobile robot witke thfeedback linearization is used to design trajectory tragkion-
constrained state. The effectiveness of the proposedatontroller. Section 4 presents the simulation results to eéidhe
law to trajectory tracking control is demonstrated by siation  effectiveness of the developed control law. Finally, soroe-c
results. clusions are made in Section 5.

. 2 Statement of the Control Problem
1 Introduction

] ) ) ) As depicted in Fig. 1, the configuration of the robot denoted
The trajectory planning, formation maneuver, and motlon-coby a:= (z,y,0,%)T € R*is 4-D [1,6]. Where(z,y) is the
trol, in particular parking control problems of the mobi@bots - cartesian location of the center of its rear whegls, the head-
and ground vehicles have received considerable attentiongl ing angle between the body axis and the horizontal axisgand
the last decade [1-13]. One difficulty for the motion p'”ﬂ’“”represents the steering angle with respect to the car bduy. T
and control of a car-like mobile robot arises from the sdethl yistance between the location, y) and the middle point of the
nonholt_momic constraints imposed by_the rolling whee_ls.— A'ariving wheels is denoted by. This system has 2 degrees of
other difficulty comes from the constrained state and sttura nonholonomy since the constraints on the system arise ty-all
inputs, such as bounded steering angle as well as drivingveliyg the wheels to roll and spin, but not slip. Thus, the Pfaffia

ity. ) . ) constraints on the mobile robot become [1]:
According to Brockett’s theorem, the kinematics model of a

nonholonomic mobile robot is open-loop controllable, bat n sin (6 + )& —cos (0 +4)§— L cospf =0 1)
stabilizable by pure smooth, time-invariant feedback |ake. sin @& —cos 0y =0

stabilize such a system, some time-varying control lawshagonverting (1) to a nonlinear control system with the inains-
been developed, e.g., see at [1,6,14]. sen asy = v cosy anduy = ¢ yields [1, 6]

Recently, nonlinear control theory and techniques withliapp
cations to the trajectory planning, tracking, and parkiong-c C . 2)
trol of the mobile robots have attracted a great deal of atten 0= 1 tangpuy P =up

tion [2,4,5,8,9,11,12]. For instance, a time-varyingdth®- where v is the driving speedy; corresponds to the translational
bust control law for the parking problem of a wheeled mobilge|ocity of the rear wheels of the robot angd corresponds to
robot was achieved via the Lyapulov direct method by Tayefie velocity of the angle of the steering wheels. In this gtud
and Rachid [2]. The tracking control problem with satumatiothe steering angle is constrained by the following relation:
constraint for a class of unicycle-modeled mobile robots wa .

solved in [8] by using the backstepping technique and tha ide [l M, 0<M <3 3)

& = cosfBuy, Uy = sinf uy
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Although there is a constrained state in the original diffinan-
holonomic system, from Proposition 1 one knows that the mo-
bile robot could be moved from one position and orientat®mn t
another position and orientation in finite time. In this stwek

are particularly interested in the following issue:

Problem 1 (Trajectory Tracking) Given a feasible trajectory
gq Which is collision-free. For the mobile robot system (4) end
the constraint condition (3), design a trajectory trackiogn-
troller v = (w1, u2)T such that the mobile robot is moved
from an initial stateq(0) to follow the desired trajectoryq
over the time period, T)(T — o).

Fig. 1. Kinematic model of a car-like robot

3 Trajectory Tracking Control via Dynamic

Obviously, (2) is a so-called driftless nonlinear system, i Feedback Linearization
cos 0 0 First, we replace the constraint condition (3) by takingadv
a=(g1,9) ( (151 ) _ ;Hl uy + 0 ug (4) tage ofyy = M tanh w, wherew is an auxiliary variable. Thus,
u 7 tany 0 we can get
0 1
= Msechw pg == ug, = psy (20)

In what follows, we first discuss the controllability of sgst (4)

under the constraint condition (3). It is noted that the agpr Substituting the relatiofh = M tanh w and (10) into (2) yields
mate linearization of the system at any point is not coratié.

Hence, we only address the controllability in a nonlineasse & = cosbuy, y=sinfu (11)
The main result is stated as: 0 = £ tan(M tanhw)uy = n1(w)u1 W = pg

Proposition 1 The control distribution of the system (4) undefbviously, (11) is equivalent to (2) and (3). However, theeest
the constraint condition (3) still has a constant dimensidrich constraint (3) now is incorporated into system (11), whigh w
equals to the dimension of the states so that the systemd4) urinake it feasible to deal with the state constraint (3) in @l f
condition (3) is locally controllable. lowing design methodology.

Theexact feedback linearization problémquestion can be de-
Proof: According to the rank condition of the controllability,fined as follows [14]:
the proof is straightforward. As the system is driftles (thift . ] o ]
term f is 0 vector field), the smallest involutive distributiane ~ Definition 1 (Feedback Linearization) Given a set of vector

containing spafif, g1, ga '}, i.e., fields f(z), g1(x),- - - , gm () and an initial statex®, find
(if possible), a neighborhodd of =, a pair of feedback func-
Ac =< f,91,92 | spad{ f,g1,92} > (5) tionsa(x) and p(x) defined ori/, a coordinates transforma-

. ) o . tionz = ®(x) also defined o/, a matrix Ac R**" and a
equals to the smallest involutive distributiahc, containing matrix Be R"*™, such that

spafgi1, 92}, i.e.,

oP

Ac, =< f,91,92 | spa{g1,92} > (6) [E(f(gg) +9(@) a(m))} e—bi(s) Az (12)
Denoting by[g1, g2] the Lie bracket of vector fielg, andga, 0P
we begin with spafig:, g2} and expand this distribution by [—(g(az) p(a:))} =B (13)
taking its Lie brackets of its component vector fields unt@d w ox z=®~1(z)
achieve a distribution of maximum dimension. and

1, o rankBAB --- A" 'B)=n (14)
,g2] = (0,0, —— .0 7
[gl 92] ( I sec” ) ( ) where,a(m) _ (L;lhl(m), . ,L;mhm(m))T

and Based on Definition1, we have the following proposition.

(lg1,92],91] = (% sec? ) sin b, —% sec’1pcos®,0,0)T (8) Proposition 2 Define the linearizing output vector of (11) as
y= (y1,92)7 = (x,3)T. The nonholonomic kinematic model
thus, it is easy to verify that the controllability rank cdtieh  (11) cannot be transformed into a linear controllable systey
holds, i.e., means of static state feedback.

dimA¢, = rank@i, g2, [91, g2], [[91, 92], 91]) = n =4 (9) Proof: Differentiating the outpuy once with respect to time

) ) _ thenyields
Therefore, the system (4) is locally controllable in a noedr

sense though there exists a state constraint. O 71 = cosBuq, Yo = sinfuy (15)
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Since the inputy; already appears in (15), one can obtain thdoreover, the set of functions

decoupling matrix as the following form:
z1 = yl =X

_ ( cos® O 29 =191 =2 =cosOuy
p(x) = < sinf 0 > (16) 23 =1 =i = —sin@n (w)u? + cosfp;
(20)
24 =Y2=Y

Apparently, rankp(x)) = 1 everywhere ori/, viz., the de-
coupling matrixp(x) is singular. Hence, a well-defined defini-
tion for vector relative degree does not exist for system (11).
Because the relative degree is invariant under static t#att completely defines a local coordinates transformation. hin t
back, one can not transform the original system (11) whigsdmew coordinates, the extended system is fully feedback lin-
not have a well-defined relative degree into a new systemtwhigarized and described by the two chains of integrators and no
does have a well-defined relative degree by meassatiCstate extra equations are involved, i.e.,

25 = Yo = Y =sinfuy
26 =12 =4 = COSQm(w)u% + sin 6 pq

feedback. ]
. . . . Z1 = 22, Z9 = 23, Z3 =1 (21)
3.1 Dynamic Feedback Linearization 24 =25, i5=25, F6=U2
Proposition 2 implies that we can not find a regugtatic state ity vy = y§3) —203) py = yf’) =3,
feedback and a local change of coordina§es= ®(x) to di- Denotingz= (z,y 97w ur,p1)T andu= (i1, 412)T then fol-

rectly transform the original system into an exact lineaian |55

form via static feedback from the wewpomt of mpgt-out_put_. a(z) + p(z)u = v (22)
However, one may resort to the dynamic feedback lineadrati

for exact linearization purposes. For our considered kitaam where

system (11), a result on dynamic feedback linearizatiostste 3

2 .
lished as follows. _ [ —cosOni(w)uy — 3 sindn(w)ui py
(@) ( —sinfnf(w) u$ + 3 cos i (w) ug p1 (23)

Proposition 3 The nonholonomic kinematic model (11) can be
dynamic feedback linearizable by using a dynamic compensa&nd

M o 2
such as o) — < cost)  —ZL sin 6 uy ) 24
U1 = p1, P1 = 1 a7 p() sin 0 %]j cos@u% (24)
wherey; is a new control input. Clearly,
o .
Proof: According to the definition of exact feedback lineariza- det p(z) = 5+ sin 0 u?
tion, the proof is straightforward. Observing (15), one §itlgiat O

the first derivatives of);,7 = 1,2 are only affected by the in-

put u; while the other control inputs do not appear. Thus, iRemark 1 Observing the dynamic feedback linearized sys-
order to achieve a well-defined relative degree, we can ¢xpectem (21), it is obviously advantageous to the controller de-
rendery;, i = 1,2 independent ofi; by means of adding somesign because of its linear and controllable structure ofteys
integrators in the first control input channel as done in.(17) Hence, the well-established linear control theory, suchirssar

Differentiating (15) further with respect to time yields quadratic regulator (LQR), decoupling design techniqguets,,
. can be implemented to system analysis and controller sgisthe

i1 = cosf iy —sinffuy = cosf p1 — sin 1 (w) u On the other hand, the decoupling matpikz) has a potential
§o = cos 0O uy +sin @iy = cos O (w) ui +sin b py singularity atu; = 0. Therefore, this difficulty must be seriously

) ) ) ) taken into account when designing control laws for the dea-|
Since neither control inpyt; nor u; appears in (18), one canmoepile robot.

continue to differentiate it and get
3.2 Controller Design for Trajectory Tracking

y£3> = —cosOn?(w)ud — 3 sinfny(w)uy py
871 3 - . . . .
5 Forsinfui o + cosf py (19) Assume that the desired, feasible trajectory(t), va(t))? is
y§3) = —sin0n?(w) ud + 3 cos O ny (w) uy py given for the position coordinates in the form of specifiedeti
+ %5 cos 0 u? pg + sin 0 g functions. The output tracking error is denoted(by, y.)* =
. . 9 (x_mday_yd)T'
in which S = M sec?(M tanhw) secHw)/L. Our control purpose is to design an appropriate state-fsdb

From (19), one finds that bojly andy, already appearig(®. controller such that the car-like mobile robot is forcedsgrap-
Hence, the original system (11) plus the dynamic compensdiatically track the desired trajectory from some initisddking
(17) will have a well-defined relative degree=(3, 3) when- error (z.(0), y.(0))”, and bothz. andy. converge to zero as
everu; # 0and its sum« = r; + ro = 6 = n) exactly equals t — +oc.

to the dimension of the augmented system, which fully sesisfiThe following proposition establishes a dynamic feedbawk c
Lemma 5.2.1 in [14]. Therefore, the (dynamic) exact lineari trol solution to the trajectory tracking problem for the -ti&e
tion problem in question can be solvable. mobile robot system (11).
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Proposition 4 Consider the nonholonomic kinematic mode | @) » (b) . (©
(11), the dynamic compensator (17), and the dynamic lizedlri 1 05
system (21). Let,(t) andy,(t) be a set of desired trajectories 2 — Acual ol — )
for the position coordinates andy which is collision-free in its < 6l -15

working space. Moreover, we have two Hurwitz polynomials 4
follows of ,
H1(8)283+)\232+)\18+)\0 (25) of
H2(5) :SBJF’YQ 52+’71S+’}/0 o sot(v) 100 0 50t(~) 00 % 50t(~) 100

Constructing a control law in the new coordinates (20) as tr ) @ ®
following form 015 t 12
(3) . . 0.1 0.5 10
v =a, — A2 (23 — &q) — A1 (22 — &q) — Ao (21 — 24q) h 8
) . . 005 o = .

V2 =Y, — 2 (26 — §a) — 71 (25 — Ya) — 0 (24 — Ya) = =
(26) ° o [T :
Thus, if the constant real coefficient§\a, A1, A0} and  -oos -1 2
{72,7, 70} are chosen appropriately such that o1 s 0
50 100 50 100 0 1 2 3
1. The change of coordinates (20) is invertible; t(s) t(s) z
2. The decoupling matrig(x)is nonsingular. Fig. 2. Time histories of variables and inputs in

then, the following controller the point-to-point tracking control for parking

u=p~l(z) (v—a() (27)

will render the robot to asymptotically track the desiredjec- 4.1  Point-to-Point Tracking Control for Parking

tory from some initial tracking errofz.(0), 3.(0))”, and both o ) _ ) )

. andy. converge to zero as— +oo. Wherev is written as In th|js.5|mullat|on, the mobile roblot is required to move from

in (26). an initial point (0) to anotherpoint x(co) following a de-
sired trajectoryr4(t) ast — oo. For the parking problem via

Proof: Since(z.,y.)" = (z — x4,y — ya)", we can construct tracking control, we take the desired pathin- y plane as the
a stable tracking error dynamics by taking advantadewtitz  following form

polynomialsH; (s) andHs(s) as follows
3) za(t) = Are™ " + x(00)
(@3 — @y )+ dald — da) + M8 — &) = dolza —2) yalt) = Az =2 4 y(oo)
W —yy") + 72 (§ = a) + 71 (& = ¥a) =0 (Ya — )
¢ (28) Wherery,ry >0, A1 = 2(0) — z(o0), and Az = y(0) — y(o0).
Usingv; = 23, v, = ¥, and the change of coordinates (20yVe pick the following choice of design parameters, inittats,
yields (26). and final condition
Thus, if the decoupling matrip(x) is nonsingular and the in- Ao = 0.6. M = 0.11. A = 0.006
verse transformation of (20) exists, then one finds that dhe f 2T AT e 20T
2 = 0.9, = 0.26,~ = 0.024

lowing control law 1 = 0.15,75 = 0.20, 2(0) = 1.0,(0) = 10.0

(29)

30
w=p(z) (v — ala)) 0(0) = 0,9(0) = 00,1 (0) = 04, pa(0) = 0.0 &9
x(00) = 0.0,y(c0) = 0.0,0(c0) = —7
is realizable and the trajectory tracking control problean be h(00) = 0.0, u1(00) = 0.0, p1(c0) = 0.0
solvable. O

inceu; converges to zero d@s— oo, from (24) the decoupling

Remark 2 The obtained_trajectory contr(_aller (27)_ can be usei]atrix;)(w) will be singular. However, from (29) one finds that
to parking purpose. In this case, the desired parking paticih the parking position is also reached once the singularityicsc

![s co|||s:on-;‘]reedanfdt_fea5|bllf for ttr)le controlie[j(27) Islq:fﬂred +Hence, there is no need for control action on the system when
0 supply ahead of time or it can be generated in real ime. The, oo pling matrip(=) is singular.

detailed example for parking control with trajectory tray Fig. 2 illustrates the time histories of variables and colntr-

method will be illustrated in the simulation section of tpe- puts. Note that: andy can track the desired trajectory and
per. ya4, respectively. The tracking errors quickly converge tmzs

. . time increases.
4 Simulation Results

. . . . ) 4.2 Circular Trajectory Tracking Control
First, we illustrate the point-to-point tracking controk fpark-

ing. Next, simulation is carried out for circular trajegtdrack- Fqor the circular trajectory tracking, the desired trajegis de-
ing control. For all the numerical examples demonstratest,|a fined by

the parameterd andM are chosen to bé andx/3, respec-

tively. xq(t) = R cos(wt), yi(t) = R sin(wt) (31)
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Fig. 3. Time histories of variables and inputs in
the circular trajectory tracking control

whereR andw are appropriate positive constants.
The circular trajectory tracking for the robot was simutktéth
the following design parameters and initial conditions

)\2 =72 = 0.3, )\1 =7 = 0.03, )\0 =% = 0.001
R =15,w = 0.017,x(0) = 2.0,5(0) = 3.0
0(0) = 0,1(0) = 0.0,u1(0) = 0.5,p1(0) = 0.0

(32)

The time histories of variables and control inputs durirgttia-
jectory tracking control are plotted in Fig. 3.

5 Conclusion
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