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Receding Horizon Tracking Control of Wheeled Mobile Robots
Dongbing Gu and Huosheng Hu

Abstract—In this paper, a receding horizon (RH) controller is de-
veloped for tracking control of a nonholonomic mobile robot. The
control stability is guaranteed by adding a terminal-state penalty
to the cost function and constraining the terminal state to a ter-
minal-state region. The stability analysis in the terminal-state re-
gion is investigated, and a virtual controller is found. The anal-
ysis results show that the RH tracking control has simultaneous
tracking and regulation capability. Simulation results are provided
to verify the proposed control strategy. It is shown that the control
strategy is feasible.

Index Terms—Mobile robots, model predictive control (MPC),
receding horizon (RH) control, tracking control.

I. INTRODUCTION

T RACKING control of nonholonomic mobile robots aims
at controlling robots to track a given time varying trajec-

tory (reference trajectory). It is a fundamental motion control
problem and has been intensively investigated in the robotic
community. One of the early research results of this problem
[16] used a Lyapunov function to design a local asymptotic
tracking controller. Global tracking was explored by dynamic
feedback linearization techniques in [6], [9], and [24], backstep-
ping techniques in [10], [13], and [15], and sliding mode tech-
niques in [2]. Different time variant controllers or discontinuous
controllers were developed [4], [21], [27]. These controllers re-
quire that linear or angular speeds must not converge to zero, i.e.,
reference trajectories are persistently excited. Therefore, they
can not be used for the regulation problem of nonholonomic mo-
bile robots. It is also difficult to constrain control signals in these
controllers.

Recently, controllers with simultaneous tracking and regula-
tion capability have been explored. A differential kinematic con-
troller was developed in [8], which provides a global exponen-
tial stable property for both tracking control and regulation. A
unifying framework for tracking control and regulation was pre-
sented in [20] by using dynamic feedback linearization. How-
ever, their controllers are not a single controller. The switching
between controllers for tracking and regulation is required. In
[18], a single global stable controller with simultaneous tracking
and regulating capability was reported by using backstepping
technique, and it also includes saturation constraints of control
signals.

Receding Horizon (RH) or Model Predictive Control (MPC)
is one of the frequently used optimization control techniques in
industry. It is designed to handle optimization problems with
constraints. It is an online optimization algorithm that predicts
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system outputs based on current states and system model, finds
an open loop control profile by numerical optimization, and ap-
plies the first control signal in the optimized control profile to
the systems.

Due to the use of predictive control horizon in RH control, the
control stability becomes one of the main problems [1]. It was
shown that using infinite receding horizon can guarantee RH
control stability for even nonlinear systems [17], but it is com-
putational intractable in practice. For finite receding horizon,
it was proved that forcing the terminal state to equal zero can
guarantee the stability [23]. However, the terminal-state equality
constraint is time consuming. Further work shows that the ter-
minal-state equality constraint can be relaxed as a terminal-state
inequality, i.e., a terminal-state region, by adding a terminal-
state penalty to the optimized cost function if a linear state feed-
back controller exists in the terminal-state region [5], [7]. Fur-
thermore, the linear feedback controller is never applied to the
system since it is only used to find the terminal-state region to
insure that the system will move into this region after finite con-
trol horizon. Recent work in [11], [19], [22], and [25] shows
that the local linear feedback controller is not necessary. Any
other controllers can be used in order to find the terminal-state
region as long as a stability condition is met. And the work in
[14] and [22] shows that the terminal-state penalty can be a con-
trol Lyapunov function that will guarantee the stability once the
terminal state is within the terminal-state region.

Applying RH control to the regulation problem has been re-
ported in [11] and [28]. The stability was not discussed in [28].
The terminal-state region in [11] is defined by a group of equa-
tions. This paper will develop an RH controller to achieve the
tracking control of nonholonomic robots. First, the stability is
guaranteed by adding a Lyapunov function to the cost func-
tion as the terminal-state penalty. A stability condition is found
and used to find the terminal-state region and the corresponding
controller. The terminal-state region becomes one of the opti-
mization constraints in the RH algorithm. The terminal-state
controller is never applied to control the robots. Second, the
stabilizing RH controller is a single controller with simulta-
neous tracking and regulating capability. The switching between
tracking control and regulation is not necessary. Third, control
signal constraints are explicitly imposed on the controller. Fi-
nally, the proposed RH controller pursues a suboptimal solution
in order to reduce the computation time. The main contribution
of this paper is the development of the terminal-state region and
the corresponding controller for simultaneously regulation and
tracking of nonholonomic systems.

This paper is organized as follows. Section II introduces the
tracking control problem of a nonholonomic mobile robot. The
RH control scheme is described in Section III, including the sta-
bility analysis. The terminal-state controller and terminal-state
region are found in Section IV. Section V explains the tracking
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implementation. Simulation results are provided in Section VI.
Finally, our conclusion and future works are discussed in Sec-
tion VII.

II. KINEMATIC TRACKING CONTROL

A differential driving mobile robot is a typical nonholonomic
mobile robot, which has two rear driving wheels and a front
castor. The speed control of the two rear wheels ( and ) leads
to the control of linear speed and angular
speed , where is the wheelbase. The mo-
tion state of the robot can be described by its position , the
midpoint of the rear axis of the robot, and its orientation .
The kinematics equation is as follows:

(1)

The state and control signal vectors are denoted as
and .

The reference trajectories should also be described by a ref-
erence state vector and a reference control
signal vector and have the same constraints
as (1)

(2)

To control (1) and to track (2), an error state can be defined
as follows [16]:

(3)

By using the error state and its dynamic model, the tracking con-
trol problem is converted into a regulation problem. The error
state chosen in a rotated coordinate frame (3) can simplify the
dynamic model. The error state dynamic model is derived as
follows:

(4)

Redefining the control signals

(5)

Then, the error state dynamic model (4) becomes

(6)

To analyze the local stability for the error state dynamic
model (4), a linearized error state model of (6) can be obtained
as follows:

(7)

Since the error state model (7) is controllable, local asymptotic
stable controllers can be found [16]. However, the local linear
controllable property is lost when the linear speed and angular
speed converge to zero . There-
fore, many controllers developed so far require this persistent
excitation condition, i.e., the controlled robot cannot be stopped;
otherwise, the stability will be lost.

Due to the requirement for the persistent excitation condi-
tion, the motion control of the nonholonomic mobile robots
has been divided into two independent problems to handle:
regulation (parking) and tracking. For the regulation problem

, the local linearized model
is not controllable, and therefore does not have a continuous
time invariant feedback control law [3]. Instead, discontinuous
control or smooth time-varying control can be found [12].

Independent controllers have been proposed for the two
problems. The switching between two independent controllers
is needed when the tracking robot is required to stop. The
switching of controllers could lead to rapid changes of control
signals, which in turn causes problems for system robustness.
To avoid the switching, a single controller with simultaneous
tracking and regulation capability is necessary [8], [18], [20].

III. STABILIZING RH CONTROL

A nonlinear nominal control system without considering any
uncertainties, like (6), can be generally expressed as follows:

(8)

where and are the dimensional state
and dimensional control vector, respectively. The function
is assumed to be continuous. The tracking control is to find a
suitable to drive the system (8) to move toward the equi-
librium ( and ). The constraints normally
used are the control signal saturation constraints that can be ex-
pressed as follows:

where is a compact and convex set.
The goal of the tracking control is to minimize a given cost

function as follows:

(9)

where .
and are positive definite symmetric weight matrixes. is

the control horizon.
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It is well known that the controller found in (9) is not guaran-
teed to be stable due to the use of a finite receding horizon [1].
The RH stability can be guaranteed by adding a terminal-state
penalty term to the cost function and a terminal-state constraint
to the optimization in the RH controller [5], [19]. The cost func-
tion for the tracking problem is changed as follows:

(10)

where is the terminal state penalty and is as-
sumed to be a continuous, differentiable function, ,
and for all .

At time , the open loop optimization problem (OP) in the
RH control framework to be solved online can be formulated as
follows:

(11)

subject to

(12)

where is the terminal-state region.
Our RH control algorithm can be described as follows.

1) The current error state is fed back. Based on this
feedback state, an open loop optimal control function

can be found by solving the OP (11) and
(12) for the period . The open loop control
function defines a state trajectory , and
both of them depend on the current state .

2) The RH control only uses to control the
system (8) over a period . Therefore, the
RH control function and the corresponding state
trajectory also depend on the current error state

and are expressed as follows:

(13)

3) At time , the RH control needs to read the error state
and solve the OP again. A terminal-state con-

troller for the terminal-state region is
found first. Then, a feasible control function

is constructed based on and the ter-
minal-state controller

if
if .

(14)

This constructed control function is used
as an initial solution to the OP for the period

. After solving the OP at time , an open
loop optimal control function is obtained
again, which depends on the current state . The
RH control function is obtained by using

for the period .

4) This procedure will continue until the control achieves a
satisfying performance.

Stability Theorem: Suppose the reference control signals are
bounded, i.e., , , and
the OP is feasible at the time . The RH control algorithm
described previously for the system (8) is asymptotically stable
if a terminal-state controller exists such that the following
condition is satisfied:

(15)

for any state belonging to the terminal region .
Proof: Let denote the OP value function

and the RH value function. We need to prove that
is nonincreasing and in turn implies the system (8)

is asymptotically stable as .
For a time period , the RH value function

is nonincreasing due to the following equation:

(16)

For the time instant , the OP value function has the fol-
lowing result:

(17)

where is the state trajectory when using the control
function (14), and is
the corresponding OP value function.

We know

(18)

We can have the following result for two time instants and
:

(19)

By integrating (15), we have

(20)
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At time instant , we know due
to the constructed control (14). So the following result can be
obtained from (19):

(21)

Finally, using (17), (18), and (21), we have

(22)

Repeatedly using the inequality (22) yields

(23)

Now we can say the RH value function is nonin-
creasing and bounded below by zero. This implies the integral
term in the right side of the inequality (23) is low bounded.

To guarantee is bounded, it can be seen from (4) that
the reference speeds have to be bounded, i.e.,

and . is bounded from the
properties of . According to Barbalat’s lemma [26], this means

as . When we take , the
system is asymptotically stable, i.e., as .

It should be noted that the proved stability does not neces-
sarily depend on the optimality of the cost function. We can
build up a suboptimal RH control algorithm by using a subop-
timal solution or feasible solution to the OP rather
than its optimal solution in step 3) of the RH con-
trol algorithm.

IV. TERMINAL-STATE REGION AND ITS CONTROLLER

A Lyapunov function for the terminal-state penalty can be
defined as follows:

(24)

The positive definite weight matrixes of the function in (9)
are selected as follows:

(25)

where ( , , ) and ( , ).
Then, stability condition (15) becomes

(26)

where the subscript denotes the terminal state. The terminal-
state feedback controller can be selected as follows:

(27)

where and . The stability condition (15) is changed
to

(28)

To have a negative derivative of the value function, the fol-
lowing requirement for the weight parameters is required:

(29)

and the terminal-state region is defined as follows:

(30)

In summary, the terminal-state controller will be defined by
(27), the cost function weights will be constrained by (29), and
the terminal-state region will be defined by (30).

Furthermore, the control signal region also limits the ter-
minal-state region . The following control signal constraints
are used in this paper:

(31)

From (5), (27), and (31), the terminal state should be further
constrained by the control signal region

(32)

An additional requirement identified from (28) is that the refer-
ence linear speed is nonnegative .
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Fig. 1. Circle tracking.

V. IMPLEMENTATION

The first reference trajectory in the tests is a circle defined as
follows:

The second reference trajectory is an eight-shaped trajectory
adopted in [20]

The eight-shaped trajectory is a persistently excited trajectory
and has sharp changes in its reference speeds. The third refer-
ence trajectory is a parallel parking line adopted in [18]. It is not
a persistently excited trajectory and will stop at the final position

The weight parameters of the RH controller can affect the
tracking performances. For the persistent excitation trajectories
(circle and eight-shaped curve), the parameters are selected as
follows:

For the parallel parking, the parameters are selected as follows
to avoid slow convergence:

The control signal constraints for the circle and the parallel
parking line are selected as follows:

s

s

The control signal constraints for the eight-shaped curve are se-
lected as follows:

s

s

The maximum number of the optimization steps is selected as 5.
The larger the maximum number of the optimization step, the
better the tracking performance; however, the more time the
computation will take. The control horizon and the control
time interval are selected based on the tracking trajectories.
Due to the adding of the terminal-state region constraint,
should be long enough to guarantee the terminal state moving
into the terminal-state region. This value can be found offline
through a trail and error approach. should not be selected as
being very small because the optimization algorithm takes time
at each step. s and s are used. The number of
the predictive steps is therefore 10. The model simulation time
is selected as 0.1 s.

VI. SIMULATION RESULTS

The simulations were tested on a PC. An initial pose was
selected for the circle test: (1, , ). The tracking results
are shown in Fig. 1, including (a) the trajectories, (b) the control
signals, and (c) the error states. The tracking trajectory finally
converged to the reference circle, the control signals converged
to the reference control signals, and the error state converged to
zero. The control signals did not go beyond their limitations.

The initial pose selected for the eight-shaped curve tracking
test is ( , 0, ). The tracking results are shown in Fig. 2,
including (a) the trajectories, (b) the control signals, and (c) the
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Fig. 2. Eight-shaped curve tracking.

Fig. 3. Parallel parking line tracking.

error states. Although the speeds and states had errors at the be-
ginning of the tracking, finally the robot trajectory converged to
the reference curve, the control signals converged to the refer-
ence control signals, and the error state converged to zero.

A test was conducted with an initial pose (1, 1, ) for the par-
allel parking line-tracking test. The tracking results are shown in
Fig. 3, including (a) the trajectories, (b) the control signals, and
(c) the error states. These results show that the robot can track
the parallel parking line and stop at the final pose. At 16 s,
the RH controller regulated the robot to reduce the error states
[see the small changes of the control signals in Fig. 3(b)], and
the errors converged to zero.

The variations of the control signals were caused by the sub-
optimal solution. They can be smoothed out by increasing the
optimization time or increasing the weight parameters .

VII. CONCLUSION

This paper presents a stabilizing RH controller for the
tracking control of nonholonomic mobile robots. A ter-
minal-state region and its corresponding local controller are
developed to guarantee the stability of controlled systems. The
proposed RH controller can be used for simultaneous tracking
control and regulation problems.

The computation is one of the problems to use RH controllers
in real-time systems. How to improve the computation effi-
ciency is still under investigation. The proposed RH controller
needs an initial feasible solution. Currently, a trial-and-error
approach is used. Feasibility analysis of initial solutions is one
of our future works.
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