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Using Fuzzy Logic to Design Separation Function
in Flocking Algorithms

Dongbing Gu, Senior Member, IEEE, and Huosheng Hu, Senior Member, IEEE

Abstract—Flocking algorithms essentially consist of three com-
ponents: alignment, cohesion, and separation. To track a desired
trajectory, the flock center should move along the desired trajec-
tory, and thus, the fourth component, navigation, is necessary. The
alignment, cohesion, and navigation components are well imple-
mented through consensus protocols and tracking controls, while
the separation component is designed through heuristic-based
approaches. This paper proposes a fuzzy logic solution to the sep-
aration component. The TS rules and Gaussian membership func-
tions are used in fuzzy logic. For fixed network flocking, a standard
stability proof by using LaSalle’s invariance principle is provided.
For dynamic network flocking, a Filipov solution definition is given
for nonsmooth dynamics. Then, a LaSalle’s invariance principle for
nonsmooth dynamics is used to prove the stability. A group of mo-
bile robots with double integrator dynamics is simulated for the
flocking algorithms in a 2-D environment.

Index Terms—Cooperative control, flocking behavior, multi-
robot systems, nonsmooth systems.

I. INTRODUCTION

T IS WELL known that flocking behavior of living beings has
I certain advantages, such as avoiding predators, increasing
the chance of finding food, saving energy, etc. Examples include
flocks of birds, schools of fish, herds of wildebeest, and colonies
of bacteria. Potential engineering applications of such coopera-
tive behavior include automated highway systems [1], [2], co-
operative robot reconnaissance [3], manipulation operation [4],
formation flight control [5], [6], deployment of distributed sen-
sor arrays [7], etc.

Flocking behavior has been studied in robotics within
three structures—Dbehavior-based structure, leader—follower
structure, and virtual leader structure. The flocking control in a
behavior-based structure is established by building up a group
of formation-related behaviors [3]. It is suitable for uncertain
environments, but lacks a rigorous theoretic analysis. The
leader—follower structure is constructed by a string of chains
where each robot follows a single robot (I — ¢ model) or two
robots (I — [ model) [8], [9]. However, the chain structure leads
to a poor disturbance rejection property. The virtual leader
structure is inspired by the biological model where the center of
all robot positions jointly represents a single, possible fictitious
leader. Reynolds [10] simulated a flock of birds in flight with
a common average heading, and they avoid colliding with each
other. There is no leader broadcasting instructions in the flock
and each bird has a local control strategy. There are three com-
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ponents in the local strategy of each bird: separation steering to
avoid crowding, alignment steering toward the average heading
of neighbors, and cohesion steering toward the average position
of neighbors. A similar model was proposed by Vicsek in [11]
and its convergence proofs were recently given in [12] and [13].

For robots with double integrator dynamics, flocking algo-
rithms have been proven stable for both fixed and dynamic
networks [14], [15]. In particular, a navigation component is
added to the flocking algorithm, which is very demanding in
formation control and other practical applications [15]. Further,
the use of a navigation component eliminates the requirement
of the connectivity property of a graph.

Speed consensus protocol [16], [17] and standard linear track-
ing control approaches are used for alignment, cohesion, and
navigation components, while the separation component relies
on a repulsive potential function, of which a minimum value
exists at the point where the distance between neighbor robots
is fixed. For fixed network flocking where the neighbors of a
robot include all other robots, the stability can be analyzed by
using LaSalle’s invariance principle. For dynamic or switched
network flocking where the neighbors of a robot are those robots
who can be ranged through limited ranging sensors or commu-
nication channels, nonsmooth system analysis has been used
in [14]. To avoid nonsmooth control analysis, special potential
functions can be designed [15].

In this paper, we use fuzzy logic to design a control function
for the separation component. This control function is the gradi-
ent of a potential-like function, which can guarantee the flocking
stability. The fuzzy logic control function consists of T-K rules
and Gaussian membership functions. They are designed based
on stability analysis. For practical applications, it is expected
that minimized control effects are used. The advantage of using
fuzzy logic to design the separation control function is the guar-
antee of system stability with constrained magnitude of control
inputs. The popularly used artificial potential function [14] gen-
erates the repulsive force, which is inversely proportional to the
distance. It cannot constrain the magnitude of control inputs
as the magnitude of control inputs becomes very large when
the distance between neighbor robots becomes small. Also, it
could cause erratic behavior when the large force drives robot to
move far away from the flocking. The control inputs of potential
functions contain the robot’s position and neighbors’ positions.
Thus, the noise of control inputs comes from robot localiza-
tion and communication between robots. The fuzzy potential
function can suppress the input noise. We analyze the flock-
ing stability under a class of input uncertainties. In addition,
the use of fuzzy control function provides an opportunity for
learning of the flocking algorithms through using fuzzy policy
reinforcement learning.
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The robots with double integrator dynamics are used in this
paper. An algebraic graph is used to model the flocking dynam-
ics. We discuss the stability of both fixed and dynamic network
flocking. For dynamic network flocking, Filippov solutions are
used to define the solution concept [18]. Clarke’s generalized
gradient [19] and set-value derivative [20] are used to simplify
the stability analysis. The nonsmooth stability analysis for dy-
namic network flocking based on [20, Th. 3] is presented.

The rest of the paper is organized as follows. Section II
presents a flocking model for robots with double integrator dy-
namics. Section III describes distributed flocking algorithms.
Section IV proposes a fuzzy separation control function and
nonsmooth control approach. The stability analysis of both fixed
and dynamic network flocking is given in Section V. The sim-
ulations of the proposed flocking algorithms are provided in
Section VI. Finally, our conclusions and future work are briefly
summarized in Section VIL.

II. FLOoCK MODEL

A. Robot Dynamics

Given N robots in a group, each robot is described by its
double integrator dynamics. For a robot ¢ with n dimensional
coordinates ¢; = [z},...,2']" € R", the state and control
vectors are 2;(t) = [q: ()T, ¢;(t)T]" € R*™ and w;(t) € R"
(¢ =1,...,N). The robot dynamics is

Zi = az; + by, (1)

0 I(,l)} {0 ]
- L b= .
“ [0 0 I

The matrix [, is the identity matrix of dimension n. The
states of all NV robots in a group can be concatenated into vec-
tors g=[q’,....qL]T € R™N, g=[i,...,q5]" € RV,
z=[, 20T e R andu = [uf, ..., w7 e RV,
The group collective state dynamics is

where

2= Az+ Bu )

where A = al(y), B=0b1",and 1 =[1,...,1].

The group center can be denoted by a virtual center state
ze = [(ge)T, (¢.)T]". q. is the virtual center’s configuration,
which is the average of all states:

qC:%Zqz-. 3)

Then, the following results are true for the virtual center:

1 X 1 & X
G = N;qi, %= N;Z ue = N;“ @)
Thus, the dynamics of the virtue center is
Z. = az. + bu,. (®)]

Let zq = [(q2)7, (42)"]" be the desired state vector for the
group center. The desired state z; should also have the same

dynamics with the robot dynamics (1):
Zq = azq + buy. (6)

Definition 1 (Flock definition): The configuration g; is called
flock if:

1) the distances ||g; — g;|| between any two neighbor robots
are asymptotically convergent to a fixed value;

2) the velocity mismatches ¢; — ¢; of all robots are asymp-
totically convergent to zero;

3) the center trajectory q. is asymptotically convergent to a
desired trajectory ¢ ;

4) no collision between robots occurs during the flocking.

B. Flock Graph

A graph can be used to represent the flocking interconnection
between robots. A vertex of the graph corresponds to arobot, and
edges of the graph capture the dependence of interconnections.
Formally, a graph G = (V, ) consists of a set of vertices V =
{v1,...,vy},indexed by robots in the group, and a set of edges
& = {(vi,vj) € V x V}, containing unordered pairs of distinct
vertices. Assuming the graph has no loops, that is, (v;,v,) € £
implies v; # v;.

A graph is connected if, for any vertices (v;,v;) € V, there
exists a path of edges in £ from v; to v;. The incidence matrix
D(G) of a graph G is the {0, 1}-matrix with rows and columns
indexed by vertices )V and edges of &£, respectively, such that
the ijth element of D(G) is equal to 1 if the vertex ¢ is in
the edge j and O otherwise. If the graph G has N vertices and
|€| edges, then incidence matrix D(G) of the graph G has order
N x |€|[21]. Because graph G is undirected, the matrix D(G) is
symmetric. Let A(G) be the diagonal N x N matrix with rows
and columns indexed by V with i entry equal to the valency of
vertex ¢. Following [21], Laplacian of a graph G is defined as
L(G):

L(G) = A(G) — D(G). )

For a graph G, it is known the rank of its Laplacian L(G) is
N — |&|. Laplacian L(G) is symmetric and positive semidefi-
nite. Let r denote the distance that a robot can range via ranging
sensors or communicate via wireless radio links.

Definition 2 (Neighbor definition): Robot j is called a neigh-
bor of robot 7 if the Euclidean distance r;; between robots 7 and
7 is less than or equal to 7. All neighbors of robot ¢ compose its
neighbor set ;.

For fixed network flocking, each robot ¢ can range or com-
municate with all other group members. Therefore, the graph
G is fixed and will not vary with time. However, for dynamic
or switching network flocking, the neighbor set ; of robot 4
changes with time due to the limited ranging value 7. Accord-
ingly, the graph G will vary with time and can be denoted as
g’ () where o (t) is a piecewise constant function of time, called
a switching signal. The neighbor set and Laplacian of a graph
are denoted as /\fi(f(t) and L°(") | respectively. The number of

neighbors of robot  is denoted as |/\fi”<t> |
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III. DISTRIBUTED FLOCKING CONTROL
A. Alignment, Cohesion, and Navigation Control

For distributed control, robot i should have the ability to
access all its neighbors’ states z;,j € ./\/;-U(t>. This means each
robot ¢ should acquire z; through its ranging sensors or wireless
communication at each time step t. Each robot ¢ should also
have the ability to fully observe its own state z; at each time
step ¢. Based on the states z; and z;, each robot can use state
feedback control approaches to flocking.

For the alignment component, each robot needs a velocity
state feedback control to reduce velocity mismatches and ac-
cordingly align its heading with its neighbors. The state feed-
back control for this component is denoted as v and defined as

uf ==k > (G — ) ®)
jeN;f(z)

where k% > 0 is a n-dimensional diagonal matrix. This is the
so-called velocity consensus protocol [16], [12], which can
asymptotically make the velocity of robot i equal to the average
velocity of its neighbors. Collectively, the alignment control
function of all robots can be written as a vector u”

u = —k* @ L°Wg )

where ® is the Kronecker product.

For cohesion and navigation components, all robots’ states
z; should tend to be the same as the desired state z;. The state
feedback control function for robot ¢ should be as

uf = —Kk(2; — z4) + uq (10)

where k¢ = k° @ I(,, is the feedback gain and k° > 0 is a n-
dimensional diagonal matrix. From (4), (5), and (10), it can be
seen that the cohesion and navigation control function of the
virtual center has the same state feedback law:

u = —Kk(2¢ — z4) + ugq.

an

Using the sum of «{ in (8) and v in (10) as a control function,
all robots will move toward the desired trajectory. Fig. 1 shows
that 20 2-D robots randomly starting from different positions
with different velocities will asymptotically converge to the de-
sired trajectory, a circle. It can be seen that separation control is
necessary for flocking, which can separate all robots with a fixed
distance and avoid collision with each other during flocking.

B. Separation Control

In general, a function g;;(g;, ¢;) can be defined as the sepa-
ration control function between robot ¢ and its neighbor robot
j. This function is a state feedback function. The separation
control function of robot ¢ should include all effects from all its
neighbors:

uj = — Z 9ij (4, q5)-

jen

12)

A smooth repulsive potential function V;; (r;;) can be used to
generate the separation control function. The repulsive poten-
tial function V;;(r;;) should have a minimum value at 7;; = d
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Fig. 1. All robots converge to a circle.

where d is a predefined distance. When the Euclidian distance
rij = ||lgi — ¢;|| is less than d, the control function should be
negative to repulse neighbor robots from getting too close. When
the Euclidian distance 7;; is larger than d, the control function
should be positive to attract neighbor robots to move closer. The
gradient of repulsive potential function V;; (r;; ) is the separation
function g;; (¢i, ¢;):

9ij(ai5q5) = Vg, Vij(rij). (13)
The separation control function of robot 7 is
ul =— >V, Vi(rij). (14)

jeMa(t)

All control functions can be added together to form a state
feedback control function u; for flocking:

In the next section, the separation control function is imple-
mented by fuzzy logic.

IV. Fuzzy SEPARATION CONTROL
A. Fuzzy Logic Control Function

Fuzzy logic can build any nonlinear function mappings based
on human experience. The separation control function can be
built through a set of fuzzy logic rules. Therefore, fuzzy logic
employed as the separation function can be used for flocking
control.

A set of fuzzy logic rules can map an input s to a deterministic
control h(s). For the kth dimension state % (k =1,...,n),

robot i uses states (], 2%) to build a P-dimensional vector
k,1 k,P

sf'j ={s;;,...,s;; }asfuzzy input. The corresponding fuzzy
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input sets are F!, ..., F¥'. The following expression is a fuzzy
rule for the separation control function between robots ¢ and j:

Rule m: IF 53" is /"' AND, ... s;" is F/""

) 124 i

0 Pl
THEN hj? = k" + Z K gk

isthe pthinput(p =1, ...,
K

P), F""" is the pth input
fuzzy set, hj; is the output, and is the parameters of the
fuzzy output. The fuzzy set " and the output parameter k" *”
are the same for any neighbors j. The activation degree of rule
m is calculated by the production operation

P
m o
wy =TT o

p=1

k,p
where s; J

(16)

The Gaussian function can be used to define the fuzzy set mem-
bership function

(55" = i"")?
NEmr = exp [ W (17)
where 1" 0" (p=1,..., P) are the mean and variance,

respectlvely. The activation degree (16) is rewritten as follows:

(sl

p=1 ¢

)LZ’I’ = exp [— (18)

The crisp output w;; is calculated by the center of area method

mgm
Zm =1 )‘ h’
M m
Zm:l )“Z]

where M is the number of fuzzy rules.

hij(s) =

L]

19)

B. Fuzzy Separation Control Function

The separation control function u; is an n-dimensional vec-
tor. Let g;; denote the nth-dimension fuzzy separation control
function between robots ¢ and j. Due to the symmetry of the
robot dynamics (1), control functions in different dimensions
are the same. For the kth dimension, the fuzzy input s . consists

—d? andx — 2%, ie, P =2 and s :[sfjl,sfj’?]:

j]. The fuzzy output is deﬁned as

of ri
2 2
[rij —d

= K (@ — o)

: (20)

whichimplies /""" = 0and k""" = 0. A fuzzy rule m is defined
as

IF 77, — d is F/"'! THEN b = k" (af — 2h).

Denote the gradient of the repulsive potential function V;; (r;;)
as

M m L 7712
12, 71)L

2 Z L )Lm (2 1)
m=

Vo Vij(rij) =

From (19), we have

M m,2
Z i k
— ;L
m= ij Vi (.’I,'k

ii7’ - T <M . %
Zrn*l )‘m
= 2VS/.-:1 V;j (7””)(’ijC — xk)
ij

ij
= Vi Vi (rij)- (22)
The fuzzy control function between robots ¢ and j is
hij(si;)
9ij(qi,q;) = : (23)
hij (si;)

For distributed control, robot 7 needs to sum up all control
functions g;;(¢;, ¢;) from its neighbors to generate the separa-
tion control function w:

uj = — Z 9 (4> q5)

jeny
2 jen® Var Vij (rij)

Z o (1) Vgn VIJ (7’1])

Z qu Vij(rij)-

o (t)
JEN,

(24)

C. Nonsmooth Control

For fixed network flocking, the control function u; is smooth
as u; is smooth. For dynamic network flocking, the control func-
tion u; is not a smooth function as the neighbors of each robot
are changing during flocking, i.e., the graph G is changing. The
energy function used to analyze the stability is also a nonsmooth
function.

To analyze nonsmooth dynamics, some known facts pertain-
ing to differential inclusions and nonsmooth analysis are neces-
sary. As the classical notion of solution is not appropriate and
needs to be generalized, a solution definition for the nonsmooth
dynamics, the Filippov solution [18], is used first. Its formal def-
inition is given in the Appendix. Other terms will be introduced
in the next section.

With the state feedback in fixed network flocking, the robot
dynamics (2) is an autonomous system:

zZ = f(z,t).

In dynamic network flocking, the autonomous system is defined
as a differential inclusion

s e KIf](=0)

(25)

(26)

where K[f](z,t) is a differential inclusion and a.e. stands for

“almost everywhere.” As the differential inclusion K[ f] is upper
semicontinuous with nonempty, compact, convex values and
locally bounded, for each z, € R2"N there exists at least one
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solution of the differential inclusion with the initial condition
2(0) = 2o [18].
The separation control function u; with dynamic neighbor

set J\/;-U(t) is

7“7jj <R
(27)

s _
u; =

=2 e Vo Vi (rig),
0, rij > R
In [22], a calculus is provided to simplify the calculation of dif-

ferential inclusions. As f(z,t) = Az + Bu = [¢*,u”]", using
the calculus, we have

q
KWZ[KM}
q
= 28
L K] .
I q
u® +ut — Zje./\f”“) Vi Vij
if ri; < R
T i >R
L u® + u

D. Saturation Constraint of Separation Control Signal

The using of fuzzy logic to design the separation function can
constrain the magnitude of input signals. This is desirable for
practical systems with input saturation constraints. From (22)
to (24), we know

}“'m
20k k
Z Z km ;" (wl o xj )

JEN” m=1 m=1

Due to ||(x* — ] M < R+d for all zF — z*
(Z'rn 1)\””) é ]-9 we haVe

7and 0 <A/

A"HL 2
luill =] > Z ki (af — )
JE-N«' (t) m=1 m= 1)“
M
< > D IR+
jeMn(t)m:I

M
=N DNR+d) D (K

m=1

<K

(29)
where x is a positive constant. Equation (29) shows that the
separation control signal is saturated constrained.

V. FLOCKING STABILITY

For fixed network flocking, the LaSalle invariance principle
can be employed to analyze the stability. For dynamic network
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flocking, a similar version of LaSalle’s invariance principle for
nonsmooth functions can be employed to analyze the stability.
A. Fixed Network Flocking Stability

The flocking control with fixed neighbor set ; is

u; = uy +uf +ul

= —k" Z(Qi —dj) — k(2 — za)

JEN;

- Z 9ii(¢i, 4j) + ua-

JEN;

(30)

An energy function is defined as

V(iz)=V(q) +V(2) + V(2)

N
=> Vi(g) +
i=1

1
Flle =17 @z

3D

1 2
+ 5l — 2l

where V(2) = 3]z — 17 @ z|
Vi(q) = 2L, Vi(g), and

K“:[N®[

ke VO(2) = 3llze — 2l

k¢ 0
0 1|°

Vi (q) is the repulsive potential function:

(¢) = Z Vij(rij)-
JEN;
Theorem 1 (Fixed network flocking stability theorem): For
fixed network flocking, starting from Q. = {z : V(z) < ¢}, the
flocking as defined in Definition 1 is asymptotically stable under
the state feedback control u; (30) with an appropriate control
gain k°.
Proof:
1) The energy function V' (z) is positive definite.
As V%(z) and V(%) are positive definite, the fact that
V#(z) is positive definite can guarantee that V' (z) is also
positive definite. From the gradient of the repulsive poten-
tial function (21), the following analysis can be obtained.
a) Forr;; —d < 0,if k"> < 0 for those rules whose
plt <0, then N AME"? <0, de., Vo
Vij(rij) <0. J
b) Forr;; —d > 0, if k:nz > 0 for those rules whose
pt >0, then M AR 250, ie., V ka
Vij(rij) > 0. J
¢) For r;; —d=0, if kZ"”Q
whose "' =0 and for other rules >
kLm 2|Tu:d = 0, then vsl.-:l ‘/7] (T,;j) =0.
ij

In summary, we can let Vj;(r;;) have a minimum value
atry; =dand V. 1V;J(r”) =0 at r;; = d through se-

(32)

=0 for the rule
)\'m

m=1

lecting the values of E"™?* and p)"". Hence, V;;(r;;) can
be designed positive deﬁnlte by using proper fuzzy rules,
i.e., V*(z) can be positive definite.
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2) The derivative of the energy function V (2) is seminegative = (20 — 2zq)7 [a(ze — zq) + b(ue — ug)]
definite. 9
N = HZ(‘ - Zd“(a,fbk“)' (35)
V() =Y Vi(g) From (33) to (35), we have

- V(z) = V(@) + V7 (2) + V°(2)
N

=NV, Vi (i) = —[lg—1" © 43 + llze — 2allfu_pie)- (36)
i=1jeN;

Therefore, as long as (a — bk®) < 0, Vis seminegative
N definite. This can be achieved by selecting the control gain
Z u; (33) Kk as [a, b] is controllable.
=1 3) LaSalle’s invariance principle.
. As V(z) is seminegative definite, V' (z) is there-
Vi) =(z-1"@2) K(:-1" @ %) fore monotonically decreasing for all ¢ > 0. Based on
this nonincreasing property of V(z) and given 2. =
(@i — qo)" (¢ — de) {z:V(2) <c}, Q is an invariant set. This bounded set
1 and

:kc

] =

~.
Il

N lze = zall* < V(2) < c
(Gi = Ge)" (G5 — Ge)- , , ,
7 guarantee (z. — z4) is bounded. Given the desired state
. . zq is bounded and z, = 1/N SN | 2z, we know z is
From ¢; = u§ +u{ +u; and E?ﬂ(% —q.) =0, we bounded. ’ = Z

+

-

2

have va:I(Qi = dc)(ug — Ge) = 0. From LaSalle’s invariance principle, all states
Then, starting in ). converge to the largest invariant set
N E={z2€Q.:V(z)=0}. Hence, asymptotically, all
Z — q( —qc) — qC states converge to the the largest invariant set F =
i= {z € Q¢ : 2. = 24,4 = G} Or it can be stated that the
flock center state z. converges asymptotically to z; and

all robot velocities ¢; converge to the center speed ¢..

HMZ

—k Z (@ = dy) — k(2 — za) +ui | - Further, when the flocking converges to stable
jeny state (ze — za, 4 — dc), V(2) = V3(q) +1/23N,
; o P N s N
Due to SV | uf = 0, it is further simplified as i = Gellie = DZ5m1 e Vi (rig) +1/2 30521 Yjen,
' ' ) llgi — q;l|3.. There is an equilibrium point at r;; = d
o T e N I where V, V(z) = 0. Thus, the distance between two
Viz) = ~lld = 1" ®dellg + Z(qi = de)” u; neighbor robots converges to the equilibrium point.
i=1 4) There are no collisions with each other.
. ) N , N ’ By contradiction, assume there exists a time t = t;
=—[l¢d—1" ®dcllg + qu uj — ch uj when two robots k, [ collide, i.e., g (t1) = ¢;(t1). The po-
i=1 i=1 tential function Vi (g, q1) at ¢z (t1) = ¢;(¢1) is a constant
=—lli—1" ® gl - V*(a) (34) A
V() = Viilqi, q;
where Q = k% ® L) 4 ke @ Iy (q) ;J% (g, q5)
For V¢(z), first we have '
- = Vii(q, @) Z Z Vii(gi,q5)
Uc_ud:NZUi_ud ieV\{k, 1} jeV\{i,k,I}
=1 > Vi (qr, @)

At ¢t = t;, defining the constant Vi;(gx, q1)|q, =4 larger

than ¢ leads to V*(g(t1)) > ¢, which is in contradiction

with the invariant set §2... Therefore, no two robots collide

at any time ¢ > 0. [ ]

Remark 1: To consider some input uncertainties, the flocking
control (30) can also be expressed as

Il
|
s =z =
M-
3
W
(v}
=
R
|
N
U
S—

wp = uy +u +u; +w(t)

= —k“ Z(% —q;) — k(2 — za)

Ve() = (e = 20)T (e — 20) 2
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= i (i q5) +ua +w(t) 37)

JEN;

where w(t) € R"Y denotes the unknown uncertainties with a
known upper bound w,, > ||w(t)||. Based on the similar results
as in the proof of Theorem 1, we have

V(z) = V3(q) + V(2) + V°(2)

= —llg—1" ® 4y + llze — 2allfa_pe)

N
- Z(qi — o) wi(t)

IN

~Nld =17 @ Gl|3) + (¢ — 17 @ ¢) w(t)

—lld - 1" ® 4.3
2

_ H;(q — 1" ®¢.) —w(t)

1. .
+5ld - 17 @ ¢o) 1> + Jlw(t)|)?
< —[lg—1" @4

I .
+ 5@ =17 @ gl + [w®)IP”

=—li-1" @Gy s, +Ilw@®
<—lg-1" @y, +w
S _)"min(Ql)Hq' - 1T ® qc||2 + ’U)i (38)

where Q1 = Q — (1/2)1(,,5) and Ayin(Q1) is the smallest
eigenvalue of (Q;. For the connected graph, all eigenvalues of
Laplacian matrix A; (L) > 0. We can select k£ and k¢ to make
Amin (Q1) > 0. Then, we have the following result.

Whenever ||¢ — 17 @ ¢e|| > wy/\/Amin (Q1), V(2) < 0.
Then, the asymptotical stability of the perturbed closed-loop
system is proved according to Lyapunov’s stability theorem.

B. Dynamic Network Flocking Stability

The flocking control with dynamic neighbor set /\ffm is

a C S
u; = u; +u; +u;

= —k* Z (¢ —

jenT
;

- > 9ilana)-

jeNT )

4;) — k(2 — za)

(39)

The separation control function «; is no longer a smooth func-
tion as o (t) varies with time. For the differential equations with
discontinuous right-hand sides, nonsmooth energy functions na-
tionally arise.

Definition 3 (Nonsmooth repulsive potential function): The
repulsive potential function between two robots ¢ and j for the
nonsmooth separation control function (27) can be defined as
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follows:

Vij(rij),
Vii(R),

rj,j<R

40
Tij > R. ( )

Uij(rij) = {

This function is in the form of the pointwise maximum of two
smooth functions. Hence, it is a regular function [23].

Due to the use of nonsmooth repulsive potential function, the
classical notion of gradient is not appropriate. Clarke’s gener-
alized gradient can be used to analyze the nonsmooth stabil-
ity [19]. The generalized gradient at a point z can be viewed as
a set-valued map equal to the convex closure of the limiting gra-
dient near z. The formal definition of the generalized gradient
is given in the Appendix.

The generalized gradient of U;; (r;;) can be calculated based
on the control function (27) and the directional generalized
derivative given in the Appendix as follows:

V. Vij(rij), rij <R

41
0, Tij Z R. ( )

U;j(rij)) = {

The repulsive potential function U®(q) of the group is defined
as

US(Q)ZZ Z Uij(rij)-

i=1 ]«6/\/7’”(?)

(42)

The energy function U (z) = U*(q) + V°(z) + V*(2) is, there-
fore, a nonsmooth and regular function. Its generalized gradient
is

AU (z) = OU® (q) + VV°(2) + VV(2). (43)

There are three versions of LaSalle’s invariance principle in the
nonsmooth analysis. In [23], the regular function and solution
uniqueness are used. In [24], the regular function and solution
uniqueness are not required. It needs to define the worst case
of the gradient. In [20], the regular function is required, but not
solution uniqueness. In the following, the version in [20] is used
to prove the stability.

Theorem 2 (Dynamic network flocking stability theorem): For
dynamic network flocking, starting from Q. = {z : V(z) < ¢},
the flocking as defined in Definition 1 is asymptotically stable
under the state feedback control u; (39).

Proof: LaSalle’s invariance principle in the nonsmooth
analysis provided in [20] needs to calculate a set-valued
derivative. The definition of the set-valued derivative is given
in the Appendix. For the differential inclusion (26), by us-
ing the generalized gradient (41) and (43), the set-valued
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Fig. 2. Fuzzy sets.

derivative is

V= N

£edl (z

N
=S N+ e — 2) e

i=1 ¢

& K[f(=,1)
)

N
—ldi = dellgy + > dl g
i=1

= [1(2e = 2a) |facpicey = lldi — Gl (44)
where & € 32\ OU;; (i)
Let
Zy = {z e RN .0 € V(2)}. 45)

The largest weakly invariant subset of Zy is {|(z. —
Zd)”(za,bkc) =0, ||QL - QL||2Q = 0}, ie., {Z(: =24,¢; = QL}
Applying Theorem 3 provided in the Appendix to the system
described by (26), it follows that, for the initial conditions in 2.,
Filippov trajectories of the system converge to the largest weakly
invariant set £ = {z € Q. : z. = z4,4; = G- }. Or, it can be
stated that the flock center state z. converges asymptotically
to z4 and all robot velocities ¢; converge to the center speed ..

Finally, with the same argument as that in the fixed net-
work flocking stability, the distance between neighbor robots
converges to a fixed value and the collision between neighbor
robots can be avoided. ]

VI. SIMULATIONS

Eight fuzzy sets are designed for the fuzzy control input r,?j -
d?. They are LN, N, SN, Z,SP, P, LP, and PP as shown in
Fig. 2. Eight fuzzy rules are designed as follows:

IF r?, — d” is LN THEN h}; = —100(z} — 2)

J

IF 77, — d* is N THEN h?, = —80(af — o)

IF r}; — d” is SN THEN h¥; = —50(z} — 2¥)

IF 7}; — d* is Z THEN h; = 0

IF v}, — d” is SP THEN hj; = 0.5(z} — )
IF r?, — d” is P THEN hY; = (af — 2F)

IF r}; — d” is LP THEN h; = L.5(z} — z})
IF v}, — d” is PP THEN hf; = 2(a} — a?).

5|
4
3k
2 o]
. s 0.0
1 1) o @ 0]
O e Qi@ O
R 5 °
T OF o ‘o O QOO
= o
1+ SRR o Y A S G000
o e ©
R i o0
ok K> S0} o) o
o]
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4l
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: s . . ‘ . )
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x(m)
Fig. 3. Fixed network flocking in straight line trajectory.

It can be seen that for fuzzy sets LN, N, and SN, k,mQ < 0;
for fuzzy sets SP,P,LP, and PP, k" 2> 0; for fuzzy set
Z, K"* = 0. Thus, when r;; —d <0, S0 _ Ak < 0.

m=1"15"vi
M 1,2 M 2
When rij —d > 0, S0 amk"? > 0. 500 Ak, g

1j Ve m=1 15"

is not exactly equal to zero, kJ)ut very close to ZCI‘OJ. Therefore,
these rules meet the conditions analyzed in the stability proof
of Theorem 1.

2-D robots are used (n = 2). The control gains are se-
lected to be k° = I() and k* = I3). The four eigenvalues of
(a — bk®) are —0.5 4 0.8667, —0.5 — 0.866¢, —0.5 + 0.8664,
—0.5 — 0.866:. Therefore, the state feedback control is stable.
The desired trajectory is a straight line

d 0.5t
4% =1 0

o [rie)

or a circle

A. Simulation Results by Using Fuzzy Potential Function

The fixed network flocking algorithm is tested first. Twenty
robots are used, and all of them are connected with each other.
The simulation results are shown in Fig. 3 for the straight
line and Fig. 4 for the circle. From these two figures, it can
be seen that 20 robots are initially randomly located within a
square of [—2.5m,2.5m] and [—2.5m,2.5m]. The velocities
are initially randomly set to [—1m/s, 1m/s]. After a certain
time, the flocking is stable and its center tracks the desired tra-
jectory. The top two diagrams in Fig. 5 show velocities and
separation control signals of all 20 robots tracking the circle
Gi = [ve, vy )" ui = [ug, uy]". All of them are gradually con-
vergent to their stable states.

The cohesion radius is defined as the maximum distance be-
tween any two robots. It converges to a stable level as shown
in the left bottom of Fig. 5 for the circle tracking. The velocity
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Fig. 4. Fixed network flocking in circle trajectory.
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Fig. 5. Fixed network flocking performances.

mismatch is defined as vazl llgi — g.||. It converges to zero as
shown in the right bottom of Fig. 5 for the circle tracking. The
similar results can be obtained for the straight line tracking.

The dynamic network flocking algorithm is tested by using 20
robots with the same initial setting as the fixed network flocking
algorithm. The variables d = 1 and r = 1.2 are used to switch
neighbor robots. The simulation results are shown in Fig. 6
for the straight line tracking and Fig. 7 for the circle tracking.
Both results show the convergent performance. For the circle
tracking, the results including velocities, separation control
signals, cohesion radius, and velocity mismatch are shown in
Fig. 8. They have a similar convergent property as the fixed
network flocking algorithm.
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Fig. 7. Dynamic network flocking in circle trajectory.

A random noise w(t) with the upper bound w,, = 0.25is used
to test the control robustness discussed in Section V. All other
parameters are the same as earlier. The tracking of the straight
line is simulated with the noise signal. The results are shown
in Fig. 9 for trajectories and Fig. 10 for the convergent perfor-
mance. As they are expected, the trajectories and performances
are not as smooth as the simulation results without noise. How-
ever, the flocking is still stable and its center still tracks the
desired trajectory. The velocities, separation control signals, co-
hesion radius, and velocity mismatch also show the convergent
performance.
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Fig.11. Dynamic network flocking in straight line trajectory with the potential
function (46).

B. Comparison Results

A typical potential function for separation control [14] is the
one defined as

2
Vi) = 1 2 +10g(HrgH) 46)
)

and its gradient can be found as

2(zk — ak)(r? — d?
V() — (@i —25)(ri; — ) )

This potential function can generate a very large repulsive force
between two neighbor robots when the distance is very small.
Sometimes, the force is so large that the robots move too far away
from the flocking center. Fig. 11 shows one of these scenarios.
As can be seen, the two robots pointed to by an arrow are initially
very close to each other. The very large repulsive force moves
them away. Although finally they move back to the flocking
cluster under the control of the cohesion component, the flocking
undergoes erratic behavior. The large repulsive force and large
velocity can be found from the top of Fig. 12. Obviously, the
cohesion radius and the velocity mismatch are also large, as can
be seen from the bottom of Fig. 12.

Our proposed fuzzy potential function can avoid such erratic
behavior. We use the same simulation setting as the one de-
scribed earlier except for the potential function Vj;(r;;). We
also use the same initial positions and velocities. The simula-
tion result is shown in Fig. 13. It clearly shows the two robots
pointed to by an arrow do not move too far away and the flocking
behavior is fairly smooth.

The simulation performances shown in Fig. 14 further con-
firm the result. Especially, the separation control signals are
limited (the right top of Fig. 14). Also, the cohesion radius and
the velocity mismatch are much smaller than those using the
potential function (46).
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Fig. 15. Dynamic network flocking in straight line trajectory with the fuzzy
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Fig.16. Dynamic network flocking in straight line trajectory with the potential
function (46).

Furthermore, the separation control signals in all simulations
using the fuzzy potential function are constrained within the
limitation as discussed in Section I'V. The limitation depends on
the parameter x defined in (29). It does not relate to the initial
positions, velocities, or the desired trajectory. This conclusion
can be observed from Figs. 5, 8, 10, and 14.

The noise from self-localization (z;) and communication
(x;) can also be used to reflect the effectiveness of using the
fuzzy potential function. We can add a random noise v(t) with
the upper bound v, = 0.2 to z¥ — x;‘ . It can be shown that the
fuzzy potential function can suppress noise, while the potential
function in (46) does not have such a property.

The simulation result with noise v(t) by using the fuzzy
potential function is shown in Fig. 15. Although the tracking
trajectories are not smooth, the flocking behavior is still reason-
able. We have not shown the simulation result without noise v ()
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function (46) and noise.

by using the fuzzy potential function as it has a better behavior
than in Fig. 15.

The simulation result without noise v(¢) by using the potential
function (46) is shown in Fig. 16. The flocking behavior is fairly
smooth. However, it becomes erratic after adding noise v(t)
as shown in Fig. 17. By comparing Figs. 15 and 17, it can be
seen that the fuzzy potential function has a good property in
suppressing the noise.

VII. CONCLUSION

In flocking algorithms, consensus protocol and tracking con-
trol have been formally developed. However, the separation con-
trol is defined through ad hoc potential functions. This paper
presents a fuzzy logic approach to the separation control. By
using fuzzy logic, a set of basic fuzzy rules plays the roles of
separation control functions. These rules can be designed by
human intuition and experience. The designed fuzzy separa-
tion function can constrain the control inputs as the constrained
control inputs are demanding in practical applications.

For both fixed and dynamic network flocking, the stability
analysis shows that the fuzzy separation control function can be
used to stabilize the flocking. In the dynamic network flocking,
this is achieved by using nonsmooth analysis. The proposed
control algorithm also has the robustness property with respect
to a class of input uncertainty.

In the next step, the fuzzy separation control function will
be learned through simulation. A policy gradient reinforcement
learning algorithm can be used to learn the fuzzy logic control
function. To do so, the fuzzy separation control function needs
to be parameterized and stochastic. We also plan to handle the
obstacle avoiding problem in the flocking algorithm through
modeling obstacles as the neighbors of robots.

APPENDIX

Definition 4 (Filippov solution definition): A vector function
z(+) is called a solution of (26) on [tg,t;] if z(-) is absolutely

continuous on [ty, t1] and for almost all ¢ € [tg, t1]

z e K[f](z1) (48)

where K [f](z,t) is a differential inclusion. There exists Ny C
R™, u(Ny) = 0 such that, forall N C R, u(N) =0

K[f](z,t) :@{Zlig}z,zt ¢ Ny UN} (49)
where p is the Lebesgue measure and ¢o denotes the convex
closure. The content of Filippov’s solution is that the tangent
vector to a solution must lie in the convex closure of the limiting
values of the vector filed in progressively smaller neighborhoods
around the solution to be defined at the points even where the
vector filed itself is not defined, such as at the interface of
two regions in a piece-wise defined vector field. Using this
definition, nonsmooth of f occurs in a set of zero measure,
and this nonsmooth occurrence will not affect the differential
inclusions, i.e., Filippov’s solution [18], [23].

Clarke’s generalized gradient and generalized directional
derivative are particularly useful in simplifying proofs of nons-
mooth stability [19].

Definition 5 (Clarke’s generalized gradient): For a locally
Lipschitz function V : R™ — R, define the generalized gradi-
ent of V at z by

0V (z) =co{ lim VV(2),2 & Q,}

2i—2Z

(50)

where (2, is the set of measure zero where the gradient of V' is
not defined.

Definition 6 (Generalized directional derivative): The gener-
alized directional gradient is defined as

\%4 tw) -V
V°(z,w) = limsup (y + tw) (y)
y—z,t|0 t

(G

The following lemma links the generalized gradient and gener-
alized directional derivative.
Lemma 1: Let V be Lipschitz near z, then

Ve(z,w) = max{(§,w)| € IV (2)}. (52)

In [20], a set-valued derivative V' with respect to (26) is defined
to analyze the stability.

Definition 7 (Set-valued derivative): The set-valued derivative
of V is defined as

V(z) ={aeR: e K[f](2,t),pv = a,Yp € OV (2)}.
. (53)
In case V' is differentiable at z, one has V(z) ={VV(2)v,v €
K[f](2,t)}. Moreover, V(z) is, in general, a proper subset of

the set V(z) used in [23].

Lemma 2: Let z be a solution of the differential inclusions (26)
and let V be a locally Lipschitz continuous and regular function.
Then, (d/dt)V (z) exists almost everywhere and (d/dt)V (z) €
V(z) almost everywhere.

To use LaSalle’s invariance principle for nonsmooth analysis,
a weakly invariant set is required [20].

Definition 8 (Weakly invariant set definition): A set €1, is
called a weakly invariant set for (26) if through each point
z € Q,,, there exists a maximal solution of (26) lying in £2,), .
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Finally, a LaSalle’s invariance principle for nonsmooth anal-
ysis is given [20].

Theorem 3: Let V : R™ — R be a locally Lipschitz contin-
uous and regular function for (26). Assume for some [ > 0, the
connected component L; of the level set {z € R" : V(z) <1}
such that 0 € L; is bounded. Let

Zy ={z€R™ :0€V(2)} (54)

and let M be the largest weakly invariant subset of Zy N L;.
Then z(-) approaches to M as t — cc.
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